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C h a p t e r 1

D y n a m i c G r a p h s o f C o m p l e x N u m b e r s

1 . M a t h e m a t i c a l p h y s i c s .

2 . D y n a m i c g r a p h s o f c o m p l e x n u m b e r s .

3 . O r i g i n i s u n i q u e .

4 . A r o u n d t h e o r i g i n .

5 . B i g c i r c l e s .

6 . M u l t i p l e f r e q u e n c i e s .

7 . S e e i n g u n c e r t a i n t y .
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1 . 1 M a t h e m a t i c a l P h y s i c s

T h e s t u d y o f l o c a l c h a n g e i n p a t t e r n s o f s p a c e t i m e e v e n t s .

� L o c a l , n e a r h e r e a n d n o w , n o g l o b a l a n s w e r s t o a l l q u e s t i o n s .

� C h a n g e = c a l c u l u s .

� S p a c e t i m e : 4 - v e c t o r s ( + , * s c a l a r ) w i t h t h e s t r u c t u r e o f a f i e l d ( + , - , * , / ) .

� E v e n t s : t h i s h a p p e n e d h e r e t h e n .

E v e n t s a r e t h e f u n d a m e n t a l c u r r e n c y o f t h e U n i v e r s e . E v e n t c a n b e h u g e l i k e t h e b i g b a n g , o r

t i n y , l i k e a n e l e c t r o n c o n t i n u i n g t o f l u t t e r a r o u n d a n a t o m .

U s e p h y s i c s t o m o t i v a t e m a t h .

1 . 2 D y n a m i c s G r a p h s o f C o m p l e x N u m b e r s

R e a l t = t i m e o f a n e v e n t .

I m a g i n a r y x = a p o s i t i o n i n s p a c e .

1 0 e v e n t s , w h e r e t = x .

� A n e v e n t i s d i s c r e t e - n o h a l f e v e n t s .

� N u m b e r o f e v e n t s i s e q u a l i n t h e t w o g r a p h s .
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� S t a t i c g r a p h b e l o w i s g e n e r a t e d b y s n a p s h o t s o f t h e [ d y n a m i c ] g r a p h a b o v e .

N o t e : g o t o h t t p : / / s d m . o p e n a c s . o r g / w p / d i s p l a y / 1 2 3 8 f o r a d e m o n s t r a t i o n o f d y n a m i c g r a p h s .

1 . 3 O r i g i n i s U n i q u e

A d d i t i v e i n v e r s e (0; 0) i s s p e c i a l . E v e r y t h i n g w i t h a w o r l d l i n e d e f i n e s i t s o w n o r i g i n , t h e p l a c e

f o r t h a t o b j e c t t o c o l l e c t i n f o r m a t i o n a b o u t t h e r e s t o f t h e U n i v e r s e .

� n o w = c e n t e r o f e v e n t s w i t h t i m e r e f l e c t i o n s .

� h e r e = c e n t e r o f e v e n t s w i t h s p a c e r e f l e c t i o n s .

T i m e r e f l e c t i o n o f 5 e v e n t s . S p a c e r e f l e c t i o n o f 5 e v e n t s .

A t i m e m i r r o r i s d i s t i n c t f r o m a s p a c e m i r r o r f o r a d y n a m i c r e p r e s e n t a t i o n o f c o m p l e x

n u m b e r s .

� T i m e r e f l e c t i o n : e v e n t s g o o u t t h e w a y t h e y c a m e i n .

� S p a c e r e f l e c t i o n : p a i r s o f e q u i d i s t a n t e v e n t s .

1 . 4 A r o u n d t h e O r i g i n

� B e f o r e : H a p p e n e d r e c e n t l y , n e a r h e r e .

� A f t e r : W i l l h a p p e n s o o n , n e a r h e r e .

1.4 Around the Origin 9



U p t o n o w . T h e f u t u r e .

D a t a u p t o n o w c a n b e u s e d t o e s t i m a t e t h e f u t u r e .

1 . 5 B i g C i r c l e s

H e r e i s a d y n a m i c g r a p h o f a c o m p l e x - v a l u e d o s c i l l a t o r .

� N e a r n o w ( t = 0 ) , t h e r e a r e m a n y e v e n t s a n d m o v e m e n t i n s p a c e s h r i n k s .

� N e a r h e r e ( x = 0) , t h e r e a r e f e w e v e n t s a n d l a r g e s p a t i a l j u m p s .

1 . 6 M u l t i p l e F r e q u e n c i e s

O s c i l l a t i o n a t s e v e r a l f r e q u e n c i e s .
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T h r e e w a v e l e n g t h s : 2 , 4 , a n d 8 . T w o w a v e l e n g t h s : 2 a n d 5 .

1 . 7 S e e i n g U n c e r t a i n t y

� T i m e i s d i s c r e t e b e t w e e n f r a m e s .

� T i m e i s a c o n t i n u o u s , c o m p l e t e l y o r d e r e d s e t w i t h i n f r a m e s .

� E v e n t s c a n n o t b e c o m p l e t e l y o r d e r e d .

S a m e g e n e r a t i n g f u n c t i o n , d i f f e r e n t i n f o r m a t i o n d e n s i t y .

1 e v e n t / 5 f r a m e s 2 e v e n t s / f r a m e

1.7 Seeing Uncertainty 11



U n c e r t a i n t y i s m i n i m i z e d w i t h l o w i n f o r m a t i o n d e n s i t y .

1 . 8 S u m m a r y : D y n a m i c s G r a p h s o f C o m p l e x N u m b e r s

M a t h :

T r e a t t h e r e a l p a r t o f c o m p l e x n u m b e r s a s a d y n a m i c v a r i a b l e i n a n a n i m a t i o n , t h e i m a g i n a r y

p a r t a s a l o c a t i o n i n s p a c e .

P i c t u r e s :
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C h a p t e r 2

D y n a m i c G r a p h s o f Q u a t e r n i o n s

1 . D y n a m i c g r a p h s o f q u a t e r n i o n s .

2 . K e y f o r d y n a m i c g r a p h s .

3 . T i m e r e f l e c t i o n .

4 . S p a c e r e f l e c t i o n .

5 . T i l t e d b i g c i r c l e s .

6 . C i r c l e s a n d r e f l e c t i o n s .

7 . F r e q u e n c i e s a n d a m p l i t u d e s .
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2 . 1 D y n a m i c s G r a p h s o f Q u a t e r n i o n s

R e a l t = t i m e o f a n e v e n t .

I m a g i n a r y x , y , z = p o s i t i o n s i n s p a c e .
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1 0 e v e n t s , w h e r e t = x = y = z .

� T h r e e s t a t i c c o m p l e x p l a n e s : t i m e w i t h v e r t i c a l , h o r i z o n t a l , a n d p e r s p e c t i v e p o s i t i o n i n

s p a c e .

� P e r s p e c t i v e p l a n e h a s n o i n f o r m a t i o n " b e h i n d " v i e w e r .

� D y n a m i c g r a p h h a s e v e n t s t h a t c h a n g e s i z e .

2 . 2 K e y f o r D y n a m i c G r a p h s

E a c h e v e n t h a s f o u r t y p e s o f i n f o r m a t i o n :

1 . W h e n i t h a p p e n e d .

2 . H o w f a r u p i t h a p p e n e d .

3 . H o w f a r l e f t i t h a p p e n e d .

4 . H o w f a r a w a y i t h a p p e n e d .

2.2 Key for Dynamic Graphs 15



E a c h o f t h e f o u r p a n e l s h a s t i m e , t h e u n i f y i n g t h r e a d . O n e s t a t i c g r a p h a l s o h a s h o w u p ,

a n o t h e r h o w l e f t , a t h i r d h o w f a r a w a y t h e e v e n t s w e r e / w i l l b e . T h e d y n a m i c g r a p h i n t e g r a t e s

a l l t h a t i n f o r m a t i o n .

T h e r e a r e e i g h t b o u n d a r i e s : p a s t a n d f u t u r e , u p a n d d o w n , l e f t a n d r i g h t , n e a r a n d i n f i n i t e l y

f a r . A l l e v e n t s t h a t a p p e a r i n t h e f o u r g r a p h s m u s t b e w i t h i n t h e s e e i g h t c o n s t r a i n t s .

2 . 3 T i m e R e f l e c t i o n

E v e n t s g o o u t t h e w a y t h e y c a m e i n f o r x , y , a n d z .
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2 . 4 S p a c e R e f l e c t i o n

P a i r s o f e q u i d i s t a n t e v e n t s f o r x , y , a n d z , e x c e p t a t t h e o r i g i n .

2.4 Space Re
ection 17



2 . 5 T i l t e d B i g C i r c l e

T h e o s c i l l a t o r i s t i l t e d a w a y a n d d o w n f r o m a n o b s e r v e r , b u t n o t t w i s t e d t o t h e l e f t .
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2 . 6 C i r c l e s a n d R e f l e c t i o n s

P a i r s o f e q u i d i s t a n t e v e n t s g o o u t a s t h e y c a m e i n , s o o s c i l l a t o r s h a v e b o t h t i m e a n d s p a c e

r e f l e c t i o n s .

2.6 Circles and Re
ections 19



2 . 7 F r e q u e n c i e s a n d A m p l i t u d e s

F r e q u e n c y i s h o w o f t e n s o m e t h i n g h a p p e n s a g a i n i n a s e t a m o u n t o f t i m e , a n i n v e r s e m e a s u r e o f

t i m e . A n a m p l i t u d e i s h o w f a r i n s p a c e a n o s c i l l a t o r t r a v e l s .

� T h e f r e q u e n c i e s a r e s h a r e d i n a l l f o u r g r a p h s .

� T h e a m p l i t u d e s a r e i n d e p e n d e n t i n t h e t h r e e s t a t i c g r a p h s .

� T h e d y n a m i c g r a p h i s p r e c i s e l y l i m i t e d b y w h a t h a p p e n s i n t h e s t a t i c g r a p h s .
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2 . 8 S u m m a r y : D y n a m i c G r a p h s o f Q u a t e r n i o n s

M a t h :

T h r e e s t a t i c c o m p l e x g r a p h s c o m b i n e t o m a k e o n e d y n a m i c g r a p h o f a q u a t e r n i o n .

P i c t u r e s :

2.8 Summary: Dynamic Graphs of Quaternions 21





C h a p t e r 3

Q u a t e r n i o n s A n a l y s i s

3 . 1 D i v i s i o n : N o r m a l i z e b y A l l H i s t o r i e s b e t w e e n C o n j u g a t e s

n� 1 = n �

Norm(n)

� W o r k s f o r R; C; and H . 3 f i e l d s , 1 d e f i n i t i o n .

� F o r R; n
 = n; Norm(n) = n2
.

O v e r l y c o m p l e x , b u t w o r k s w i t h o u t m o d i f i c a t i o n f o r C and H:

� C o n j u g a t e = m i r r o r r e f l e c t i o n .

� A l l h i s t o r i e s b e t w e e n c o n j u g a t e s a r e a l l t i m e l i k e p a t h s b o u n d e d b y l i g h t c o n e s .

3 . 2 D e r i v a t i v e : D i v i s i o n i n a L i m i t

@f(n)
@n

= lim
dn! 0

f (n + dn) � f (n)
dn

� W o r k s f o r R and C .

� F a i l s f o r H .
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T h e k e y : d e f i n e t h e l i m i t p r o c e s s s o t h a t t h e d i f f e r e n t i a l e l e m e n t s a l w a y s c o m m u t e .

