CLASSIFICATION OF LATTICES UNDERLYING SCHENSTED CORRESPONDENCES

DALE R. WORLEY

ABSTRACT. The celebrated Robinson—Schensted algorithm and each of its variants that have attracted substantial
attention can be constructed using Fomin’s “growth diagram” construction from a modular lattice that is also a
weighted-differential poset. In this article we classify all such “Fomin” lattices that meet certain criteria; the main
criterion is that the lattice is distributive. Intuitively, these criteria seem excessively strict, but all known Fomin lattices
satisfy all of these criteria, with the sole exception of the one family that is not even distributive, the Young—Fibonacci
lattices and cartesian products involving them. This is the first classification theorem for weighted-differential Fomin
lattices.

1. INTRODUCTION

The celebrated Robinson—Schensted algorithm[Rob1938|[Schen1961][Fom1994][Fom1995a] and each of its variants
that have attracted substantial attention can be constructed|[Wor2023c, sec. 2| using Fomin’s “growth diagram”
construction from a modular lattice that is also a (weighted-)differential poset|Stan1988|. In this article we classify
all Fomin lattices that meet certain criteria. Our main criterion is that the lattice is distributive, with secondary
criteria on the set of points (the join-irreducible elements of the lattice). Intuitively, these criteria seem excessively
strict, but all known Fomin lattices satisfy all of these criteria, with the sole exception of one family that is not even
distributive, the Young-Fibonacci lattices (and cartesian products involving them). This work adds to the classes of
lattices within which all of the Fomin lattices have been classified.

All known Fomin lattices satisfying these criteria are described in sec. They are Young’s lattice of partitions,
the shifted Young’s lattice of strict partitions, and the lattices of partitions into a limited number of parts.

The previous classification theorems for Fomin lattices are discussed in sec. [2.3

Our new classification theorem is in sec.[f] The class of lattices classified by our theorem is incomparable with the
classes of previous classification theorems; it does not supersede them. However, it is an incremental contribution
to the classification of Fomin lattices (and thus Robinson—Schensted algorithms) and is the only one that applies to
“weighted-differential” lattices, that is, where the weight on coverings (or points) is not identically 1.

Our proof techniques are elementary. They consist of a careful accounting of the “local” consequences of the dif-
ferential condition (/1) in lattices that satisfy our criteria. These results culminate in lem. and that no point
covers three distinct points or is covered by three distinct points. We then proceed to the “global characterization”
(sec. [5)) of how the points can be placed on a two-dimensional grid. This culminates in the classification theorem,
th. [6.11

Finally, we discuss possible future directions for research (sec. 7)), which assesses the prospect of various relaxations
of the criteria of the classification theorem.

An expanded preprint of this article is available as [Wor2026b].

2. SCOPE OF THE CLASSIFICATION
We call the lattice under consideration L, its weighting w, and the differential degree 7.

2.1. Criteria. We will classify lattices which satisfy these criteria:

(A) The lattice L is a Fomin latticeﬂ which comprises:
(1) it is modular,

Date: January 29, 2026.

2020 Mathematics Subject Classification. Primary 06A11; Secondary 05A17, 06B99.

Key words and phrases. differential poset, Fomin lattice, graded graph, growth diagram, Robinson—Schensted algorithm, Young
diagram, Young tableaux.

IWe call it a Fomin lattice because all of the required properties are explicitly or implicitly given in [Fom1994| and |[Fom1995a].
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(2) it is locally finite,

(3) it has finite upward and downward covers for each element,

(4) there are one or more pairs of a differential degree r and a weighting w(e < o), which is a valuation
on coverings (or prime quotients), pairs x < y of elements of L, for which L is a weighted-differential
lattice[Stan1990, sec. 3]|[Fom1994, sec 2.2]:

Z wly<z)+r= Z w(x < z) forallz € L (1)

yly<z z|lax<z

(which is often described as r-differential); and

(5) for which w is projective-constant, that is, constant on projectivity classes|Birk1967, §I.7 Def.] of
coverings, or equivalently, on coverings which are cover-projective: if x V y covers z and y and = Ay is
covered by z and y, then w(zx Ay <z) =w(ly <z Vy) and wz Ay <y) =w(xz <z Vy).

(B) The lattice L has a minimum element, 0.

(C) The lattice L is distributive. We define P = J(L) to be the poset of its join-irreducible elements, which we
call points.

(D) The lattice L cannot be factored into the cartesian product of two non-trivial lattices, which is equivalent
to that P cannot be partitioned into the disjoint union of two non-empty posets. This does not restrict the
effective scope of our classification because we show in sec. [3| that if an L that meets the other criteria can
be factored, both factors must themselves meet the other criteria. Conversely, the cartesian product of two
lattices that meet the other criteria itself meets the other criteria.

(E) The poset of points P is unique-cover-modular.

Definition 2.1. A poset P is unique—cover—modulalﬂ if: when x,y € P and either x and y both cover an element of
P or x and y are covered by an element of P, then they both cover a unique element of P and they are both covered
by a unique element of P.

(F) The weighting and differential degree are positive. By abuse of language, we will call the weighting alone
positive, or even call the lattice positive.

Definition 2.2. A weighting w and differential degree r (taken together) are positive if all of the values of w are
positive, and r s positive.

This set of criteria may seem to be an excessively narrow approach, but the only known un-factorable Fomin
lattices with 0 that do not satisfy all of these criteria are YF,, the Young—Fibonacci lattices.

2.2. Known cases. All known Fomin lattices that meet our criteria can be constructed as follows:

(1) [Fom1994, Exam. 2.1.2 and 2.2.7] Young’s lattice Y, the lattice of partitions, with r = 1 and w = 1. See
fig. [I} (There are additional weightings w on this lattice that make it Fomin but are not positive.)

(2) [Sagl979b][Wor1984][Fom1994, Exam. 2.2.8] The shifted Young’s Lattice SY, the lattice of partitions into
unequal parts, with » =1 and w = 1 or 2. See fig.

(3) [Fom1994, Exam. 2.2.5] For any integer k > 1, the k-row Young’s lattice, Y, the lattice of partitions into
at most k parts (or dually, into an arbitrary number of parts that are all < k), with » = k and w having a
particular range of values. See Y3 in fig. [3]

(4) [Fom1994, Exam. 2.2.1] The upward semi-infinite chain N with r = k and w(i) = k(i+1) (which is isomorphic
to Y1, a special case of (3)).

(5) Given a known Fomin lattice that meets these criteria, the same lattice but multiplying the differential degree
and weighting by the same positive constant.

2.3. Previous classifications. The previous classifications of Fomin lattices with 0 are:

(1) [Stan1988, Prop. 5.5] If a Fomin lattice with 0 is distributive and has w = 1, then it is isomorphic to YX’”
(2) |Byrn2012, Th. 1.3] If a Fomin lattice with 0 has = 1 and w = 1, then it is either Y or YF;.

In particular, there are no previous classifications for the weighted case when w is not identically 1.

2This property is called a “uniquely modular poset” in |[Proct1982 sec. 5].
3We use X" to denote the n-fold cartesian exponential to avoid ambiguity with other uses of superscripts.
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(A) Lattice Y with weights of the coverings (B) The quadrant J(Y) with weights of the points

FIGURE 1. Young’s lattice Y, the lattice of partitions, with its canonical weighting.

(A) Lattice SY with weights of the coverings (B) The octant J(SY) with weights of the points

FIGURE 2. The shifted Young’s lattice SY, the lattice of strict partitions, with its canonical weighting.