3 . 3 B e t t e r D e r i v a t i v e : D i v i s i o n i n a 2 - S t e p L i m i t P r o c e s s

L e t t h e 3 - v e c t o r o f t h e d i f f e r e n t i a l e l e m e n t g o t o z e r o f i r s t , f o l l o w e d b y t h e s c a l a r .

@f(n)
@n

= lim
( dn + dn �

2
! 0)

 

lim
( dn � dn �

2
! 0)

f (n + dn) � f (n)
dn

!

� F o r R; dn + dn �

2
= 0; dn � dn �

2
= dn.

O v e r l y c o m p l e x , b u t w o r k s .

� F o r C , f r e e t o c h a n g e o r d e r o f l i m i t s .

� F o r H , n o t f r e e t o c h a n g e o r d e r .

C o m p l e x n u m b e r s a r e s y m m e t r i c f o r t i m e a n d 1 - s p a c e . Q u a t e r n i o n 3 - s p a c e b r e a k s t h e s y m m e t r y

w i t h t i m e , s o t h e o r d e r o f l i m i t s m a t t e r s .

3 . 4 C a u s a l O r d e r o f L i m i t s : T i m e l i k e , S p a c e l i k e , o r L i g h t l i k e

1 . S t a r t w i t h t h e d i f f e r e n t i a l e l e m e n t :

dn = ( dt; d RG / c)

2 . R e s c a l e t o t h e L o r e n t z i n v a r i a n t i n t e r v a l (d� )2 = ( dt)2 � (d RG / c)2
:

dn
d�

= ( dt
d�

; d RG

c d�
)

3 . I f t h e r e s c a l e d d i f f e r e n t i a l e l e m e n t ' s 3 - v e c t o r g o e s t o z e r o f i r s t ,

dn
d�

+ dn �

d�
/2 ! 0, t h e v e l o c i t y

a p p r o a c h e s z e r o .

T h e i n t e r v a l b e t w e e n t h e d i f f e r e n t i a l e l e m e n t s i s t i m e l i k e .

C l a s s i c a l m e c h a n i c s a p p l i e s .

4 . I f t h e r e s c a l e d d i f f e r e n t i a l e l e m e n t ' s s c a l a r g o e s t o z e r o f i r s t ,

dn
d�

� dn �

d�
/2 ! 0, t h e d e r i v a t i v e

df (n)
dn

i s n o t d e f i n e d , b u t t h e n o r m o f t h e d e r i v a t i v e , ( df (n)
dn

)� df (n)
dn

, i s .

T h e i n t e r v a l b e t w e e n t h e d i f f e r e n t i a l e l e m e n t e v e n t s i s s p a c e l i k e .
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C l a s s i c a l q u a n t u m m e c h a n i c s a p p l i e s .

C l a s s i c a l : K n o w m u c h a b o u t a l i t t l e s p a c e .

C l a s s i c a l Q M : M u c h a b o u t a l i t t l e t i m e .

3 . 5 G e n e r a l B a l a n c e d B a s i s V e c t o r s

D o n o t s p e c i f y t h e c o o r d i n a t e s y s t e m ( i t c o u l d b e C a r t e s i a n o r s p h e r i c a l f o r e x a m p l e , b u t i t d o e s

n o t m a t t e r ) .

N e e d t o b a l a n c e s c a l a r w i t h s u m o f a l l t h r e e i m a g i n a r i e s . H o l o n o m i c e q u a t i o n t e s t f o r a n

a n a l y t i c q u a t e r n i o n f u n c t i o n r e q u i r e s t h e b a l a n c e b e t w e e n t h e r e a l a n d i m a g i n a r y .

� H: e0;
e1

3
; e2

3
; e3

3
.

� C: e0; I = e1

3
+ e2

3
+ e3

3
.

� R: e0; I = 0 .

3 . 6 L e n g t h o f B a s i s V e c t o r s

1 . H a m i l t o n ' s c o n v e n t i o n :

1 = e0
2 = � e1

2 = � e2
2 = � e3

2 = � e1 e2 e3

2 . I n t h e S c h w a r z s c h i l d s o l u t i o n o f g e n e r a l r e l a t i v i t y :

1 = e0
2 = � e1

2 = � e2
2 = � e3

2
i f f f l a t .

e0
2 < 1 i n c u r v e d s p a c e t i m e .
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eRG

2 > 1 i n c u r v e d s p a c e t i m e .

3 . C o n s i s t e n t w i t h t h e a b o v e o b s e r v a t i o n s , d e f i n e a n e w c o n v e n t i o n f o r b a s i s v e c t o r l e n g t h :

1� 4 = e0
2 = � 1

e1
2 = � 1

e2
2 = � 1

e3
2 (4 = 0 i� �at )

3 . 7 S p a n o f A u t o m o r p h i s m s

T h e f i e l d s R , C , a n d H h a v e 1 , 2 , a n d 4 d e g r e e s o f f r e e d o m . T o r e p r e s e n t a l l p o s s i b l e f u n c t i o n a l

m a p p i n g s , 1 , 2 , a n d 4 a u t o m o r p h i c f u n c t i o n s a r e r e q u i r e d f o r e a c h f i e l d .

� R : I d e n t i t y (x):

� C : I d e n t i t y , C o n j u g a t e (z; z� ) .

� H : I d e n t i t y , 3 C o n j u g a t e s (q; q� ; q� 1; q� 2) w h e r e

q� 1 � (e1 q e1)� = ( � t; x; � y; � z ) ,

q� 2 � (e2 q e2)� = ( � t; � x; y; � z ) .

A n y q u a t e r n i o n f u n c t i o n o n t h e R4
m a n i f o l d c a n b e r e p r e s e n t e d o n t h e m a n i f o l d H1

u s i n g a

c o m b i n a t i o n o f q; q� ; q� 1; and q� 2
.

3 . 8 F o u r A n a l y t i c F u n c t i o n T e s t s

1 . A p p l y l i m i t d e f i n i t i o n a n d s h o w o n l y o n e n o n - z e r o d e r i v a t i v e w i t h r e s p e c t t o q; q� ; q� 1;
and q� 2

.

2 . T h e C a u c h y - R i e m a n n E q u a t i o n s .

3 . T h e h o l o n o m i c e q u a t i o n .

4 . T h e c h a i n r u l e .

3 . 9 A n a l y t i c b y D e r i v a t i v e D e f i n i t i o n

1 . S t a r t w i t h a s i m p l e p o l y n o m i a l :
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f = q2

2 . A p p l y t h e d e f i n i t i o n :

@f
@q

= lim
(d;0G ) ! 0

�
lim

(d;DG ) ! (d;0G )

( q+ ( d; DG )) 2 � q2

(d; DG )

�

3 . E x p a n d :

@f
@q

= lim
(d;0G ) ! 0

�
lim

(d;DG ) ! (d;0G )

q2 + q(d; DG ) + ( d; DG ) q+ ( d; DG )2 � q2

(d; DG )

�

4 . A p p l y l i m i t s :

@f
@q

= lim
(d;0G ) ! 0

q(d; 0G ) + ( d; 0G ) q+ ( d; 0G )2

(d; 0G )
= 2 q

5 . T h e f u n c t i o n f d o e s n o t d e p e n d o n q� ; q� 1; or q� 2
:

@f
@q�

= @f
@q� 1 = @f

@q� 2 = 0

f i s a n a l y t i c i n q.

3 . 1 0 A n a l y t i c b y t h e C a u c h y - R i e m a n n E q u a t i o n s

1 . S t a r t w i t h t h e s a m e s i m p l e p o l y n o m i a l :

f = q2

2 . W r i t e o u t i t s c o m p o n e n t s :

q2 = ( t2 e0
2 + x2 e1

2

9
+ y2 e2

2

9
+ z2 e3

2

9
; 2txe0

e1

3
; 2 tye0

e2

3
; 2 tze0

e3

3
)

3 . S p l i t i n t o a s c a l a r f u n c t i o n u a n d a 3 - v e c t o r f u n c t i o n VG :

u = t2 e0
2 + x2 e1

2

9
+ y2 e2

2

9
+ z2 e3

2

9

VG = (2 txe0
e1

3
; 2tye0

e2

3
; 2tze0

e3

3
)

4 . C o m p a r e t h e p r o d u c t o f t h e t i m e d e r i v a t i v e o f u w i t h t h e 3 - v e c t o r I t o t h e p r o d u c t o f t h e

s p a t i a l d e r i v a t i v e s o f VG a n d t h e s c a l a r b a s i s v e c t o r e0:

@u
@t

e1

3
= 2

3
te0

2 e1
@Vx
@x

e0 = 2
3

te0
2 e1

@u
@t

e2

3
= 2

3
te0

2 e2
@Vy
@y

e0 = 2
3

te0
2 e2

@u
@t

e3

3
= 2

3
te0

2 e3
@Vz
@z

e0 = 2
3

te0
2 e3

5 . C o m p a r e t h e r e v e r s e : t h e p r o d u c t o f t h e s p a t i a l d e r i v a t i v e o f u a n d t h e s c a l a r b a s i s v e c t o r

e0 a n d t h e t i m e d e r i v a t i v e o f VG w i t h t h e 3 - v e c t o r I :

@u
@x

e0 = � 2
9

xe0
@Vx
@t

e1

3
= 2

9
xe1

@u
@y

e0 = � 2
9

ye0
@Vy
@t

e2

3
= 2

9
ye2

@u
@z

e0 = � 2
9

ze0
@Vz
@t

e3

3
= 2

9
ze3
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N o t e t h a t t h e b a s i s v e c t o r s a r e d i f f e r e n t , w h i c h i s t h e e n t i r e r e a s o n t h a t t h e s i g n s a r e

d i f f e r e n t .

T h e f u n c t i o n f i s a n a l y t i c i n q b y t h e C a u c h y - R i e m a n n e q u a t i o n s .

3 . 1 1 A n a l y t i c b y t h e H o l o n o m i c E q u a t i o n

T h e h o l o n o m i c e q u a t i o n f o r a q u a t e r n i o n f u n c t i o n i s :

@u
@t

+ @Vx
@x

+ @Vy
@y

+ @Vz
@z

= 0

1 . S t a r t w i t h t h e s a m e f u n c t i o n f s p l i t u p t h e s a m e w a y :

f = q2

u = t2 e0
2 + x2 e1

2

9
+ y2 e2

2

9
+ z2 e3

2

9

VG = (2 txe0
e1

3
; 2tye0

e2

3
; 2tze0

e3

3
)

2 . T a k e t h e r e l e v a n t d e r i v a t i v e s :

@u
@t

= 2 te0
2

@Vx
@x

= 2 te0
e1

3
@Vy
@y

= 2 te0
e2

3
@Vz
@z

= 2 te0
e3

3

3 . D o t t h i s w i t h t h e 4 - b a s i s v e c t o r t o f o r m t h e h o l o n o m i c e q u a t i o n :

( 2te0
2; 2te0

e1

3
; 2te0

e2

3
; 2te0

e3

3
):(e0; e1; e2; e3)

= 2 te0
3 + 2

3
te0 e1

2 + 2
3

te0 e2
2 + 2

3
te0 e3

2 = 0

T h e f u n c t i o n f i s a n a l y t i c i n q b y t h e h o l o n o m i c e q u a t i o n .

3 . 1 2 R e p r e s e n t i n g C o m p o n e n t s w i t h A u t o m o r p h i s m s

1 . t = q+ q�

2
e0 ( l i k e r e a l f o r z ) .

2 . x = q+ q� 1

� 2/3
e1 = 2/3 xe1

� 2/3
e1

3 . y = q+ q� 2

� 2/3
e2 = 2/3 ye2

� 2/3
e2

4 . z = q+ q� + q� 1 + q� 2

2/3
e3 = � 2/3 ze3

2/3
e3

T h e s e a r e n e e d e d t o a p p l y t h e c h a i n r u l e .
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C h a p t e r 4

U n i f y i n g G r a v i t y a n d E M b y A n a l o g y t o E M :

O u t l i n e

D a y 1 : L a g r a n g e d e n s i t i e s .

D a y 2 : F i e l d s a n d q u a n t u m m e c h a n i c s .

D a y 3 : F o r c e s , m e t r i c s , a n d n e w p h y s i c s .

2 9



4 . 1 R e q u i r e d S k i l l s

� A l g e b r a .

� A P - l e v e l c a l c u l u s .

� A b i l i t y t o l e a r n f a s t .

H e l p f u l k n o w l e d g e :

L a g r a n g i a n s , c a l c u l u s o f v a r i a t i o n s , c o m p l e x a n a l y s i s , d i m e n s i o n a l a n a l y s i s , t h e M a x w e l l

e q u a t i o n s , g e n e r a l r e l a t i v i t y , q u a n t u m m e c h a n i c s , p e r t u r b a t i o n t h e o r y , g r o u p t h e o r y , a s t r o -

p h y s i c s .

4 . 2 ( T i t l e ) I n f o r m a t i o n S t r u c t u r e

( P r e a m b l e ) D e f i n i t i o n o r e x p l a n a t i o n .

� ( E x a m p l e 1 ) S l i d e s .

� ( E x a m p l e 2 ) S l i d e s u m m a r y .

� ( E x a m p l e 3 ) H a r d c o p y f r o m w e b a t q u a t e r n i o n s . c o m .

1 . ( S t a r t ) O u t l i n e o r m a t h d e r i v a t i o n .

2 . ( E n d ) I n t e r d e p e n d e n t t a s k c o m p l e t e d .

C o m m e n t , s u c h a s t r y i n g t o m a k e l e s s t h a n 7 i n f o c h u n k s / s l i d e .

W a r n i n g : V i s u a l i n f o r m a t i o n m a y b e i m p r e c i s e !

M y a p a r t m e n t l o o k s d i f f e r e n t .
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S l i d e 5 7 c o u n t t o e n d + r a n d o m r e m a r k s .

4 . 3 T h e B i g P i c t u r e : A 4 D S l i n k y

G r a v i t y a n d l i g h t f o r m a s l i n k y i n f o u r d i m e n s i o n s ( o n e f o r t i m e , t h r e e f o r s p a c e ) .

� A s l i n k y w o b b l e s .

� T h e E a r t h h a s w o b b l e d a r o u n d t h e S u n 4 b i l l i o n t i m e s .

� L i g h t i s c r e a t e d b y e l e c t r o n s w o b b l i n g .

W a n t a d e s c r i p t i o n o f a l l t h e i n t e r a c t i o n s i n a v o l u m e ( c a l l e d a L a g r a n g e d e n s i t y ) t h a t c a n b e u s e d

t o c r e a t e 4 d i f f e r e n t i a l e q u a t i o n s ( a 4 Dw a v e e q u a t i o n ) . T h e s o l u t i o n s t o t h o s e e q u a t i o n s m u s t t h e n

b e l i n k e d t o t h e s i m p l e h a r m o n i c o s c i l l a t i o n s d i s p l a y e d b y g r a v i t a t i o n a l a n d e l e c t r o n i c s y s t e m s .

T h o u g h t e x p e r i m e n t : s l o w n e u t r i n o s c o u l d w o b b l e t h r o u g h t h e E a r t h a c t a s a S H O , c y c l i n g t o

t h e o t h e r s i d e o f t h e E a r t h a n d b a c k e v e r y 8 8 m i n u t e s . T h i s i s a l o n g i t u d i n a l w a v e , b e c a u s e t h e

a c c e l e r a t i o n i s i n t h e d i r e c t i o n o f t h e v e l o c i t y .

4 . 4 M u s t D o P h y s i c s

� G r a v i t y .

� E M .

� Q u a n t u m m e c h a n i c s .

� E x p e r i m e n t a l t e s t s .
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4 . 4 . 1 M u s t D o : G r a v i t y

1 . Fg = � Gm R^
L i k e c h a r g e s a t t r a c t .

2 . + m O n e c h a r g e .

3 . � = r 2� N e w t o n ' s g r a v i t a t i o n a l f i e l d e q u a t i o n .

4 . m d2RG

dt2 = � GMm
R2 R̂ N e w t o n ' s l a w o f g r a v i t y u n d e r c l a s s i c a l c o n d i t i o n s .

5 . d� 2 = (1 � 2GM
c2R

+ 2( GM
c2R

)2) dt2 � (1 + 2 GM
c2R

) dR2

c2

C o n s i s t e n t w i t h t h e S c h w a r z s c h i l d m e t r i c .

4 . 4 . 2 M u s t D o : E l e c t r o d y n a m i c s

1 . FEM = q EG L i k e c h a r g e s r e p e l .

2 . � q T w o d i s t i n c t c h a r g e s .

3 . � = rG � EG JG = � @EG

c@t
+ rG � BG

M a x w e l l s o u r c e e q u a t i o n s .

4 . 0 = rG � BG 0G = @BG

c@t
+ rG � EG

M a x w e l l h o m o g e n e o u s e q u a t i o n s .

5 . F � = q U�

c
(A �;� � A � ; � ) L o r e n t z f o r c e .

4 . 4 . 3 M u s t D o : Q u a n t u m M e c h a n i c s

1 . U n i f i e d f i e l d e m i s s i o n m o d e s c a n b e q u a n t i z e d .

2 . W o r k s w i t h t h e s t a n d a r d m o d e l .

3 . I n d i c a t e s o r i g i n o f m a s s .
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4 . 4 . 4 M u s t D o : E x p e r i m e n t a l T e s t s

1 . L I G O ( g r a v i t y w a v e p o l a r i z a t i o n ) .

2 . R o t a t i o n p r o f i l e s o f s p i r a l g a l a x i e s .

3 . B i g B a n g c o n s t a n t v e l o c i t y d i s t r i b u t i o n .

4 . 4 . 5 W i l l N o t B e D o i n g

� R e v i e w o f p r e v i o u s e f f o r t s t o u n i f y g r a v i t y a n d E M .

� R e g e n e r a t e E i n s t e i n ' s f i e l d e q u a t i o n s ; G�� = 8�T �� :

Don 't bet agains t Ei nst e i n. Eins tein vi e w ed g eneral re l a t ivity as an in term ediate step. Th e la s t half o f h is li f e was

d evo ted to tw o tasks : un ifyin g g ra vi ty with EM, and unders ta n din g w hy quantum mechan ics is t he w ay i t is , th e

log ica l rea s on drivin g it. He was w illi ng to recon struct phy sics f ro m the g roun d up so lo ng a s gui ding prin ciples

were res pected. Th e s e l ectures a re devoted to un ificatio n. Ano ther lecture series w oul d be req ui red to u nderstan d

the lo gic o f quantu m mechanics , an d I do t hin k I kn ow wh er e th e a n sw e r to that riddle li ves.
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4 . 5 L a g r a n g e D e n s i t i e s

W h e r e a l l m a s s , e n e r g y , a n d i n t e r a c t i o n s a r e i n a v o l u m e .

1 . E M L a g r a n g e d e n s i t y .

2 . E M t o g r a v i t y b y a n a l o g y .

3 . G r a v i t y L a g r a n g e d e n s i t y h y p o t h e s i s .

4 . G E M L a g r a n g e d e n s i t y .

5 . G E M L a g r a n g e d e n s i t y i n d e t a i l .

4 . 5 . 1 E M L a g r a n g e D e n s i t i e s

W h e r e a l l E M e n e r g y i s i n a v o l u m e , n o g r a v i t y .

LEM = � 1



� m � 1
c

J � A � � 1
4c2 (r � A � � r � A � )(r � A � � r � A � )

� � 1



� m E n e r g y d e n s i t y o f m a s s i n m o t i o n .

� � 1
c

J � A �
E n e r g y d e n s i t y o f e l e c t r i c c h a r g e i n m o t i o n .

� � 1
4c2 (r � A � � r � A � )(r � A � � r � A � )

E n e r g y d e n s i t y o f a n t i s y m m e t r i c c h a n g e i n t h e p o t e n t i a l .

T h e p a t t e r n : r a n k - 0 , r a n k - 1 c o n t r a c t i o n , a n d r a n k - 2 c o n t r a c t i o n .

4 . 5 . 2 E M t o G r a v i t y A n a l o g y

� � 1


� m N o c h a n g e f o r m a s s i n m o t i o n r a n k - 0 t e r m .

� � q � + G
p

m E l e c t r i c c h a r g e t o m a s s c h a r g e .

� C h a n g e f i e l d s t r e n g t h t e n s o r ' s s y m m e t r y .

A � A � A + A A n t i - s y m m e t r i c t o s y m m e t r i c t e n s o r .
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T h e r e a r e t w o s i g n c h a n g e s , b o t h a r e m i n u s t o p l u s . T h e f i r s t f r o m - q t o + m m a k e s t h e l a w a t t r a c t i v e . T h e s e c o n d i n t h e t e n s o r c h a n g e s t h e

s y m m e t r y .

4 . 5 . 3 G r a v i t y L a g r a n g e D e n s i t y H y p o t h e s i s

W h e r e a l l g r a v i t a t i o n a l e n e r g y i s i n a v o l u m e , n o E M .

LG = � 1



� m + 1
c

Jm
� A � � 1

4c2 (r � A � + r � A � )(r � A � + r � A � )

� � 1



� m E n e r g y d e n s i t y o f m a s s i n m o t i o n .

� + 1
c

Jm
� A � E n e r g y d e n s i t y o f m a s s c h a r g e i n m o t i o n .

� � 1
4c2 (r � A � + r � A � )(r � A � + r � A � )

E n e r g y d e n s i t y o f s y m m e t r i c c h a n g e i n t h e p o t e n t i a l .

O n l y t h e r a n k - 1 a n d r a n k - 2 c o n t r a c t i o n t e r m s h a v e b e e n c h a n g e d b y t h e a n a l o g y .

4 . 5 . 4 U n i f i e dL a g r a n g e D e n s i t y

LGEM i s t h e u n i o n o f L G a n d L EM .

� M a s s i n m o t i o n t e r m i s a u n i o n , n o t a s u m .

� S u m c h a r g e s i n m o t i o n t e r m s .

� S u m a n d s i m p l i f y f i e l d s t r e n g t h t e n s o r t e r m s :

1 . r � A � r � A � � r � A � r � A � C r o s s t e r m s d r o p .

2 . r � A � r � A � = r � A � r � A � C o n t r a c t i o n s a r e e q u a l .

LGEM = � 1



� m � 1
c

(Jq
� � Jm

� )A � � 1
2c2 r � A � r � A �

N o t e : E v e r y p r o p e r t y o f t h i s p r o p o s a l i s d i c t a t e d b y L G E M !
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4 . 5 . 5 G E M L a g r a n g e D e n s i t y i n D e t a i l

G o a l : G e t t o i n d i v i d u a l t e r m s , n o i n d i c e s .

M e t h o d : E x p a n d , c o n t r a c t , a n d r e p e a t .