3. CARTESIAN PRODUCT

It is straightforward to show that cartesian product preserves Fomin lattices and that it preserves our other
criteria. Surprisingly, the converse is also true.

Theorem 3.1. If L is a Fomin lattice with differential degree r and weighting w, and L is the cartesian product of
two lattices L = L1 X Lo, then

(1) Ly is a Fomin lattice with some differential degree r1 and weighting ws.

(2) Ls is a Fomin lattice with some differential degree ro and weighting ws.

(3) r=ri+ra.

(4) For any x <y in L1 and z in Lo, w((x,2) < (y,2)) = wi(z <y).



4 DALE R. WORLEY

0,0
(A) Lattice Y3 with weights of the coverings (B) J(Ys3) with weights of the points

FIGURE 3. The lattice Y3 of partitions with < 3 rows, with its canonical weighting.

(5) For any w in Ly and x <y in Lo, w((v,z) < (v,y)) = wa(z < y).
Proof. First we show that for any z <y in Ly and any z1, 22 € Lo,
U)((.’L‘,Zl) < (yazl>) = ’LU((.T,ZQ) < (yaz2)) (2)

Because of property w is constant on cover-projective pairs of elements of L, so equation holds if z; < z5.
Since any two elements z1, 22 € Lo can be connected by a finite chain of upward and downward covers, equation ([2))
holds for any z; and ze. Thus the w; in conclusion (4) exists.

Similarly, for any wy,ws € Ly and any x <y in Lo

w((wr,z) < (w1,y)) = w((w2, 7) < (w2, y)). (3)

Thus the wy in conclusion (5) exists.
We now show that r; and r, exist, that is, that L; is a Fomin lattice with differential degree 1 and weighting w-
and similarly for Ly. Consider any x € L, and any 21, zo € Ls. Equation for (z,21) is:

> w((p,q) < (z,21)) +7 = > w((@, z1) < (¢, u))

(P,a) | (p,a)<(x,21) (tu) | (z,21)<(t,u)
S wlpa) < (@ 2)+ Y, wl@,g) < (x,20)+r= Y w((z,z)<(t2)+ » wllx,z2)<(z,u)
plp<x qlag<z tlx<t u|z1<u
Z wi(p<z)+ Z wa(g<z)+r= Z wi(z <t) + Z wa(z1 < u) (4)
plp<w qlg<z t|o<t ulzi<u

Similarly, equation for (z, z9) is:

Z wy(p<z)+ Z wo(q<z9)+1 = Z wy(z<t) + Z wa(z2 < u) (5)

p|p<z q|g<z t| o<t ul|zo<u

Subtracting from gives
Z wa(q < 21) — Z wa(q < 22)

Z wa(z1 <u) — Z wa(z2 < u)

q|g<z qlg<za ul|z1<u u|zo<u
E wa(z1 <u) — E wa(qg<z) = g wa(zg <u) — g wa(q < 22)
u|z1<u qlg<z1 u|za<u qlq<z2

This shows that >, |, ., w2(z <u) = 32| <, w2(q < z) is independent of z € L;. We define ry as this value.
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Similarly, we show that 3, ., wi(z <t) = 3 | ,«, wi1(q¢ < 2) is independent of z € Ly, and we define ry as this
value.
From these facts it is straightforward to prove the conclusions of the theorem. |

Lemma 3.2. If L is a Fomin lattice with O, L is not the trivial (one-element) lattice, V = Z, and all values of w
are positive, then r is positive.

Proof.
For z = 0, becomes r = Zzlz@ w(C)L < z). But by hypothesis, there is at least one z in the range of the
sum and w(0z, < z) > 0, which ensures the sum is positive. That proves r is positive. O

Lemma 3.3. If L is a Fomin lattice with differential degree r and weighting w, then

(1) If L has a minimum element OL, then L1 has a minimum element ﬁLl and Lo has a minimum element OLQ.

(2) If L has a minimum element 07 and is positive, and L1 and Lo are not the trivial lattice, then Ly and Lo
are positive.

(3) If L is distributive, then L1 and Lo are distributive.

Proof.

Regarding (1) and (3): These are straightforward lattice reasoning.

Regarding (2): By the construction in th. Ly has some differential degree r; and weighting wy and Lo has
differential degree ro and weighting wo. Every value of w; and every value of wq are values of w for suitable arguments,
so all values of w; and ws are positive integers. Since L has a 0 L, L1 has a 0 1, and Lo has a 0 L,- By lem. both
r1 and ro are positive. Thus L; and Ly are positive. O

Remark 3.4.

(1) The trivial lattice is a Fomin lattice: Its w must be the empty function and r = 0. It is the identity of the
cartesian product of Fomin lattices. By our definition, this is not a positive weighting. Thus lem. (2) requires the
hypothesis that L1 and Lo are not the trivial latticeﬁ

(2) Lem. (2) requires the hypothesis that Oy, exists: Consider Y, the lattice of partitions, which is a positive
Fomin lattice with w = 1 and v = 1. Consider Y*, the lattice dual of Y, which is a Fomin lattice with w = 1 and
r = —1 and so is not positive. Define 2Y to be the Fomin lattice Y with w = 2 and r = 2, which is positive. Then
L =2Y x Y* is a Fomin lattice with w =1 or 2 and r = 1, which is positive. Thus L = 2Y x Y* is a positive Fomin
lattice that is a product of Fomin lattices, one of which is not positive.

Lemma 3.5. Let P be a poset and P = Py, U P», the disjoint union of two posets P, and P,. Then if P is
unique-cover-modular, then Py and Py are unique-cover-modular. (def. )

Remark 3.6. Suppose L is a distributive lattice, L is finitary, and L has finite upward covers. It is not necessary
that P has finite upward covers, as is shown by the counterezample shown in fig. [}
Define P to be the poset with elements x,yo,Y1,Ys2, - - -, Wy, W1, W2, ... and the coverings:
0 Wy W CWp < -+,
o x <y; foralli>0, and
o w; <y; forall i > 0.

Define L to be the lattice L = Idealg(P) of all finite ideals of P. By Birkhoff’s Representation Theorem|Birk1967,
§IIL.3 Th. 3][Stan2012, Prop. 3.4.3] L is distributive, L is finitary, and P is poset-isomorphic to the set of join-

irreducible elements of L. The elements of L are (where [a,b,c,...] is the ideal of P generated by the elements
a,b,c,...):
o [w;] = {wp, w1, wa,...,w;} for all i > —1 (generating O when i = —1),
o [z,w;] = {x,wy, w1, ws,...,w;} for all i > —1 (generating {x} when i = —1), and
® (Wi, YnysYnos Ynss -+ - Yn;| = 12, W0, W1, Wa, -+ o, Wiy Ynys Yngs Yngy - - - Yn,;  for all @ >0, all j > 1, and all 0 <
ni < ng <ng <--- <n;j <i (some non-empty finite set of yo added to a compatible ideal of the preceding
type),

4Though our presentation of the theory might be made more uniform if we defined the trivial Fomin lattice to be positive.
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; [w1,y0,11]

R [wo)
[, wo] [wn]
[] wo)
0
(A) Lattice L has finite upward covers (B) Poset P = J(L) does not have finite upward covers

FI1GURE 4. Counterexample in rem.

We see that each of the above types of elements of L (ideals of P) has only a finite number of ideals that cover it
in L, that is, contain one more element than it does. So L has finite upward covers. We see that x has all of the y,
as upward covers in P. So P does not have finite upward covers.