1 . S t a r t w i t h t h e G E M L a g r a n g e d e n s i t y w h i c h h a s 1 + 4 + 16 f i n a l t e r m s :

LGEM = � 1



� m � 1
c

(Jq
� � Jm

� )A � � 1
2c2 r � A � r � A �

2 . E x p a n d J �
, A � . A p p l y t h e d e f i n i t i o n o f a c o n t r a v a r i a n t d e r i v a t i v e t o a c o n t r a v a r i a n t v e c t o r

( r � A � = @� A � � � �
� � A �

) :

L = � 1



� m � ( � q � � m)(c;� vu)( �; A u)

� 1
2c2 (@� A � � � �

� � A � )(@� A � � � �
� � A � )

3 . C o n t r a c t U� w i t h A �
. M u l t i p l y o u t f i n a l t e r m :

L = � 1



� m � ( � q � � m)(c� � vuAu)

� 1
2c2 (@� A � @� A � � 2 � �

� � A � @� A � + � �
� � A � � �

� � A � )

4 . E x p a n d @� A �
a n d @� A � . W o r k i n l o c a l c o v a r i a n t c o o r d i n a t e s w h e r e � = 0:

L = � 1



� m � ( � q � � m)(c� � vuAu) � 1
2c2 ( @

@t
; � r v)( �; A u)( @

@t
; r v)( �; � Au)

5 . C o n t r a c t :

L = � 1



� m � ( � q � � m)(c� � vuAu) � 1
2c2 (( @�

@t
)2 � (r � )v 2 � ( @A

@t
)u 2 + ( r A)uv 2)

6 . W r i t e i t A L L o u t :

L = � � m( 1 � ( @x
c@t

)2 � ( @y
c@t

)2 � ( @z
c@t

)2
q

� ( � q � � m)(c� � @x
@t

Ax � @x
@t

A y � @z
@t

Az)

� 1
2
(( @�

c@t
)2 � ( @�

@x
)2 � ( @�

@y
)2 � ( @�

@z
)2 � ( @Ax

c@t
)2 + ( @Ax

@x
)2 + ( @Ax

@y
)2 + ( @Ax

@z
)2

� ( @Ay

c@t
)2 + ( @Ay

@x
)2 + ( @Ay

@y
)2 + ( @Ay

@z
)2 � ( @Az

c@t
)2 + ( @Az

@x
)2 + ( @Az

@y
)2 + ( @Az

@z
)2)

4 . 5 . 6 S u m m a r y : L a g r a n g e D e n s i t i e s

M a t h :

LGEM = � 1



� m � 1
c

(Jq
� � Jm

� )A � � r � A � r � A �

P i c t u r e s :
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4 . 6 F i e l d s

1 . T h e P l a y e r s .

2 . E u l e r - L a g r a n g e e q u a t i o n :

a ) P r i n c i p l e o f l e a s t a c t i o n .

b ) D e r i v a t i o n .

c ) A p p l y t o G E M L a g r a n g e d e n s i t y .

3 . C l a s s i c a l f i e l d s .

4 . C l a s s i c a l f i e l d s i n d e t a i l .

5 . C l a s s i c a l f i e l d e q u a t i o n s :

a ) G a u s s ' l a w a n d N e w t o n ' s [ r e l a t i v i s t i c ] g r a v i t a t i o n a l f i e l d .

b ) A m p e r e ' s l a w a n d m a s s c u r r e n t .

c ) V e c t o r i d e n t i t i e s .

4 . 6 . 1 T h e P l a y e r s

A t a b l e o f t h e p l a y e r s i n f i e l d s a n d f i e l d e q u a t i o n s . T h r e e n e wf i e l d s f o r g r a v i t y w i l l b e i n t r o d u c e d

s u b s e q u e n t l y .

R a n k S y m b o l N a m e

0

L L a g r a n g e d e n s i t y

1 A �
P o t e n t i a l

1 c @L
@A� = cr � ( @L

@r � A � ) F i e l d e q u a t i o n s

1

@EG

c@t
; rG � EG ; @ eG

c@t
; @BG

c@t
; F i e l d e q u a t i o n s a s c l a s s i c a l f i e l d s

rG � BG ; rG � bG ; r g �

2 EG ; eG ; BG ; bG ; g �
C l a s s i c a l f i e l d s w h i c h c o n s t i t u t e r � A �

4 . 6 . 2 P r i n c i p l e o f L e a s t A c t i o n

T h e s p a c e t i m e i n t e g r a l o f a L a g r a n g e d e n s i t y :

1 . T h e a c t i o n :
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S =
R

L � g
p

@V @t

2 . M i n i m i z e t h e a c t i o n :

�S =
R

( @L
@A� �A � + @L

@r � A � � r � A � ) � g
p

@V @t= 0

S e a r c h f o r m i n i m a l f u n c t i o n , n o t v a l u e , u s i n g c a l c u l u s o f v a r i a t i o n s .

4 . 6 . 3 D e r i v e t h e E u l e r - L a g r a n g e E q u a t i o n

L o c a l c o v a r i a n t c o o r d i n a t e s w i l l b e u s e d i n t h e f o l l o w i n g w o r k .

1 . S t a r t w i t h a L a g r a n g e d e n s i t y t h a t i s a f u n c t i o n o f A �
a n d r � A �

( n o t p o s i t i o n o r v e l o c i t y ) :

L = f (A � ; r � A � )

2 . F o r m t h e a c t i o n :

S =
R

L(A � ; r � A � ) � g
p

@V @t

3 . T a k e t h e v a r i a t i o n o f t h e a c t i o n :

�S =
R

( @L
@A� �A � + @L

@r � A � � r � A � ) � g
p

@V @t

4 . R e w r i t e t h e 2 n d t e r m u s i n g t h e c h a i n r u l e , s u b t r a c t i n g t h e e x c e s s t e r m :

�S =
R

( @L
@A� �A � + r � ( @L

@r � A � �A � ) � r � ( @L
@r � A � )�A � ) � g

p
@V @t

5 . I n t e g r a l o f 2 n d t e r m i s z e r o ( a t h e o r e m o f G a u s s ) :

�S =
R

( @L
@A� � r � ( @L

@r � A � )) �A � � g
p

@V @t

6 . S e t i n t e g r a l t o z e r o , w h i c h i s t r u e f o r a l l p o s s i b l e v a r i a t i o n s i f i n t e g r a n d i s z e r o :

@L
@A� = r � ( @L

@r � A � )

4 . 6 . 4 A p p l y E u l e r - L a g r a n g e t o G E M L a g r a n g e D e n s i t y

1 . S t a r t w i t h E u l e r - L a g r a n g e ,

@L
@A� = r � ( @L

@r � A � ) , w r i t t e n w i t h o u t i n d i c e s :

c @L
@�

= c( @
@t

( @L

@( @�
@t

)
) � @

@x
( @L

@( � @�
@x

)
) � @

@y
( @L

@( � @�
@y

)
) � @

@z
( @L

@( � @�
@z

)
))

c @L
@Ax

= c( @
@t

( @L

@( @Ax
@t

)
) � @

@x
( @L

@( � @Ax
@x

)
) � @

@y
( @L

@( � @Ax
@y

)
) � @

@z
( @L

@( � @Ax
@z

)
))

c @L
@Ay

= c( @
@t

( @L

@( @Ay
@t

)
) � @

@x
( @L

@( � @Ay
@x

)
) � @

@y
( @L

@( � @Ay
@y

)
) � @

@z
( @L

@( � @Ay
@z

)
))
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c @L
@Az

= c( @
@t

( @L

@( @Az
@t

)
) � @

@x
( @L

@( � @Az
@x

)
) � @

@y
( @L

@( � @A z
@y

)
) � @

@z
( @L

@( � @Az
@z

)
))

2 . W r i t e o u t G E M L a g r a n g e d e n s i t y w i t h o u t i n d i c e s :

L = � � m( 1 � ( @x
c@t

)2 � ( @y
c@t

)2 � ( @z
c@t

)2
q

� ( � q � � m)(c� � @x
@t

Ax � @x
@t

A y � @z
@t

Az)

� 1
2
(( @�

c@t
)2 � ( @�

@x
)2 � ( @�

@y
)2 � ( @�

@z
)2 � ( @Ax

c@t
)2 + ( @Ax

@x
)2 + ( @Ax

@y
)2 + ( @Ax

@z
)2

� ( @Ay

c@t
)2 + ( @Ay

@x
)2 + ( @Ay

@y
)2 + ( @Ay

@z
)2 � ( @Az

c@t
)2 + ( @Az

@x
)2 + ( @Az

@y
)2 + ( @Az

@z
)2)

3 . A p p l y :

� ( � q � � m) = � @2 �
c@t2

+ c@2 �
@x2

+ c@2 �
@y2

+ c@2 �
@z2

( � q � � m) @x
c@t

= @2A x

c@t2
� c@2A x

@x2
� c@2A x

@y2
� c@2A x

@z2

( � q � � m) @y
c@t

= @2A y

c@t2
� c@2A y

@x2
� c@2A y

@y2
� c@2A y

@z2

( � q � � m) @z
c@t

= @2A z

c@t2
� c@2A z

@x2
� c@2A z

@y2
� c@2A z

@z2

4 . E x e c u t i v e s u m m a r y :

Jq
� � Jm

� = � 2A �

4 . 6 . 5 C l a s s i c a l F i e l d s

T h e c l a s s i c a l f i e l d s EG

a n d BG

m a k e u p t h e a n t i s y m m e t r i c t e n s o r ( r � A � � r � A �
) . I n t r o -

d u c e t h r e e n e w f i e l d s , eG a n d bG w h i c h h a v e E M c o u n t e r p a r t s , a n d a 4 - v e c t o r f i e l d

g � for the diagonal components of the symmetric tensor( r � A � + r � A �
) .

� EG = � @AG

@t
� crG � E l e c t r i c f i e l d .

� eG = @AG

@t
� crG � � 2� �

0 i A �
S y m m e t r i c a n a l o g t o e l e c t r i c f i e l d .

� BG = crG � AG

M a g n e t i c f i e l d .

� bG = � @iA j � @j A i � 2� �
i j A �

= c(0; � @Az

@y
� @Ay

@z
� 2� �

yzA � ; � @Ax

@z
� @Az

@x
� 2� �

xzA � ;

� @Ay

@x
� @Ax

@y
� 2� �

xyA � ) � crG � AG

S y m m e t r i c a n a l o g t o m a g n e t i c f i e l d .

� g � = @� A � � � �
� � A �

= ( @�
@t

� � �
t t A � ; � c@Ax

@x
� � �

xx A � ; � c@Ay

@y
� � �

yyA � ; � c@Az

@z
� � �

zzA � )

D i a g o n a l o f r � A �
.

4.6 Fields 39



3 + 3 + 3 + 3 + 4 = 1 6 f i e l d s t o t a l .

A l l t h r e e g' s t r a n s f o r m d i f f e r e n t l y t h a n a x i a l o r p o l a r v e c t o r s .

4 . 6 . 6 C l a s s i c a l F i e l d s i n D e t a i l

1 . S t a r t w i t h t h e a s y m m e t r i c f i e l d s t r e n g t h t e n s o r , r � A �
, w r i t t e n a s a m a t r i x :

� = � � = Ax � = A y � = Az

@�
@t

� � �
t t A � @Ax

@t
� � �

t x A � @Ay

@t
� � �

t yA � @Az

@t
� � �

tzA �

� c @�
@x

� � �
x t A � � c @Ax

@x
� � �

x x A � � c @Ay

@x
� � �

x yA � � c @Az

@x
� � �

zzA �

� c @�
@y

� � �
y tA � � c @Ax

@y
� � �

y xA � � c @Ay

@y
� � �

yyA � � c @Az

@y
� � �

yzA �

� c @�
@z

� � �
z tA � � c @Ax

@z
� � �

zxA � � c @Ay

@z
� � �

zyA � � c @Az

@z
� � �

zzA �

2 . A n a n t i s y m m e t r i c a n d s y m m e t r i c s u m e q u a l t o 2r � A �
:

r � A � � r � A � =

0

@Ax

@t
+ c @�

@x

@Ay

@t
+ c

@�
@y

@Az

@t
+ c

@�
@z

� c
@�
@x

�
@Ax

@t
0 � c

@Ay

@x
+ c

@Ax

@y
� c

@Az

@x
+ c

@Ax

@z

� c @�
@y

�
@Ay

@t
� c

@Ax

@y
+ c

@Ay

@x
0 � c @Az

@y
+ c @Ay

@z

� c @�
@z

�
@Az

@t
� c @Ax

@z
+ c @Az

@x
� c

@Ay

@z
+ c

@Az

@y
0

r � A � + r � A �
=

2 @�
@t

� 2� �
t t A � @Ax

@t
� c @�

@x
� 2� �

t x A � @A y

@t
� c @�

@y
� 2� �

ty A � � @Az

@t
� c

@�
@z

� 2� �
tz A �

� c @�
@x

+ @Ax

@t
� 2� �

x t A � 2c @Ax

@x
� 2� �

xx A � � c @A y

@x
� c @Ax

@y
� 2� �

xy A � � c @Az

@x
� c @Ax

@z
� 2� �

xz A �

� c @�
@y

+
@A y

@t
� 2� �

y t A � � c @Ax

@y
� c

@A y

@x
� 2� �

yx A � � 2c
@A y

@y
� 2� �

yy A � � c @Az

@y
� c

@A y

@z
� 2� �

yz A �

� c @�
@z

+ @Az

@t
� 2� �

z t A � � c @Ax

@z
� c @Az

@x
� 2� �

zx A � � c
@A y

@z
� c @Az

@y
� 2� �

zy A � � 2 c @Az

@z
� 2� �

zz A �

3 . r � A �
w r i t t e n i n t e r m s o f t h e g r a v i t a t i o n a l , e l e c t r i c , a n d m a g n e t i c f i e l d s :

gt ex � Ex ey � Ey ez � Ez

ex + Ex gx bz � Bz by + B y

ey + Ey bz + Bz gy bx � Bx

ez + Ez by � B y bx + Bx gz
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4 . 6 . 7 G a u s s ' L a w a n dN e w t o n ' s G r a v i t a t i o n a l F i e l d

M e t h o d :

1
2

( E M l a w + g r a v i t a t i o n a l a n a l o g ) + d i a g o n a l t e r m s = f i e l d e q u a t i o n s .

� q � � m = @2 �
c @t2

� c @2 �
@x2

� c @2 �
@y2

� c @2 �
@z2

= @2 �
c @t2

+ 1
2

@
@x

(( � @Ax

@t
� c @�

@x
) + ( @Ax

@t
� c @�

@x
))

+ 1
2

@
@y

(( � @Ay

@t
� c @�

@y
) + ( @Ay

@t
� c @�

@y
))

+ 1
2

@
@z

(( � @Az

@t
� c @�

@z
) + ( @Az

@t
� c @�

@z
))

= @gt
c@t

+ 1
2

(rG � EG + rG � eG )

� N e w t o n ' s [ r e l a t i v i s t i c ] g r a v i t a t i o n a l f i e l d e q u a t i o n r e s u l t s i n t h e p h y s i c a l s i t u a t i o n w h e r e

t h e r e i s n o e l e c t r i c c h a r g e d e n s i t y a n d n o d i v e r g e n c e o f t h e f i e l d EG

.

� G a u s s ' l a w r e s u l t s i n t h e p h y s i c a l s i t u a t i o n w i t h n o m a s s d e n s i t y a n d n o d i v e r g e n c e o f t h e

f i e l d eG .

I m p l i c a t i o n s f o r f o r c e s : N e w t o n ' s f i e l d l a w i m p l i e s a n a t t r a c t i v e f o r c e f o r m a s s , w h i l e G a u s s ' l a w i n d i c a t e s l i k e e l e c t r i c c h a r g e s r e p u l s e .

4 . 6 . 8 A m p e r e ' s L a w a n dM a s s C u r r e n t

M e t h o d : S a m e a s p r e v i o u s .

JG q � JG m = ( @2A x

c @t2
� c @2A x

@x2
� c @2A x

@y2
� c @2A x

@z2
; @2A y

c @t2
� c @2A y

@x2
� c @2A y

@y2
� c @2A y

@z2
;

@2A z

c @t2
� c @2A z

@x2
� c @2A z

@y2
� c @2A z

@z2
)

= 1
2
( � @

@t
(( � @Ax

c @t
� @ �

@x
) � ( @Ax

c @t
� @ �

@x
)) � @

@x
@Ax

@x

� @
@y

( @Ax

@y
� @Ay

@x
) + @

@z
( @Az

@x
� @Ax

@z
) + @

@y
( � @Ax

@y
� @Ay

@x
) + @

@z
( � @Az

@x
� @Ax

@z
);

� @
@t

(( � @Ay

c @t
� @ �

@y
) � ( @Ay

c @t
� @ �

@y
)) � @

@y
@Ay

@y

� @
@z

( @Ay

@z
� @Az

@y
) + @

@x
( @Ax

@y
� @Ay

@x
) + @

@z
( � @Ay

@z
� @Az

@y
) + @

@x
( � @Ax

@y
� @Ay

@x
);

� @
@t

(( � @Az

c @t
� @ �

@z
) � ( @Az

c @t
� @ �

@z
)) � @

@z
@Az

@z
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� @
@x

( @Az

@x
� @Ax

@z
) + @

@y
( @Ay

@z
� @Az

@y
) + @

@x
( � @Az

@x
� @Ax

@z
) + @

@y
( � @Ay

@z
� @Az

@y
))

= 1
2
( � @EG

c @t
+ @ eG

c @t
+ rG � BG � r � bG ) + rG

u
gu

� A p u r e m a s s c u r r e n t e q u a t i o n r e s u l t s i n t h e p h y s i c a l s i t u a t i o n w h e r e t h e r e i s n o e l e c t r i c

c u r r e n t d e n s i t y n o t i m e c h a n g e o f t h e f i e l d EG

a n d n o c u r l o f t h e f i e l d BG

.

� A m p e r e ' s l a w r e s u l t s i n t h e p h y s i c a l s i t u a t i o n w h e r e t h e r e i s n o m a s s c u r r e n t d e n s i t y , n o

g r a d i e n t o f t h e f i e l d gu
a n d n o t b o x e d c u r l o f bG .

4 . 6 . 9 V e c t o r I d e n t i t i e s

V e c t o r i d e n t i t i e s o r h o m o g e n e o u s e q u a t i o n s a r e u n c h a n g e d .

� N o m a g n e t i c m o n o p o l e s :

rG � BG = rG � (crG � AG ) = 0

� F a r a d a y ' s l a w :

@
@t

rG � AG � r G � @AG

@t
� r G � crG � = 0G

N o o b v i o u s v e c t o r i d e n t i t y a n a l o g s f o r g r a v i t a t i o n a l f i e l d s f o u n d y e t .

4 . 6 . 1 0 S u m m a r y : F i e l d E q u a t i o n s

M a t h :

J � = � 2A �

P i c t u r e s :
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4 . 7 S t r e s s e s , F o r c e s , a n d G e o d e s i c s

1 . S t r e s s e s :

a ) H a m i l t o n i a n d e n s i t y .

b ) S t r e s s t e n s o r .

c ) S t r e s s t e n s o r o f G E M .

2 . F o r c e s :

a ) E M L o r e n t z f o r c e .

b ) E M t o g r a v i t y a n a l o g y .

c ) G r a v i t a t i o n a l f o r c e .

d ) G E M f o r c e .

3 . G e o d e s i c s :

a ) E f f e c t o f a g e o d e s i c .

b ) C a u s e o f c u r v a t u r e i n a g e o d e s i c .

c ) K i l l i n g ' s d i f f e r e n t i a l e q u a t i o n .

4 . 7 . 1 T h e H a m i l t o n i a nD e n s i t y

T h e H a m i l t o n i a n d e n s i t y i s a w a y t o c h a r a c t e r i z e t h e e n e r g y i n a v o l u m e . I t c a n g e n e r a l i z e d t o

f o r m t h e s t r e s s t e n s o r w h i c h h a s e n e r g y , m o m e n t u m , a n d s t r e s s a l l i n o n e t e n s o r .

1 . S t a r t f r o m t h e e q u a t i o n f o r t h e H a m i l t o n i a n d e n s i t y :

H = � � @A�

c@t
� L

2 . R e c a l l t h e G E M L a g r a n g e d e n s i t y w i t h n o c u r r e n t :

L = 1
2
( � ( @�

c@t
)2 + ( @�

@x
)2 + ( @�

@y
)2 + ( @�

@z
)2 + ( @Ax

c@t
)2 � ( @Ax

@x
)2 � ( @Ax

@y
)2 � ( @Ax

@z
)2

+ ( @Ay

c@t
)2 � ( @Ay

@x
)2 � ( @Ay

@y
)2 � ( @Ay

@z
)2 + ( @Az

c@t
)2 � ( @Az

@x
)2 � ( @Az

@y
)2 � ( @Az

@z
)2)

3 . C a l c u l a t e t h e c a n o n i c a l m o m e n t u m d e n s i t y :

� � = @L

@( @A�
c@t

)
= � @�

c@t
� @Ax

c@t
� @Ay

c@t
� @Ax

c@t
= � @A�

c@t

4 . S u b s t i t u t e t h e m o m e n t u m � �
i n t o t h e H a m i l t o n i a n d e n s i t y H:

H = � @A�

c@t
@A�

c@t
� L

4.7 Stresses, Forces, and Geodesics 43



5 . W r i t e o u t t h e c o m p o n e n t s :

H = 1
2
( � ( @�

c@t
)2 � ( @�

@x
)2 � ( @�

@y
)2 � ( @�

@z
)2 + ( @Ax

c@t
)2 + ( @Ax

@x
)2 + ( @Ax

@y
)2 + ( @Ax

@z
)2

+ ( @Ay

c@t
)2 + ( @Ay

@x
)2 + ( @Ay

@y
)2 + ( @Ay

@z
)2 + ( @Az

c@t
)2 + ( @Az

@x
)2 + ( @Az

@y
)2 + ( @Az

@z
)2)

6 . R e a r r a n g e :

H = � 1
2

( @�
c@t

)2 + 1
2

( @Ax

@x
)2 + 1

2
( @Ay

@y
)2 + 1

2
( @Az

@z
)2

+ 1
2

(( @Ax

c@t
)2 � ( @�

@x
)2) + 1

2
(( @Ay

c@t
)2 � ( @�

@y
)2) + 1

2
(( @Az

c@t
)2 � ( @�

@z
)2)

+ 1
4

(( @Az

@y
)2 � 2 @Az

@y
@Ay

@ z
+ ( @Ay

@z
)2) + �

+ 1
4

(( @Az

@y
)2 + 2 @Az

@y
@Ay

@ z
+ ( @Ay

@z
)2) + �

7 . R e c a l l t h e d e f i n i t i o n s o f G E M f i e l d s :

g � = c( @�
c@t

; � @Ax

@x
; � @Ay

@y
; � @Az

@z
)

EG = c( � @Ax

c@t
� @�

@x
; � @Ay

c@t
� @�

@y
; � @Az

c@t
� @�

@z
)

eG = c( + @Ax

c@t
� @�

@ x
; + @Ay

c@t
� @�

@y
; + @Az

c@t
� @�

@z
)

BG = c( + @Az

@y
� @Ay

@z
; + @Ax

@z
� @Az

@x
; + @Ay

@x
� @Ax

@y
)

bG = c( � @Az

@y
� @Ay

@z
; � @Ax

@z
� @Az

@x
; � @Ay

@x
� @Ax

@y
)

8 . R e w r i t e t h e H a m i l t o n i a n d e n s i t y i n t e r m s o f t h e G E M f i e l d s :

H = 1
c2 ( � 1

2
g0

2 + 1
2

gG 2 � 1
2
EG eG + 1

4
BG

2 + 1
4

bG 2)

4 . 7 . 2 S t r e s s T e n s o r

T h e r a n k - 2 s t r e s s t e n s o r i s r e l a t e d t o a d e r i v a t i v e o f a L a g r a n g e d e n s i t y .