4. LOCAL CHARACTERIZATION

We start with proving various “local” facts about the poset P of points (join-irreducible elements) of L. These
culminate with a classification of the possible structures of the neighborhood of a point p, that is, the convex set
generated by the points that cover of p and the points that are covered by p.

4.1. Consequences of distributivity.

Theorem 4.1. [Birk1967, §II1.3 Th. 3][Stan2012, Prop. 3.4.3] Since we have assumed that 0, exists, L is finitary,
that is, all if its principal ideals are finite. L is isomorphic to the set of finite order ideals of the poset P = J(L)
of its join-irreducible elements, which we denote L = Ideal(P). Given a covering x <y in L, x \ y (considered as
the set difference of two ideals of P) contains exactly one element of P, and the projectivity requirement (condition
I(AN(5)) on w can be simplified to: There is a weighting function w from P into V, and for every x <y in L,
w(r <y) =w(y\ ).

The weighted-differential condition s equivalent to

Z w(a) +r = Z w(b) for all x € Ideals(P). (6)

a|a maximal in z b|b minimal in P\z

Because the image of w on L is the same as the image of w on P, we abuse language by conflating the two
meanings of w when we are dealing them as entire functions. In particular, each of them has all of its values positive
integers iff the other does, and so “w is positive” is used to mean both.

Definition 4.2. The elements of L are called diagrams. The size of a diagram is its rank in L. The elements of P
are called points or boxes.

Lemma 4.3.

(1) P is locally finite.
(2) P is finitary.

Proof.

Regarding (1): If there was some a < b in P for which [a, b] is infinite, then the set of all (closed) principal ideals
of the elements in [a, b], {[z]|a < z < b}, would be an infinite subset of L with all of its elements > [a] and < [b].
That contradicts that L is locally finite.
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Regarding (2): Similarly, if there was an a € P whose principal ideal [a] in P was infinite, then {[z] |2 < b} would
be an infinite subset of L with all of its elements < [a]. That contradicts that, given our criteria, th. shows that
L is finitary. (]

Lemma 4.4. The lattice of diagrams is isomorphic to the lattice of finite ideals of points under union and intersection,
the size of a diagram is the cardinality of its corresponding ideal (the number of points it contains), and the number
of tableauz with a particular shape is the number of linear orderings of its points (a subposet of P).

Definition 4.5. Given any diagram x, its insertion points are the points that are the minimal elements of P\ x,
those which can be added to x to make a diagram (whose size is 1 larger than the size of x). The deletion points of
x are the points that are the mazimal elements of x, those which can be deleted from x to make a diagram (whose
size is 1 smaller than the size of ). For any diagram x, we define D, to be the set of deletion points of x, and I,
to be the set of insertion points of x.

The summation on the left of (6) is over the deletion points of x and the summation on the right of @ is over
the insertion points of x. Thus, (6] is equivalent to

Z w(a) +r= Z w(b) for all z € Ideal¢(P). (7)

ac€D, bel,
Applying (6] to the ideal 0 gives
r= > w(z) (8)
z | z minimal in P

In many cases P has a unique minimal element, O0p, and in that case, reduces to w(ﬁp) =7

Given an ideal z and a point p in I, that is, minimal in P\ z, we can construct the ideal 2’ = 2 U {p}. Thus
P\z=(P\z')U{p}and p € D,.

The difference between applied to 2’ and @ applied to z is

Z w(a) — Z w(b) = Z w(a) — Z w(b) for all x € Idealy(P), p € I,. (9)

a€D_/\D, beD,\D,/ a€l /\Iy bel \I,,
The domains of the four summations of @[) are:
(1) Dy \ D,: The set of maximal elements of ' that are not maximal elements of z, which is {p},
(2) D, \ D, : The set of maximal elements of x that are not maximal elements of 2,

(3) I\ I;: The set of minimal elements of P\ 2’ that are not minimal elements of P \ «,
(4) I\ I,: The set of minimal elements of P\ z that are not minimal elements of P\ 2/, which is {p}.

Lemma 4.6. Condition (6]) (for every x € Idealy(P)) is equivalent to the combination of (§) and (9) (for every
x € Idealg(P) and p € 1,.).

Proof.

Regarding =>: This has been proved by the above derivation of (8) and (9) from (6).

Regarding «<: For any y € Ideal¢(P), we want to prove @ for its * = y. Since y is finite, we can prove this by
induction upward on the size of y. The base case is y = () = 0;. In that case, @ with its = 07, reduces to .

If y has positive size, let y’ < y in Idealg(P). By induction, @ is true for its z = y’. Now consider @ with its
x =y’ and its p the unique element of y \ y’. We can add these two equations and by the above derivation obtain
@ for its x = y. O

Definition 4.7. Given a point p € P, define C; (C~ for “downward covers”) as the set of all elements of P which
are covered by p. Similarly, define C]‘f (CT for “upward covers”) as the set of all elements of P which cover p. Define
N, (N for “neighborhood”) to be {x € P|(3a € C, ,b € Cf)a < x < b}, the convex subset of P generated by C;
and C,f . Define S, (S for “siblings”) to be {x € P|x #pand (Ja € C,,be Cf)a <z <b} =N, \C, \C) \ {p},
N, with C,, Cf, and p deleted.

Lemma 4.8. By construction, every element of Cg‘ is > every element of C7, but no element of C;‘ covers any
element of C, . All elements of Cz‘f are incomparable to each other. Dually for C, . FEvery element of S, is
incomparable to p. If P is graded, every element of S, has the same grade as p and S, is an antichain. However, in

general, S, need not be an antichain.
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Lemma 4.9. Given an ideal x and a point p that is an insertion point of x, C,; C x and Cf C P\ (z U {p}).
Definition 4.10. Given an ideal x and a point p in I, define S, = S, Nz and S, = S, N (P \ (z U {p})).

Lemma 4.11. Since p € S, by construction, S, = S, U S;z,

s~ <st. S0 Sy, is an ideal of S, and Sy, is a filter of S,.

and if s € S, and sT € S, are comparable, then

The generic relationships of the elements of these sets are shown in fig. [5}

cCy
cCy . P\z
€S W_I
P\ (xU{p}) ) .
t o €S,
rU{p} * eCy,
eCy,

FIGURE 5. Adding a point p to an ideal x making an ideal z’

4.2. Consequences of unique-cover-modularity.

Lemma 4.12. Let p € P. For any a € Cz‘f and any b # p that is covered by a, unique-cover-modularity shows that
there is a c € C, that is covered by a and so b € Sp. Dually, for any a € C, and any b # p that covers a, there is
acéeE C’;{ that covers a and so b € Sp. For any a € Sy, unique-cover-modularity shows there is a unique element of
C; which s > a. Dually, there is a unique element of C,; which is < a.

Definition 4.13. For anyp € P and any a € S,, we define a; to be the unique element of C’;‘ which is > a. Dually,
we define a,, to be the unique element of C; which is < a.

Lemma 4.14. The four summation domain sets of (@ are:
(1) Dy \Dz = {p}
(2) D\ D, is the set of mazimal elements of x which are covered by p. This is the same as the elements of C,
which are not < (or equivalently, not covered by) any element of S,,. We denote this property by £ .5,
(8) L.\ I is the set of minimal elements of P\ ' which cover p. This is the same as the elements of Cz‘f which
are not > (or equivalently, do not cover) any element of S;x. We denote this property by # S];c.
(4) I, \ I, = {p}

This shows @ s equivalent to

w(p) — Z w(a) = Z w(b) — w(p) for all x € Ideals(P), p € I,
alaeCy, aZSp, blbeCT, b2SHE,
or equivalently
> w(a) + > wb) =2w(p) for all z € Ideal¢(P), p e I,.  (10)
ala€Cy, a%Spy b|beCT, b2S;s

Proof.

Regarding (1) and (4): These are straightforward.

Regarding (2) =: Let a € D, \ D,s. Then a is maximal in z but not maximal in 2. Thus a < an element of 2’
which is not an element of z. The only element of x’ that is not an element of s is p, so a < p. If a is not covered by
p, then there is a b with a < b < p. Thus b € 2’ but since a is maximal in x, b € z, which requires that b = p, which
is a contradiction. Thus a is covered by p and so a € C.
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To show that a £ S, assume there is a c in S, with a < ¢. Since €} is disjoint from S,
contradicting that a is maximal in z. Thus a £ S,

Regarding (2) <=: Let a € € and a £ S, Because a < p and p € 2/, a is not maximal in z’.

To show that a is maximal in x, assume there is a d in « with d > a. We can assume that d > a. Then we apply
unique-cover-modularity to p and d to obtain a e which covers p and d. So e € Cz‘f , and with a € C}; shows d € 5,
Since d € x, d € S, This contradicts that a £ S, so a is maximal in z.

Regarding (3): This is proved dually to (2). O

a <c Butcez,

4.3. Reorganizing the linear equations. Looking at as a set of linear equations in the values of w, we see
that each equation is determined by choosing first an x € Ideal¢(P) and then a p € I,. We will now reorganize the
statement of the set of linear equations 7 but indexed first by an arbitrary choice of p € P (which determines C’;‘
and C}), and then a choice of values of S, and S, consistent with p.

Lemma 4.15. The set of equations (@) 18 the same set as the equations

Z w(a) + Z w(b) = 2w(p) forallpe P, S, =T~ UT", with T~ an ideal and T a filter.
acCy, afT— beC;T, bET+

(11)

Proof.

A particular equation in the set is indexed first by an « € Ideal¢(P) and then a p € I,.. p determines C;‘ and
C, , and p and z together determine S, and S,. Necessarily, S, = Sf, U S\, so setting T~ = S, and T+ = S},
shows that the equation is in the set .

Conversely, a particular equation in the set is indexed first by a p € P and then a partition of S, into an
ideal T~ and a filter T". Define z = {z € P|z < p}UT~ = (p) UT ", the principal ideal of P generated by p, less p
itself, plus 7"~. By construction, z is an ideal of P, p is in insertion point of z, S, =T~ and S;; = T+. This shows
that the equation is in the set . O

4.4. Orphans.

Definition 4.16. Define z € C’; as an upward orphan (relative to p) if x does not cover any element of S,, which
is equivalent to x covering only one element of N, (namely p). Similarly, we define v € C, as a downward orphan
(relative to p) if x is not covered by any element of Sy, which is equivalent to x being covered by only one element of
N, (namely p).

In , if we choose T~ = () and T* = S, it becomes
Z w(a) + Z w(b) = 2w(p) forallpe P
a€Cy beCy, b2S,

By lem. S, contains every element covered by any element of Cz‘f except for p, so the second sum is over all
upward orphans. Thus

Lemma 4.17.
Z w(a) + Z w(b) = 2w(p) forallpe P (12)
ala<p b|b>p, b upward orphan

Equation allows the weight of a point to be computed as half of the sum of the weights of the elements it
covers, if the point is not covered by any upward orphans.
If we choose T~ =S, and T = (), then (11)) becomes

Lemma 4.18.

Z w(a) + Z w(b) = 2w(p) forallpe P (13)

a|a<p, a downward orphan b|b>p
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4.5. Partitioning S into three sets. Given p € P, let us partition .S, into three disjoint parts S, = LU {m}UU
where L is an ideal of S, U is a filter of S, and thus m is an element between L and U. In , setting its T~ = L
and its Tt = {m} U U gives

> w)+ > w(b) = 2uw(p) (14)
ala€Cy, a%L blbeC, b {m}uU
and then setting its T~ = LU {m} and its TT = U in gives
> wla)+ Y w(b) =2w(p) (15)
ala€Cy, aLLU{m} b|beCT, bRU
Since z £ LU {m} implies x £ L and = # {m} U U implies x 2 U, subtracting from gives

Z w(a) = Z w(b)

ala€Cy,, aZL, not aZLU{m} b|beC, b2U, not b {m}uU
This is equivalent to
> w(a) = > w(b) (16)
alacCy, afL, a<m b bEC;, b2AU, b>m

Lemma 4.19. Given a p € P, equation holds for every partition of S, into an ideal T~ and a filter T iff:
(1) equation @ holds for p and

(2) equation holds for p and for every partition of S, into three disjoint sets S, = LU{m}UU, where L is
an ideal of S, and U is a filter of S,.

Proof.

Regarding =: This has been proved by the above derivations of 7 , and .

Regarding «<: For a given p, we prove for any partition S, = T~ UT" where T~ is an ideal and T is a
filter by induction upward on the size of T—. If T~ = (), then by hypothesis holds for p, which is equivalent to

for T— = .

If T— # 0, then choose m as a maximal element of T~ and define L = T~ \ {m} and U = T, so that
Sp = LU {m} U U with L being an ideal and U being a filter. Since |L| = |T~| — 1, by induction (11)) holds for the
partition S, = LU ({m} UU), which is

> wl)+ > w(b) = 2w(p) (17)
acCy, a4L beC;, bE{mIuU
By hypothesis, holds for the partition S = L LU {m} U U, which is
> w(a) = > w(b) (18)
a|a€C,, akL, a<m b|beC, b2U, b>m
Subtracting the left side of from the first term of and adding the right side of to the second term of
gives
S w@+ Y wb) = 2u)

a€Cy, a¥L, a¥m beCT, bRpU
This equation is the same as for the partition S, = (LU{m}H LU =T"UTT.
Thus by induction holds for p and every partition of S, into an ideal T~ and a filter 7. ]

We can replace with :
Lemma 4.20. Given a p € P, equation holds for every partition of S, into an ideal T~ and a filter T iff:
(1) equation holds for p and
(2) equation (16}) holds for p and for every partition of S, into three disjoint sets S, = LU {m} U U, where L is
an ideal of S, and U is a filter of S,.
Proof.
This is proved dually to the proof of lem. using in place of (12). O
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4.6. Consequences of positive weighting.
Lemma 4.21. For any p € P and for any x,y € Sp, if 1’; =yt and r, =y, , thenz =y.

2
Proof.

Assume there is z,y € S, with  # y, x} = y,5, and z, =y, . Since x # y, either z £ y or y £ x. Without loss
of generality, assume y £ z. Define X = {s € S, |s, =z, and s} =z} and s <z} = [z] N [z, , 2], the principal
ideal generated by = within the interval [z, z;}]. By construction, z € X and y ¢ X.

Givena e C,,a < X iffa <x,s0a £ X iff a £ x. Given b € Cf, if b > some z € X, z = b. But since z < ,

lem. 4.12|shows zf = af,sob= 2l =2 =yFandb>y ¢ X. Thusb > S, iff b > S,\ X and b # S, iff b 2 S, \ X.