1 . S t a r t w i t h a L a g r a n g e d e n s i t y :

L = f (A � ; r � A � )

2 . T a k e t h e d e r i v a t i v e :

r � L = @L
@A�

r � A � + @L
@r � A �

r � r � A �

3 . U s e t h e E u l e r - L a g r a n g e e q u a t i o n o n t h e f i r s t t e r m ,

@L
@A�

= r � ( @L
@r � A �

) .

C h a n g e t h e o r d e r o f p a r t i a l d e r i v a t i v e s i n t h e s e c o n d t e r m :

r � L = r � ( @L
@r � A �

)r � A � + @L
@r � A �

r � r � A �

4 . A p p l y t h e c h a i n r u l e t o c o n d e n s e i n t o o n e t e r m :

r � L = r � (( @L
@r � A �

)r � A � )

5 . D e f i n e t h e r a n k - 2 s t r e s s t e n s o r a s t h e s t u f f i n s i d e ,

m i n u s t h e L a g r a n g e d e n s i t y :

T � � � ( @L
@r � A �

)r � A � � g � � L

4 4 Un ifyin g Gra vi ty a n d EM by A n alog y to EM: Out lin e



4 . 7 . 3 S t r e s s T e n s o r o f G E M

1 . S t a r t w i t h t h e s t r e s s t e n s o r d e f i n i t i o n :

T � � � ( @L
@r � A �

)r � A � � g � � L

2 . G E M L a g r a n g e d e n s i t y i n a v a c u u m :

LGEM = � 1
2c2 r � A � r � A �

3 . A p p l y :

T � � = � 1
2c2 r � A � r � A � + 1

2c2 g� � r � A � r � A �

4 . W r i t e o u t t h e e n e r g y d e n s i t y t e r m .

T00= � 1
c2

@A�

@t
@A�

@t
+ 1

2c2 g00(( @�
@t

)2 � (r � )2 � ( @AG

@t
)2 + ( r AG )2)

= � 1
2c2 ( @�

@t
)2 + 1

2c2 ( @AG

@t
)2 � 1

2
(r � )2 + 1

2
(r AG )2

= � 1
2

g0
2 + 1

2
gG 2 � 1

2
eE + 1

4
B 2 + 1

4
b2

N o t e s :

� T00= E 2 + B 2
i n E M . I t i s u n c l e a r w h a t t h e d i f f e r e n c e m e a n s .

� T ��
� F �

T h e r e s h o u l d b e a p a t h b e t w e e n t h e G E M s t r e s s t e n s o r a n d t h e

r e l a t i v i s t i c f o r c e , b u t I h a v e n o t f i g u r e d i t o u t y e t .

4 . 7 . 4 E M L o r e n t z F o r c e

T h e L o r e n t z f o r c e i s c a u s e d b y a n e l e c t r i c c h a r g e m o v i n g i n a n E M f i e l d . T h e e f f e c t i s t o p u s h

p a r t i c l e s a r o u n d .

FEM
� = q U�

c
(@� A � � @� A � ) = @ m U�

@ �

� T h e c a u s e i s e l e c t r i c c h a r g e t i m e s t h e v e l o c i t y c o n t r a c t e d w i t h t h e a n t i s y m m e t r i c f i e l d

s t r e n g t h t e n s o r .

� T h e e f f e c t i s t o c h a n g e m o m e n t u m w i t h r e s p e c t t o t h e i n t e r v a l � .

� I f t h e s i g n o f c h a r g e i s i n v e r t e d ( q � � q) , FEM
�

f l i p s s i g n s , s o t h e r e a r e t w o d i s t i n g u i s h a b l e

e l e c t r i c c h a r g e s .

� L i k e e l e c t r i c a l c h a r g e s a r e f o r c e d a w a y f r o m e a c h o t h e r d u e t o t h e p o s i t i v e s i g n o f t h e f o r c e .
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4 . 7 . 5 E M t o G r a v i t y A n a l o g y

� � q � + G
p

m E l e c t r i c c h a r g e t o m a s s c h a r g e .

� C h a n g e f i e l d s t r e n g t h t e n s o r ' s s y m m e t r y .

A � A � A + A A n t i - s y m m e t r i c t o s y m m e t r i c t e n s o r .

4 . 7 . 6 G r a v i t a t i o n a l F o r c e

T h e g r a v i t a t i o n a l f o r c e i s c a u s e d b y a m a s s c h a r g e m o v i n g i n a g r a v i t a t i o n a l f i e l d . T h e e f f e c t i s

t o p u s h p a r t i c l e s a r o u n d .

FG
� = � G

p
m U�

c
(r � A � + r � A � ) = @ m U�

@ �

� T h e c a u s e i s m a s s c h a r g e t i m e s t h e v e l o c i t y c o n t r a c t e d w i t h t h e s y m m e t r i c f i e l d s t r e n g t h

t e n s o r .

� T h e e f f e c t i s t o c h a n g e m o m e n t u m w i t h r e s p e c t t o t h e i n t e r v a l � .

� I f t h e s i g n o f m a s s i s i n v e r t e d ( m � � m) , FG
�

i s i n v a r i a n t s o t h e r e i s o n e d i s t i n g u i s h a b l e

m a s s c h a r g e .

� M a s s c h a r g e s a r e f o r c e d t o w a r d e a c h o t h e r d u e t o t h e n e g a t i v e s i g n o f t h e f o r c e .

4 . 7 . 7 G E M F o r c e

T h e G E M f o r c e i s t h e s u m o f t h e g r a v i t a t i o n a l a n d E M f o r c e s .

FGEM
� = � ( G

p
m � q) U�

c
r � A � � ( G

p
m + q) U�

c
r � A � = @ mU�

@ �

� FGEM
� = FG

�
i f q= 0 T h e G E M f o r c e i s t h e g r a v i t a t i o n a l f o r c e i f t h e

e l e c t r i c c h a r g e i s z e r o .

� FGEM
�

� FEM
�

a s

G
p

m

hc
p

� 0
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T h e G E M f o r c e a p p r o a c h e s t h e L o r e n t z f o r c e i f t h e m a s s c h a r g e i s s m a l l c o m p a r e d t o

t h e f u n d a m e n t a l e l e c t r i c c h a r g e ( n hc
p

, w h e r e n i s a n i n t e g e r f o r t h e n u m b e r o f q u a n t a o f

c h a r g e s ) . F o r o n e e l e c t r o n :

6.67x10� 11 m 3

kg s2

6.63x10� 34 kg m 2

s
3.00x108 m

s

s

9.11x10� 31kg= 1.67x 10� 23

4 . 7 . 8 E f f e c t o f a G e o d e s i c

A g e o d e s i c i s t h e p a t h o f z e r o e x t e r n a l f o r c e . I n v e s t i g a t e t h e c h a n g e i n m o m e n t u m ( o r e f f e c t ) t e r m

o f FGEM
�

.

1 . S t a r t w i t h t h e c h a n g e i n m o m e n t u m s e t e q u a l t o z e r o . A p p l y t h e c h a i n r u l e t o e x p a n d :

0 = @ mU�

@ �
= m @ U�

@ �
+ U � @ m

@ �

2 . A s s u m e

@ m
@ �

= 0 . U s e t h e c h a i n r u l e t o e x p a n d

@ U�

@ �
:

0 = m @ U�

@ �
= m @ U�

@ x�
@ x�

@ �
= mr � U � U �

3 . A p p l y t h e d e f i n i t i o n o f a c o v a r i a n t d e r i v a t i v e o f a c o n t r a v a r i a n t v e c t o r ( n o r m a l d e r i v a t i v e

+ c h a n g e i n t h e m e t r i c , r � A � = @� A � + � $�
� A$

) :

0 = m@� U � U �
+ m� $�

� U � U!
= m @2x �

@ �2
+ m � $�

� U � U!

I f a n y a c c e l e r a t i o n i s s e e n w i t h o u t a f o r c e ( m @2x �

@ �2
� 0; FGEM

� = 0 ) , t h e n t h e e f f e c t i s e n t i r e l y d u e t o

t h e c u r v a t u r e o f s p a c e t i m e ( m� $�
� U � U!

� 0) .

4 . 7 . 9 C a u s e o f C u r v a t u r e

E v e r y e f f e c t m u s t h a v e a c a u s e . E x p l o r e t h e c h a n g e i n p o t e n t i a l ( o r c a u s e ) t e r m .

1 . S t a r t w i t h f o r c e s e t e q u a l t o z e r o :

0 = � ( G
p

m � q) U�

c
r � A � � ( G

p
m + q) U�

c
r � A �

2 . A p p l y t h e d e f i n i t i o n o f a c o v a r i a n t d e r i v a t i v e o f a c o n t r a v a r i a n t v e c t o r , n o r m a l d e r i v a t i v e

- c h a n g e i n t h e m e t r i c , r � A � = @� A � � � $
�� A$

:
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0 = � ( G
p

m � q) U�

c
@� A � � ( G

p
m + q) U�

c
@� A �

+ G
p

m U�

c
� $

�� A$ � q U�

c
� $

� � A$

+ G
p

m U�

c
� $

�� A$ + q U�

c
� $

�� A$

= � ( G
p

m � q) U�

c
@� A � � ( G

p
m + q) U�

c
@� A � + 2 G

p
m U�

c
� $

�� A$

C u r v a t u r e i s c o u p l e d d i r e c t l y t o m a s s , n o t t o q .

C u r v a t u r e o f s p a c e t i m e w i t h o u t a f o r c e ( 2 G
p

m U�

c
� $

�� A$
� 0;FGEM

� =0 ) i s c a u s e d b y c h a n g e

i n t h e p o t e n t i a l w h i c h a r e c o u p l e d t o b o t h t h e m a s s c h a r g e a n d e l e c t r i c c h a r g e .

G e n e r a l r e l a t i v i t y p r o v i d e s a w a y t o c a l c u l a t e c u r v a t u r e b y c o m p a r i n g t w o n e a r b y g e o d e s i c s

u s i n g a t i d a l e f f e c t . B e c a u s e g e n e r a l r e l a t i v i t y l a c k s a m e a n s w i t h i n t h e g e o d e s i c t o c a l c u l a t e t h e

c a u s e o f c u r v a t u r e , g e n e r a l r e l a t i v i t y i s i n c o m p l e t e .