Applying (11)) to S, =0 U S, gives
Yo w@+ Y wb) =2wp)
a€Cy, a%h beCT, b2S,
which is equivalent to
> wia)+ > w(b) =2u(p) (19)
acCy beCH, bES\X
Applying to Sp =X U (Sp\ X) gives
Z w(a) + Z w(b) = 2w(p)
a€Cy, afX beCT, b2Sp\ X
which is equivalent to
Sow@+ Y wb) =2wp) (20)
a€Cy , akx beC;T, b2Sp\ X
Subtracting |) from 1) gives w(x; ) = 0. By the criterion that w is positive, this is a contradiction. Thus
Tr=1y. O
Lemma 4.22. For any p € P, S, is an antichain.

Proof.
Assume there exists © < y in Sp. By lem. .12} = = yF and 2, = y,. By lem. 4.21) = = y, which is a
contradiction. Thus S}, is an antichain. O

Thus, for any p, any subset of S, is both an ideal and a filter, which allows and to be applied quite
broadly. Consider how unique-cover-modularity simplifies : For any given m € S, any a on the left-hand side
of can only be m,, . Similarly, any b on the right-hand side can only be m;r . Thus is equivalent to:

it m, £L w(mp)} _ {w(m;‘) if mi 2 U

otherwise 0

If weset L =0 and U =S, \ {m},

. (21)
0 otherwise

w(m=) = w(mf) ifmi ZU (22)
P 0 otherwise

Given the criterion of unique-cover-modularity, m; > z for some z € U iff m;| = 2 for some z € U. So m; # U iff
there is no z € U with m]‘; = zz‘,“ . Given the criterion of positivity, w(m; ) > 0, which is contradicted by 1) unless

; ith 2+ — m+
there is no z € 5, with z; =m, and z # m.

Dually, if we set L = S, \ {m} and U = (), we get a contradiction unless there is no z € S, with 2z, = m, and
z #m.

Thus for every m # n in Sy, m,, # n, and m} # n't, and so the set of pairs {(m, ,m})|m € S,} is a bijection
between subsets of € and Cl‘f . In addition, reduces to

) =w(m}) forallpe P and m € S, (23)

w(m, >

P
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Lemma 4.23. Given p € P, @) holds for every partition of Sy, into three disjoint sets S, = LU {m}UU with L
an ideal of Sp and U a filter of S, iff the following conditions are true:

(1) the set of pairs {(m, ,m})|m € Sy} is a bijection between subsets of C,” and C;f and

(2) for every m € Sy, w(m, ) =w(m}).

Proof.

Regarding =-: This has been shown by the above derivations.

Regarding <=: Assume S, = LU {m} U U. By the above derivation, is the equivalent to . By hypothesis
(1) and lem. m m, < z for some z € L iff m; = 2 iff m = z. But by construction, m € L, so m, £ L is always
true. Dually, m; £ U is always true. Thus is equivalent to w(m,, ) = w(m;) which is assumed as hypothesis
(2). |

At this point, let us summarize our progress:

Lemma 4.24. Given

L satisfies the criteria of a Fomin lattice other than|(A)(4 ), the weighted-differential property,
L has a 0p,

L is distributive,

P is unique-cover-modular, and

w(e) from P into V =7 has only positive values,

then L satisfies (9) (and thus is a Fomin lattice) iff

(eq' E r= Zz|z minimal in Pw(z)7

(eq' Za\a<p ( ) + Zb|b>p b upward orphan (b) = 211)( ) fOT’ all pE P

(lem. |4.29(1)) the set of pairs {(m, ,m})|m € Sp} is a bijection between subsets of C, and C; for all
p € P, and

(lem. (2)) w(m,, ) =w(m,}) for allp € P, m € S).

Proof.
This is proved by chaining together th. [L.1] lem. [1.6] lem. [£.14] lem. [.15] lem. [f:19] and lem. 123 O

Similarly to lem. and [4.20} we can replace eq. with eq. (L3):

Lemma 4.25. Given

L satisfies the criteria of a Fomin lattice other than|(A)(4 ), the weighted-differential property,
L has a 0y,

L is distributive,

P is unique-cover-modular, and

w(e) from P into V =7 has only positive values,

then L satisfies (9) (and thus is a Fomin lattice) iff

r= Zz|z minimal in Pw(z)?
Za\a<p, a downward orphan ( ) + Zb|b>p (b) = Qw( ) fOT all pE P

(lem (1)) the set of pairs {(m, ,m;})|m € Sy} is a bijection between subsets of C, and C,f for all
p e P, and
(lem. |4.25 “(2}) w(m,t) forallpe P, m € S).
Proof.
This is proved by chaining together th. [L.1] lem. [1.6] lem. [£.14] lem. [I.15] lem. [£:20] and lem. .23 O

4.7. No upward or downward triple covers.
Lemma 4.26. No element of P is covered by three or more distinct elements.

Proof.
The construction for this poof is shown in fig. [0}
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FIGURE 6. Construction for the proof of lem.

Assume that we have a € P covered by distinct py, ¢; and r1. By unique-cover-modularity, there is a pgs covering
p1 and ¢, a qre covering g1 and 71, and an rps covering 71 and p;. By lem. (applied to p1, ¢1, and 1), pge, qra,

and rpy are distinct. By (applied to p1, ¢1, and r1), w(a) = w(pg2) = w(gre) = w(rps).

By unique-cover-modularity, there is a p3 covering rps and pqo, a g3 covering pqe and qre, and an r3 covering qrs
and rp3. Suppose two of p3, g3, and 73 are the same, say ps is the same as g3. Define b = p3 = g3, so b covers pgs, qra,
and rps. Then by (applied to pge, gre, and rps), w(b) = w(p1) = w(q1) = w(ry). Since w is positive, implies
2w(pgz2) = w(p1) +w(qr) = 2w(b). So w(pgz) = w(b) and similarly w(grz) = w(b) and w(rpz) = w(b). Applying
to b and the above gives 2w(b) > w(pgz) + w(qra) + w(rpz) > 3w(b). Since w(b) > 0, this is a contradiction. Thus
P3, q3, and rg are distinct.

By (applied to pqa, gre, and rps), w(ps) = w(p1), w(gz) = w(qr), and w(rs) = w(ry). Applying and
positivity,

2w(p1) + 2w(q1) + 2w(r1) = 2w(ps) + 2w(gs) + 2w(r3)
2w(p3) + 2w(gs) + 2w(rs) > 2w(pgz) + 2w(qra) + 2w(rp2) (24)
2w(pgz) + 2w(qra) + 2w(rp2) > 2w(p1) + 2w(q1) + 2w(ry) (25)
Thus

wlpr) + wlar) +w(n) = w(paz) + wlars) +w(rpz) = wips) +w(as) + wirs)
and the inequalities and are equalities. Equation and the criterion that w is positive requires that pgo,
qra, TP2, P3, g3, and r3 cover no elements other than the ones mentioned above (and shown in fig. @ and have no
upward orphans. Applying to pge, qra, and rps thus gives
w(a) = w(pgz) = w(p1)/2 +w(q)/2 (26)
w(a) = w(gra) = w(q1)/2 +w(r1)/2 (27)
w(a) = w(rps) = w(r)/2 +w(p1)/2. (28)
Together these prove w(p1) = w(q1) = w(r1) = w(a) and w(ps) = w(gs) = w(rs) = w(a).
By and that w is positive, 2w(a) > w(p1) + w(q1) + w(r1) = 3w(a). Since w(a) > 0, this is a contradiction.
Thus, there is no a € P that is covered by three distinct elements. |

Lemma 4.27. No element of P covers three or more distinct elements.

Proof.
This is proved dually to lem. by interchanging the use of and and replacing “upward orphan” with
“downward orphan”. O

Remark 4.28. Lem. and are the deeper explanation of the long-known fact[Fom1994} sec. 2.2] that
Ideal;(N¥) for k > 2 has no positive weighting as a differential lattice.

The equations implied by lem. for any particular p € P are characterized by the structure of its neighborhood
N, as a poset.

Lemma 4.29. N, is characterized up to poset isomorphisms fizing p by the numbers |C, |, |C;f| and |S,|: All
elements of C, are covered by p, all elements of C’;‘ cover p, and S, forms a matching between subsets of C; and
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C+

o » with each element of Sy, covering a distinct element of C, and being covered by a distinct element of Cp+. In
addition, |C| <2, |G| <2, [Sp| < |CF |, [Spl < 1G], and [Ny| = |CF |+ |CF | +[Sp] + 1.

Proof.
This follows from lem. [.22] [{.23] [£.26] and [{.27] O

5. GLOBAL CHARACTERIZATION

In this section, we continue by using the local characterization from sec. [d] to prove “global” facts about the poset
P of points. These culminate in an enumeration of a small number of possible structures for P. All points p € P
have a neighborhood N,, as described by lem. @ and w must satisfy the consequent constraints per lem. @l
5.1. P has a minimum element.
Lemma 5.1. Given any two elements a,b € P, we can connect them by a sequence of elements

a4 =T, X1, L2y, Ljyerr, Tp_1,Typ =0
with
Aa=Tg>T1>Tog> - >x; < <Tp_1 <Xy =D>,

for some 0 < i < n. (That is, the sequence first descends, then ascends.)

Proof.
Because P is locally finite and cannot be separated into the disjoint union of two non-empty posets, a and b can
be connected with a sequence of elements a = zg,x1,29,...,2, = b where each adjacent pair x;,z;1 has either

T; << Tiy1 or x; > x;41. Given such a sequence, if there is an 4 such that 0 < i < n and z;_1 < z; > x;41, that is,
x; is a local maximum, by the criterion of unique-cover-modularity, there is a y such that z;_1 > y < 2;41. Thus
4 =T, T1,%2, .., Ti—1,Y,Tit1,--. Ty = b is another such sequence.

We can iterate this transformation on the sequence. Each transformation preserves the number of adjacent pairs
x; > x;41 and the number of adjacent pairs x; < x;41, while moving the location of the x; > x;,1 pairs earlier in
the sequence. Thus any series of such transformations must terminate in a sequence for which there isnoi <i <n
for which x; which is a local maximum. Thus, any terminal sequence must have some 0 < i < n for which for all
0<j<i,zj>zjppandforalli <j<n, z;<zjp. |

Lemma 5.2. P has a minimum element, which we denote Op.

Proof.
Since P is non-empty and finitary by lem. (2), P must contain at least one minimal element m. Assume there
is an element a ? m in P. Then by lem. there is a sequence of elements m = xg,x1, X2, ...,T, = a where for

some 0 < ¢ < n, forany 0 < j <4, x; >x;4; and for any i < j <n, x; <x;j41. But since m is minimal, there is no y
with m >y, and so i = 0. If n > 0, then m = x¢ < 7 < x,, = a. That implies m < a, which contradicts that a 2 m.
Son =0 and m = zy = a, which also contradicts a # m. Thus there is no a ? m in P and m is the minimum of
P. O

Lemma 5.3. P is graded. We define p as the rank function on P. p(Op) = 0.

Proof.
Given that P is locally finite, is unique-cover-modular, and has a minimum element Op, a straightforward gener-
alization of [Birk1967, §I1.8 Th. 14] proves the conclusion. O

Remark 5.4. In lem. the hypothesis that Op exists is necessary. A counterexample is the poset “3-Plait” in
[Fom1994, Fig. 7 and Exam. 2.2.10]. Further counterexamples are the posets of points of the lattices of cylindrical
partitions.|E12025]
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Bs
By

B,

FIGURE 7. The case N = co where the B, form an upward semi-infinite path.

5.2. The bottom elements of P. First we define the sequence, finite or infinite, of elements at the bottom of P
that form a chain, with each element (above Op) being the unique cover of the one below.

Definition 5.5. We define By = Op. Then iteratively for each i > 0, if B; has a unique upward cover, we define
Byiy1 to be that cover. If there is a B, that does not have a unique cover (and thus by lem. has either zero or
two covers), we define N to be the index of that Be. Otherwise, we define N to be co. (B for “bottom”.)

In the case N = oo, the B, form an upward semi-infinite path, and they are the entirety of P. The constraints on
w are w(By) =, 2w(By) = w(Bsg), and, for all ¢ > 2, 2w(B;) = w(B;—1) + w(B;+1), which have the unique solution
w(B;) = ir. Thus we have:

Case 5.6. (sec. item (J))) P is the upward semi-infinite path B; for i > 1 with r > 0 and w(B;) = ir. L is
isomorphic to N.

If N is not oo, then there are two cases: By has zero upward covers and By has two upward covers. If By has
zero upward covers, then P consists of the finite path By < By < By < --- < By. By lem. the constraints on w

By

Bs

B,

B,

FIGURE 8. The case N is not oo, By has zero upward covers, and the B, form a finite path.

are

w(By) = r;

if N =1, 20(B;) = 0

if N Z 27 2w(B1) = ’LU(BQ);

for all 2 <i < N, 2w(B;) = w(B;—1) + w(B;41); and
o if N Z 2, Qw(BN) = ’LU(BNfl) .

For all finite N, these imply » = 0 and all w(B;) = 0, so w is not positive.

5.3. PT is two-dimensional. The remaining case is that By has exactly two upward covers.
Definition 5.7. We define P as the elements of P that are not a B; for which i < N.

Lemma 5.8. PT has at least three elements: one is By and two are the covers of By. Allp € PT are > By, and
each has a finite grade p(p) > p(By) by lem.[5.3
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We will “draw the Hasse diagram of PT in the plane” by defining a set of locations T, for all integers > 0 and
y > 0. As a poset, T'= N x N. Then we assign every p € PT to a distinct location Ty, with z +y = p(p) — p(Bn) =
p(p) — N. (T for “top elements”.) That is, By is assigned to Tpy and elements of PT are assigned “upward” from
Too- If p<<gin P* and p is assigned to T}, then ¢ is assigned to either Ty, or Ty ,11. Conversely, if both Ty, and
either T, 41,4 or T 441 are assigned, the latter covers the former. Intuitively, the Too form a quarter-plane extending
upward, with Tpo at the bottom center, the x coordinate increasing to the upper-left and the y coordinate increasing
to the upper-right. Note that all elements of P are assigned to distinct locations T4, but some locations may not
have an assigned element. We abuse notation by using T}, to denote both the location and, if an element of P is
assigned to that location, that element of PT.

We define the coordinate v = = + y; v is how far T, is vertically above Tpo. We define the coordinate h =y — x;
h is how far T, is horizontally left of Ty (if negative) or right of T (if positive). Note that while v ranges over all
nonnegative integers, h ranges over integers —v < h < v which have the same parity as v. The assignment of elements
of PT realizes its Hasse diagram, with each cover relation being either one step to the upper left (incrementing )
or one step to the upper right (incrementing y). An example assignment is shown in fig. @

0T43 — y=6
__yYy=25

__y=25

__v=4

__v=3

:37 v =2

__v=1

_v=0

FIGURE 9. An example of assigning elements of PT to locations T,,. Solid circles are assigned
locations, empty circles are unassigned locations. Solid lines are coverings in P. Further elements
are assigned to the upper-right of Tys, T3, and Th3. B; for i < N are assigned downward from Typ.