4 . 7 . 1 0 K i l l i n g ' s D i f f e r e n t i a l E q u a t i o n

I f FGEM
� = 0 , t h e n � r � A � + � r � A � = 0 . T h i s i s a g e n e r a l i z a t i o n o f K i l l i n g ' s d i f f e r e n t i a l e q u a t i o n

w h e r e � = � = 1 . T h e s o l u t i o n s a r e k n o w n a s K i l l i n g v e c t o r f i e l d s .

T h e r e a r e t w o c o n s e r v e d q u a n t i t i e s :

� E n e r g y

� A n g u l a r m o m e n t u m

4 . 7 . 1 1 S u m m a r y : S t r e s s e s , F o r c e s , a n d G e o d e s i c s

M a t h :

FGEM
� = � ( G

p
m � q) U�

c
r � A � � ( G

p
m + q) U�

c
r � A � = @ mU�

@ �

P i c t u r e s :
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4 . 8 R e l a t i v i s t i c G r a v i t a t i o n a l F o r c e

1 . W e a k f i e l d a p p r o x i m a t i o n .

2 . E x a c t s o l u t i o n .

3 . E x a c t s o l u t i o n a p p l i e d .

4 . S c h w a r z s c h i l d m e t r i c .

5 . S c h w a r z s c h i l d v e r s u s G E M m e t r i c .

4 . 8 . 1 W e a k F i e l dA p p r o x i m a t i o n

1 . S t a r t f r o m t h e g r a v i t a t i o n a l f o r c e l a w :

FG
� = � G

p
m U�

c
(r � A � + r � A � ) = @ m U�

@ �

2 . R e c a l l w e a k g r a v i t a t i o n a l f i e l d s t r e n g t h t e n s o r w h i c h a s s u m e s t h e f i e l d i s e l e c t r i c a l l y

n e u t r a l a n d w e a k :

r � A �
<

c2 k

G
p

� 2

0

B
B
@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1

C
C
A

3 . C h e c k u n i t s o f A �;�
t o t h e d e r i v a t i v e o f t h e n o r m a l i z e d p o t e n t i a l :

G
p

mr � A �  L 3
p

t m
p m m

p

t L
p = mL

t2

cm
@A 0�

j A � j

@ t
 L

t
m 1

t
= mL

t2

4 . S u b s t i t u t e t h e n o r m a l i z e d p o t e n t i a l d e r i v a t i v e i n t o t h e f o r c e l a w , n o t i n g t h e u n i t s a n d

t h e s i g n f l i p o n t h e c o n t r a v a r i a n t d e r i v a t i v e . E x p a n d t h e v e l o c i t i e s , U� ! (U0; � UG ) a n d

U � ! (U0; UG ) :

FG
� = � mc2 ( U0

c
; � UG

c
)

0

@
k

� 2 0

0 k

� 2

1

A = ( @ mU0

@ �
; @ m UG

@ �
)

5 . C o n t r a c t t h e r a n k - 1 v e l o c i t y t e n s o r w i t h t h e r a n k - 2 d e r i v a t i v e o f t h e p o t e n t i a l :

FG
� = m( � c k

� 2 U0;
ck
� 2 UG ) = ( @ mU0

@ �
; @ m UG

@ �
)

6 . S u b s t i t u t e c2� 2 for � � 2
:

4.8 Relativistic Gravitational Force 49



FG
� = m( k

� 2

U0

c
; � k

� 2

UG

c
) = ( @ mU0

@ �
; @ m UG

@ �
)

W a r n i n g : T h e r e l a t i o n s h i p b e t w e e n � 2
a n d � 2

i s s i m p l e . W h a t g e t s t r i c k y i s t h e r e l a t i o n s h i p

b e t w e e n � a n d � , b e c a u s e t h e r e t h e s i g n s a r e " f r e e " ( � i � ! � c� ) .

4 . 8 . 2 E x a c t S o l u t i o n

T h e g r a v i t a t i o n a l f o r c e f o r t h e w e a k f i e l d i s a f i r s t o r d e r d i f f e r e n t i a l e q u a t i o n t h a t c a n b e s o l v e d

e x a c t l y .

1 . S t a r t f r o m t h e g r a v i t a t i o n a l f o r c e f o r a w e a k f i e l d :

FG
� = m( k

� 2

U0

c
; � k

� 2

UG

c
) = ( @ mU0

@ �
; @ m UG

@ �
)

2 . A p p l y t h e c h a i n r u l e t o t h e c a u s e t e r m s . A s s u m e U0
@ m
@ �

= UG

@ m
@ �

= 0 .

C o l l e c t t e r m s o n o n e s i d e :

(m @ U0
@ �

� m k
� 2

U0

c
; m @ UG

@ �
+ m k

� 2

UG

c
) = 0

3 . A s s u m e t h e e q u i v a l e n c e p r i n c i p l e . D r o p m :

( @ U0
@ �

� k
� 2

U0

c
; @ UG

@ �
+ k

� 2

UG

c
) = 0

4 . S o l v e f o r v e l o c i t y :

(U0; UG ) = ( c0 e� k
c� ; CG

1� 3 e+ k
c� )

5 . C o n t r a c t t h e v e l o c i t y s o l u t i o n :

U � U� = c0
2 e� 2 k

c� � CG

1� 3 e+2 k
c �

6 . F o r f l a t s p a c e t i m e ( k ! 0; or � ! 1 ) , t h e r e a r e f o u r c o n s t r a i n t s o n t h e c o n t r a c t e d v e l o c i t y

s o l u t i o n :

U � U� = ( c @t
@�

; @ RG

@�
)(c @t

@�
; � @ RG

@�
) = c2 (@t)2 � (@R)2

(@t)2 � ( @R
c

)2
= c2

T r u e i f a n d o n l y i f : c0
2 = c @t

@�
= U0 �at , CG

1� 3 = @ RG

@�
= UG

�at

7 . S u b s t i t u t e c @t
@�

for c0
2

,

@ RG

@�
for CG

1� 3 i n t o t h e c o n t r a c t e d v e l o c i t y s o l u t i o n . M u l t i p l y t h r o u g h

b y ( @�
c

)2:

(@�)2 = e� 2 k
c � (@ t)2 � e+2 k

c� ( @RG

c
)2
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T h i s i s a u n i q u e a l g e b r a i c r o a d t o a m e t r i c e q u a t i o n s . T h e l o g i c w i l l h a v e t o b e l o o k e d a t b y

m a t h e m a t i c i a n s .

� k = 0; or � ! 1 F l a t s p a c e t i m e .

� e� 2 k
c�

� 1 C u r v e d s p a c e t i m e .

4 . 8 . 3 E x a c t S o l u t i o nA p p l i e d

A p p l y t o a w e a k , s p h e r i c a l l y s y m m e t r i c , g r a v i t a t i o n a l s y s t e m .

� k = GM
c2  L 3

mt 2 m t2

L 2 = L G r a v i t a t i o n a l s o u r c e s p r i n g c o n s t a n t .

� � 2 = R2 � (ct)2 = R02
S t a t i c f i e l d a p p r o x i m a t e d b y R0:

� j � j = j c� j = R � a n d c� h a v e t h e s a m e m a g n i t u d e .

� ( + i � )2 = ( + c � )2
T o m a k e a r e a l m e t r i c , c h o o s e � t o b e i m a g i n a r y .

P l u g i n t o t h e e x a c t s o l u t i o n :

(@�)2 = e
� 2 GM

c2 R (@ t)2 � e
+2 GM

c2 R ( @RG

c
)2

4 . 8 . 4 S c h w a r z s c h i l d M e t r i c

T h e S c h w a r z s c h i l d m e t r i c i s a s o l u t i o n o f g e n e r a l r e l a t i v i t y f o r a n e u t r a l , n o n - r o t a t i n g , s p h e r i c a l l y

s y m m e t r i c s o u r c e m a s s ( d e r i v a t i o n n o t s h o w n ) . W r i t e o u t t h e T a y l o r s e r i e s e x p a n s i o n o f t h e

S c h w a r z s c h i l d m e t r i c i n i s o t r o p i c c o o r d i n a t e s t o t h i r d o r d e r i n

GM
c2 R

:

S c h w a r z s c h i l d m e t r i c :
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(@�)2 = (1 � 2 GM
c2 R

+ 2( GM
c2 R

)2 � 3
2

( GM
c2 R

)3)(@ t)2 � (1 � 2GM
c2 R

+ 3
2

( GM
c2 R

)2 + 1
2

( GM
c2 R

)3)( @RG

c
)2

T h e f i v e u n d e r l i n e d t e r m s h a v e b e e n c o n f i r m e d e x p e r i m e n t a l l y . T e s t s i n c l u d e :

� L i g h t b e n d i n g a r o u n d t h e S u n .

� P e r i h e l i o n s h i f t o f M e r c u r y .

� T i m e d e l a y i n r a d a r r e f l e c t i o n s o f f o f p l a n e t s .

4 . 8 . 5 C o m p a r e M e t r i c s : S c h w a r z s c h i l dt o G E M

W r i t e o u t t h e T a y l o r s e r i e s e x p a n s i o n o f t h e S c h w a r z s c h i l d a n d G E M m e t r i c s i n i s o t r o p i c

c o o r d i n a t e s t o t h i r d o r d e r i n

GM
c2 R

:

1 . S c h w a r z s c h i l d m e t r i c :

(@�)2 = (1 � 2 GM
c2 R

+ 2( GM
c2 R

)2 � 3
2

( GM
c2 R

)3)(@ t)2 � (1 � 2GM
c2 R

+ 3
2

( GM
c2 R

)2 + 1
2

( GM
c2 R

)3)(@RG )2

2 . G E M m e t r i c :

(@�)2 = (1 � 2 GM
c2 R

+ 2( GM
c2 R

)2 � 4
3

( GM
c2 R

)3)(@ t)2 � (1 � 2 GM
c2 R

+ 2( GM
c2 R

)2 + 4
3
( GM

c2 R
)3)( @RG

c
)2

C o m p a r e t h e t w o m e t r i c s :

� I d e n t i c a l f o r t e s t e d t e r m s o f T a y l o r s e r i e s e x p a n s i o n .

� D i f f e r e n t f o r h i g h e r o r d e r t e r m s , s o c a n b e t e s t e d ( n o t e a s y ) .

� G E M i s m o r e s y m m e t r i c .
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4 . 9 C l a s s i c a l G r a v i t a t i o n a l F o r c e

1 . B r e a k i n g s p a c e t i m e s y m m e t r y .

2 . N e w t o n ' s g r a v i t a t i o n a l l a w d e r i v a t i o n .

3 . N e e d f o r n e w c l a s s i c a l s o l u t i o n s :

a ) P r o b l e m s t a t e m e n t f o r r o t a t i o n p r o f i l e s o f s p i r a l g a l a x i e s .

b ) S o l u t i o n r e q u i r e m e n t s f o r r o t a t i o n p r o f i l e s .

c ) P r o b l e m s t a t e m e n t f o r t h e b i g b a n g .

d ) S o l u t i o n r e q u i r e m e n t s f o r t h e b i g b a n g .
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4 . C o n s t a n t v e l o c i t y s o l u t i o n s .

4 . 9 . 1 B r e a k i n g S p a c e t i m e S y m m e t r y

S p a c e t i m e s y m m e t r y m u s t b e b r o k e n t o g o f r o m t h e r e l a t i v i s t i c w e a k g r a v i t a t i o n a l f o r c e t o a

c l a s s i c a l f o r c e f o r b o t h c a u s e a n d e f f e c t .