We construct the assignments by first assigning Too = By and successively assigning each grade of PT above N
to locations so as to satisfy these rules.

Lemma 5.9. We can assign the elements of Pt to locations in {Ty, |z > 0 and y > 0} by the following process,
which has the following properties:

(1) Assign By to Tyo-
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/\’ N
/\/ X
N N N
‘f&é@%@/ S F
/X\ S\ W QS
7 7 7 7
A\ A\ A\ v
Element assigned Element assigned
in step (3d) in step (3e)
(contingent) Elements assigned in step (3b) (contingent)

UV = VUnew

- U:Unew—l

N U:Unew—2

FIGURE 10. An example of assigning elements of PT with rank vpeyw + R to locations with v = vyew
in steps (3a—f). Typ has v = Vyew — 1 and h = A" | and T,q has v = Vpew — 1 and h = A% .

Unew —

(2) Assign rank N — 1, the two covers of By, arbitrarily to Tig and To;.
(3) Iteratively consider the grades of Pt from N + 2 upward. Terminate if we reach a grade that is empty (all
elements of Pt have been assigned):
(a) Within grade R, we will assign the elements of that grade to distinct locations Tyy with & +y = Unew =
R — N. At this point, these iteration hypotheses are true of the Ty with © + Yy < Unew:

(i) The elements assigned to locations with a particular value of v < Uneyw have values h that are a
contiguous subset of the integers —v < h < v which have the same parity as v. Define h™® to
be the minimum h of an assigned location with a particular value of v and define h}}** to be the

maximum h of an assigned location with a particular value of v. Similarly, define ™", pmax

yoit, and y** as the minimum and maximum x and y coordinates of assigned locations with this

value of v.
(ii) For any 0 < v < Upew, h™ = A5 + 1 and AP = hB2¥ + 1. Thus 2™ = 22 or ™) + 1,
E = T or N + 1,y =y or g 41, and YT =y oy + 1,
v v— — — _ _ -
1) If p<q in PT are assigned at this point, then q is assigned to some Ty, and p is assigned to either
Yy
To1,y or Ty y_1.
() Conversely, if Ty, is assigned and either of Tp_1, or Ty 1 is assigned, then the former covers
the latter in PT.
(b) Consider any adjacent pair of assigned locations with v = Vnew — 1, Tyy and Tp_1 y41, with x +y =
Vnew—1, bt ) <y—x, and (y+1)—(z—1) < hp™* . Ty and Ty 41 cover Toy ATy 1411 = Th1,y

and so they must be covered by TyyN'Ty—1,y+1, which has rank R in P*. Assign TypyNVTy_1,441 to location
Toys1- By lem. [{27, Tuy V To1y41 covers no element other than Ty, and Tp_qy41.

(c) Every element of rank R not yet assigned necessarily covers at least one element of rank R — 1. But
any element of rank R — 1 with h‘;;ifW% < h < hy®* | already has two elements that cover it that were

assigned in step (@) that cover it, so the only elements of rank R — 1 that it might cover are
(i) the assigned location with minimum h, Tgp = Tymax min  and/or

Unew—1"YVnew—1

(i1) the assigned location with mazimum h, Teq = Tymin max

Vnew—1"YVnew—1
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(which might be the same location). However, it cannot cover both of these elements if they are distinct.
If it did, then both of these elements would cover an element of rank R — 2, which would have caused
this element (of rank R) to have been assigned a location in step (@/

(d) If an unassigned element covers Typ, but Ty, has another assigned cover (which must be Ty p41), assign
this element to T, 1,p. There cannot be two such elements in a single rank, as then Ty, would be covered
by three elements.

(e) If an unassigned element covers Tpq, but Tpq has another assigned cover (which must be Tp11,4), assign
this element to T}, q11. There cannot be two such elements in a single rank, as then T, would be covered
by three elements.

(f) The remaining case is Ty, = Tpq and unassigned elements remain. By lem. there are at most two
such elements, which can be assigned arbitrarily to Tyy1p and Topy1. (Ultimately, we will prove that
this only happens in rank N + 1, which was handled by step @)

(g) At this point, all elements in rank R of PT are assigned locations, and the iteration hypotheses 7
are true of the Tyy with x + Yy < Unew-

The algorithm is nondeterministic in cases and ; either cover of the unique element in one rank may be
assigned to either of the two locations in the next rank. In all other steps, it is deterministic. The typical operation
of steps (3b—f) is shown in fig.

Proof.
The induction properties stated in the lemma and the correctness of the algorithm are proved by mutual induction.
The details are tedious but straightforward. O

Because the assigned locations of each grade are contiguous and very similar to the assigned locations of the grades
above and below, the possible PT are determined up to isomorphism by the outline of the set of assigned locations,
the values A" and hD12X,

5.4. The bottom of P*. We can now examine the constraints implied by the structure of the neighborhoods of
P.

Definition 5.10. We define wyy = w(Tyy) when Ty is allocated, m = w(By) = wpo, 6~ = wig —m, and
0t =wo1 —m. If N > 1, we define ¢ = wp,_, —m and otherwise € = —m.

(m for the “weight of the middle element of P*” namely Tog = By; 6~ for “the difference in the negative direction
of h”, that is, toward the left side of PT; §* for “the difference in the positive direction of h”, that is, toward the
right side of PT.) Both §~ and 6™ are well-defined since Tog = By is assumed to have two upward covers, which are
T1() and T01.

Lemma 5.11. The constraints on w due to applying lem. to By and all the B; fori < N are
w(B;) = ir foral1<i< N (29)
In particular, m = Nr, e = —r <0, and N = —m/e.

Lemma 5.12. The constraints on w due to applying lem. to Teo imply either
(1) 6= > 0:we define x1, = 00, all Teg are allocated, and w;o = m +i6~ for all 0 < i; or
(2) 6~ < 0:we define x, = —m/d~, xy, is a positive integer > 2, Ty is allocated iff i < xy, and wig = m + id~
forall0<i<uzp.

Proof.

This is proved by finding the smallest I for which Ty is not allocated, if one exists. Because Ty is allocated,
unique-modular-covering guarantees that for any T;o with ¢ < I (any 4 if I does not exist), T;; is allocated and is not
an upward orphan. The constraints on wjg are that 2w;o = w;—1,0 + wi41,0 for any 0 <4 < I and 2w;9 = w;_; o for
i =1 (if T exists). Thus, w;g = m+ 40~ for any 0 < ¢ < I (and for any 0 < i if I does not exist). If no such I exists,
conclusion case (1) follows, since positivity for all of the wep requires 6~ > 0. If I exists, conclusion case (2) follows,
since the constraint on wr_1 ¢ requires it to equal —d~. O

Lemma 5.13. Similarly, the constraints on w due to applying lem. to Toe tmply either
(1) 6+ > 0:we define yr, = oo, all Tye are allocated, and wqo; = m + 6™ for all 0 < i; or
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(2) 6t < O:we define yr, = —m/3%, yp is a positive integer > 2, Ty; is allocated iff i < yr, and wo; = m + 6T
for all 0 <i < yg.

Definition 5.14. We define A~ = —m/§~ and AT = —m/6T, defining —m/0 = oo. This parallels the relationship
between N and e, N = —m/e.

Lemma 5.15. A~ is either oo (if 6~ = 0), a negative real number (if 6~ > 0), or the reciprocal of a positive integer
(which is xp,, if 6~ < 0). Similarly for AT w.r.t. yr.

Lemma 5.16. The constraint on Tyg is equivalent to
— + —+ ==1, (30)
defining 1/00 = 0.

Proof. Applying lem. to Too yields 2wgo = (woo + €) + wig + wo1, since 119 and Tp; both exist and are upward
orphans of Tyg. Dividing this equation by —m gives the conclusion. (|

Lemma 5.17. Not considering the order of the terms, simple enumeration shows the decompositions of 1 as a sum
of reciprocals as in @) are:
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5.5. The possible cases for P.

Lemma 5.18. Since
(1) the possible decompositions of 1 as a sum of reciprocals are listed in lem.
(2) N must be positive,
(8) given the left-right symmetry of P, we conventionally choose xy, > yr,, and
(4) Tio and Toy are allocated, so A~ # 1 and AT # 1,

the possible cases for P are limited to:
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Remark 5.19. If we do not require Op to exist, then we remove the restriction N > 0 in lem. , That allows the
additional case A~ = AT =2, and N = oco.

Lemma 5.20. It is not possible that xp, and y, are not co and are > 2.

Proof.

If 1, and y;, are not co and are > 2, then T5y and Tpyo are allocated and neither T5; nor Tio are upward orphans
of Ty;. Thus the constraints of lem. for Ty, simplifies to 0 = 6~ 4 6*. But since z;, and y;, are finite, 5~ < 0
and 67 < 0, which is a contradiction. O

Lemma 5.21. It is not possible that x;, = 3 and y;, = 2.
Proof.

FIGURE 11. The case x;, = 3 and y;, = 2: Elements are labeled with their weights in multiples of
m. Coverings marked with a stroke are upward orphan coverings. Double vertical strokes connect
weights that are equal by lem. 2). Empty circles are T,, that are not allocated. The constraint
on T4 must be violated.

Applying the constraints of lem. to Tee in increasing order of v straightforwardly determines the allocations,
non-allocations, and weights shown in fig. But of necessity, wqy = w33 = m, which violates the constraint on
Tya. O

Lemma 5.22. [t is not possible that x;, = 4 and y;, = 2.
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FIGURE 12. The case x; = 4 and y;, = 2: Elements are labeled with their weights in multiples of
m. Coverings marked with a stroke are upward orphan coverings. Double vertical strokes connect
weights that are equal by lem. ). Empty circles are T,q that are not allocated. The constraint
on T55 must be violated.

Proof.

Applying the constraints of lem. to Tee in increasing order of v straightforwardly determines the allocations,
non-allocations, and weights shown in fig. But of necessity, wos = wy; = m, which violates the constraint on
Tos. |

Lemma 5.23. It is not possible that x;, = 6 and yp, = 2.

Proof.

Applying the constraints of lem. to Tee in increasing order of v straightforwardly determines the allocations,
non-allocations, and weights shown in fig. But of necessity, wos = wi; = m, which violates the constraint on
Tos. |

Lemma 5.24. For the first three cases of lem. L must be:
(1) for A= = —n and AT = n, L is isomorphic to Y,, with weights that are m/n times the canonical weights

(sec. [2:3(3) and fig.[3),

(2) for A= = AT = oo, L is isomorphic to Y with weights that are m times the canonical weights (sec.

and fig. ,
(3) for A= = co and AT = 2, L is isomorphic to SY with weights that are m/2 times the canonical weights

(sec. [2.4(9) and fig.[Z),

with P being the poset of join-irreducibles of L with the corresponding weights.

Proof.

In all of these cases, the values wg,, wgo, and wo, are determined (relative to m) by xr, yr, and N. Which other
elements of Ty are allocated and their weights are straightforwardly determined by the constraints of lem. [£:24] on
them (working in order of increasing v), and necessarily result in the known lattices listed in the table. (|

6. CLASSIFICATION THEOREM

Theorem 6.1. The only Fomin lattices L that satisfy the criteria
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FIGURE 13. The case z;, = 6 and y;, = 2: Elements are labeled with their weights in multiples of
m. Coverings marked with a stroke are upward orphan coverings. Double vertical strokes connect
weights that are equal by lem. 2). Empty circles are T,q that are not allocated. The constraint
on T55 must be violated.

(1) The lattice L is distributive with Op. We define the poset of points (join-irreducibles) to be P, so L =
Ideal¢(P).

(2) P is unique-cover-modular.

(8) The weighting w is positive, that is, the set of values V', the target of w, is Z, and all of the values of w are
positive. The differential degree r is positive.

(4) The lattice cannot be factored into two nontrivial lattices, which is equivalent to assuming that P cannot be
partitioned into two disjoint non-empty posets P = Py U Ps.

are the cases

Y: (sec.[2.4(1)) P is isomorphic to the quadrant of the plane,
{(z,y) |z and y are integers > 0},
and L is isomorphic to Y, Young’s lattice, the lattice of partitions, with weighting r times the canonical
weighting of 1.
SY: (sec. (@) P is isomorphic to the octant of the plane,
{(z,y) |z and y are integers with z > 0 and 0 <y <z},
and L is isomorphic to SY, the shifted Young’s lattice, the lattice of partitions into distinct parts, with
weighting r times the canonical weighting of 1 and 2.
Yo: (sec. (@) P is isomorphic to the k-row strip for some k > 1,
{(z,y) |z and y are integers, 0 < z and 0 <y < k},
and L is isomorphic to Yy, the k-row Young’s lattice, the lattice of partitions with at most k parts, with
weighting r/k times the canonical weighting w(Tyy) =k + x — y.

Proof.
Note that conclusion case Y, comprises case the upward semi-infinite path, as Y; and case lem.[5.24{(1) as Yy
with & > 2. The theorem is the summation of case lem. [5.18] [5.20} 5.21] [5.22] [5.23] and [5.24] O
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7. FUTURE DIRECTIONS

The strength of the criteria of our classification theorem (th. is disappointing, but they are satisfied by all
known Fomin lattices except the one family that is not even distributive, the Young—Fibonacci lattices and cartesian
products that include them. In future work, we hope to expand the classification to larger classes.

Relaxing the criterion that poset of points is unique-cover-modular seems like it may be tractable. The structure
of neighborhoods would become more complicated but perhaps a careful analysis of the graphs of possible coverings
would show that a tractable set of constraints characterize the weights of the points.

On the other hand, the technique used in [Stan2012, Exer. 3.51(a) soln.] can be restated to provide a way to analyze
an arbitrary differential distributive lattice, or conversely, to provide a nondeterministic algorithm for constructing all
differential distributive lattices for a wide range of variations of “differential”. This can be used to prove that no point
is covered by three distinct points (lem. and that there is a unique minimum point (lem. . It may be possible
to use this technique to prove additional lemmas used in this analysis without assuming unique-cover-modularity.

Classifying modular but non-distributive Fomin lattices seems to be the most difficult problem. There seems
to be no tractable representation of general modular lattices that parallels Birkhoff’s Representation Theorem for
distributive lattices, and our entire analysis is based on characterizing L in the manner of Birkhoff’s representation.
Jonathan Farley notes that the analysis of [FagHerr1981), especially Cor. 4.8, the “Verbindungssatz”, may provide a
basis for representing general modular lattices.

Richard Stanley asks how much of this analysis can be applied to sequentially differential posets[Stan1990} sec. 2][1_5]
that are distributive lattices.
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