C o n t r a s t t h e r e l a t i v i s t i c g e o m e t r y o f M i n k o w s k i s p a c e t i m e w i t h t h e g e o m e t r y o f N e w t o n i a n

a b s o l u t e s p a c e a n d t i m e .

M i n k o w s k i S p a c e t i m e G e o m e t r y N e w t o n i a n S p a c e a n d T i m e

T r u e , E l e g a n t U t i l i t y A c c u r a t e , P r a c t i c a l

(@�)2 = ( dt)2 � (dR)2

c2 I n t e r v a l distance2 = dR2
� f (t)

c= 1 S p e e d o f L i g h t c= 1

(U0; UG ) = ( c @t
@�

; @ RG

@�
) V e l o c i t y (U0; UG ) � ( @t

@jR j
; c @ RG

@jR j
) = (0 ; c R̂)

( @U0
@�

; @ UG

@�
) = ( c @2 t

@�2
; @2 RG

@�2
) A c c e l e r a t i o n ( @U 0

@�
; @UG

@�
) = (0 ; c2 @2 RG

@jR j2
)

5 4 Un ifyin g Gra vi ty a n d EM by A n alog y to EM: Out lin e



4 . 9 . 2 N e w t o n ' s G r a v i t a t i o n a l L a w D e r i v a t i o n

1 . S t a r t f r o m t h e r e l a t i v i s t i c g r a v i t a t i o n a l f o r c e f o r a w e a k f i e l d :

FG
� = m( k

� 2

U0

c
; � k

� 2

UG

c
) = ( @ mU0

@ �
; @ m UG

@ �
)

2 . A p p l y t h e c h a i n r u l e t o t h e c a u s e t e r m s .

A s s u m e U0
@ m
@�

= UG

@ m
@�

= 0:

FG
� = m( k

� 2

U0

c
; � k

� 2

UG

c
) = ( m @ U0

@ �
; m @ UG

@ �
)

3 . B r e a k s p a c e t i m e s y m m e t r y :

� (U0; UG ) � (U0; UG ) = (0 ; c R̂)

� ( @U0
@�

; @ UG

@�
) � (0; c2 @2 RG

@jR j2
)

FG
� = m(0; � k

� 2 R̂) = (0 ; mc2 @2 RG

@jR j2
)

4 . A s s u m e t h e g r a v i t a t i o n a l s p r i n g c o n s t a n t ( k = GM
c2 ) :

FG
� = (0 ; � GM m

c2 � 2 R̂) = (0 ; mc2 @2 RG

@jR j2
)

5 . S u b s t i t u t e : � 2 for � c2 � 2
i n t h e c a u s e t e r m .

S u b s t i t u t e : � c2 ( @
@�

)2 for ( @
@jR j

)2 = ( @
@�

)2
i n t h e e f f e c t t e r m .

FG
� = (0 ; GM m

� 2 R̂) = (0 ; � m @2 RG

@�2
)

6 . A s s u m e t h e s t a t i c f i e l d a p p r o x i m a t i o n : � 2 = R2 � t2
< R02:

A s s u m e t h e l o w s p e e d a p p r o x i m a t i o n :

@2

@�2
<

@2

@t2
:

FG
� = (0 ; GM m

R2 R̂) = (0 ; � m @2 RG

@ t2
) QED

4 . 9 . 3 P r o b l e m S t a t e m e n t f o r t h e R o t a t i o n P r o f i l e o f G a l a x i e s

T h e m o m e n t u m o f s t a r s i n t h i n s p i r a l g a l a x i e s h a s t w o p r o b l e m s :

� T h e f l a t v e l o c i t y p r o f i l e p r o b l e m .

A f t e r a t t a i n i n g a m a x i m a l s p e e d c o n s i s t e n t w i t h N e w t o n ' s l a w o f g r a v i t y n e a r t h e

c o r e , t h e v e l o c i t y p r o f i l e s t a y s f l a t w i t h i n c r e a s i n g d i s t a n c e . N e w t o n ' s l a w p r e d i c t s a

" K e p l e r i a n " d e c l i n e f o r t h e v e l o c i t y o f t h e o u t e r s t a r s .

� T h e s t a b i l i t y p r o b l e m .
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T h i n s p i r a l g a l a x i e s a r e m a t h e m a t i c a l l y u n s t a b l e t o s m a l l d i s t u r b a n c e s a l o n g t h e a x i s

w h i c h s h o u l d l e a d t o c o l l a p s e .

4 . 9 . 4 S o l u t i o nR e q u i r e m e n t s f o r R o t a t i o nP r o f i l e s

R e q u i r e m e n t s f o r a s o l u t i o n :

1 . S t a b l e m a t h e m a t i c a l l y t o a x i a l p e r t u r b a t i o n s .

2 . S a m e v e l o c i t y f o r a l l o u t e r s t a r s .

3 . D e s c r i b e s t h e c h a n g e i n m a s s d i s t r i b u t i o n i n s p a c e t i m e , w h i c h f a l l s o f f e x p o n e n t i a l l y w i t h

d i s t a n c e ( 2� 3 = 4 m o m e n t u m ) .

4 . F i t s e v e r y o b s e r v a t i o n a l c o n s t r a i n t .

4 . 9 . 5 P r o b l e m S t a t e m e n t f o r t h e B i g B a n g

B i g b a n g c o s m o l o g y h a s t w o b i g p r o b l e m s :

� T h e h o r i z o n p r o b l e m .

A l l � 1083
s e p a r a t e , i n d e p e n d e n t s p a c e t i m e v o l u m e s o f t h e e a r l y U n i v e r s e m u s t t r a v e l

a t t h e s a m e v e l o c i t y t o c r e a t e t h e u n i f o r m b l a c k b o d y r a d i a t i o n s p e c t r u m s e e n i n t h e c o s m i c

b a c k g r o u n d r a d i a t i o n .

� T h e f l a t n e s s p r o b l e m .

T h e i n i t i a l c o n d i t i o n s m u s t b e t u n e d t o o n e p a r t i n � 1055
s o t h e m a t h e m a t i c a l l y

u n s t a b l e s o l u t i o n l a s t s 1010
y e a r s .
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4 . 9 . 6 S o l u t i o nR e q u i r e m e n t s f o r t h e B i g B a n g

R e q u i r e m e n t s f o r a s o l u t i o n :

1 . S t a b l e m a t h e m a t i c a l l y f o r i n i t i a l c o n d i t i o n s .

2 . S a m e v e l o c i t y f o r a l l i n d e p e n d e n t r e g i o n s o f s p a c e t i m e .

3 . D e s c r i b e s t h e c h a n g e i n m a s s d i s t r i b u t i o n i n s p a c e t i m e , f r o m h i g h d e n s i t y e a r l y t o l o w e r

l a t e r ( 2� 3 = 4 m o m e n t u m ) .

4 . F i t s e v e r y o b s e r v a t i o n a l c o n s t r a i n t .

D i s c l o s u r e : I d o n o t k n o w t h e a c t u a l s h a p e o f m a s s d e n s i t y d e c r e a s e .

4 . 9 . 7 S t a b l e C o n s t a n t V e l o c i t y S o l u t i o n s

1 . S t a r t f r o m t h e g r a v i t a t i o n a l f o r c e f o r a w e a k f i e l d :

FG
� = m( k

� 2

U0

c
; � k

� 2

UG

c
) = ( @ mU0

@ �
; @ m UG

@ �
)

2 . A p p l y t h e c h a i n r u l e t o t h e c a u s e t e r m s .

A s s u m e m @ U0
@�

= m @ UG

@�
= 0 ( m e a n i n g a s s u m e v e l o c i t y i s c o n s t a n t ) :

FG
� = m( k

� 2

U0

c
; � k

� 2

UG

c
) = ( U0

@ m
@ �

; UG

@ m
@ �

)

3 . B r e a k s p a c e t i m e s y m m e t r y : (U0; UG ) � (U0; UG ) = (0 ; c R̂) .

FG
� = m(0; � k

� 2 R̂) = (0 ; @ m
@ �

cR̂)

4 . A s s u m e t h e g r a v i t a t i o n a l s p r i n g c o n s t a n t ( k = GM
c2 ) :

FG
� = (0 ; � GM m

c2 � 2 R̂) = (0 ; @ m
@ �

cR̂)

5 . C o l l e c t t e r m s o n o n e s i d e :

(c @ m
@ �

+ GM m
c2 � 2 )(0; R̂) = 0

6 . S o l v e f o r m :

m = mo e
GM

c3�

7 . S u b s t i t u t e : R for c� w h i c h d e p e n d s o n e x a c t l y t h e s a m e a s s u m p t i o n s u s e d i n t h e m e t r i c

d e r i v a t i o n ( s t a t i c f i e l d , j � j = j � j = R , a n d s i g m a i s i m a g i n a r y ) :

m = m0 e
GM

c2 R
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4 . 1 0 Q u a n t i z a t i o n

1 . C l a s s i c a l p h y s i c s v e r s u s q u a n t u m m e c h a n i c s .

2 . M o m e n t u m f r o m c l a s s i c E M L a g r a n g e d e n s i t y .

3 . Q u a n t i z i n g E M f i e l d s b y f i x i n g t h e g a u g e .

4 . I n t e r p r e t i n g q u a n t i z i n g E M b y f i x i n g t h e L o r e n z g a u g e .

5 . S k e p t i c a l a n a l y s i s o f f i x i n g t h e L o r e n z g a u g e .

6 . M o m e n t u m f r o m G E M L a g r a n g e d e n s i t y .

7 . I n t e r p r e t i n g G E M q u a n t i z a t i o n .

4 . 1 0 . 1 C l a s s i c a l P h y s i c s v e r s u s Q u a n t u m M e c h a n i c s

C l a s s i c a l p h y s i c s :

� O b s e r v a b l e s a r e n u m b e r s

Ax = 10 Ay = 8 � x = 24

� A l l o b s e r v a b l e s a r e i n d e p e n d e n t :

Ax � x � � x Ax = 0

Q u a n t u m m e c h a n i c s :

� O b s e r v a b l e s a r e o p e r a t o r s t h a t a c t o n

t h e w a v e f u n c t i o n  t o g e n e r a t e a n u m b e r .

Ax j  i = 10 A yj  i = 8 � x j  i = 24

� M o s t o b s e r v a b l e s a r e i n d e p e n d e n t .

[Ax ; Ay] i s c a l l e d t h e c o m m u t a t o r .

AxAy j  i � A yAx j  i = [ Ax ; Ay]j  i = 0

� C o n j u g a t e o b s e r v a b l e s a r e n o t i n d e p e n d e n t .
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[Ax ; � x]j  i � 0

C o n j u g a t e o b s e r v a b l e s , l i k e t h e p o t e n t i a l a n d m o m e n t u m , m u s t h a v e a n o n - z e r o c o m m u t a t o r t o

q u a n t i z e a f i e l d .

4 . 1 0 . 2 M o m e n t u m f r o m C l a s s i c E M L a g r a n g i a n

1 . S t a r t w i t h t h e E M L a g r a n g e d e n s i t y w r i t t e n w i t h o u t i n d i c e s .

LEM = � 1



� m � 1
c

J � A � � 1
4c2 (@� A � � @� A � )(@� A � � @� A � )

= � � m( 1 � ( @x
c@t

)2 � ( @y
c@t

)2 � ( @z
c@t

)2
q

� ( � q � � m)(c� � @x
@t

Ax � @x
@t

A y � @z
@t

Az)

� 1
2
(( � ( @�

@x
)2 � ( @�

@y
)2 � ( @�

@z
)2

� ( @Ax

c@t
)2 + ( @Ax

@y
)2 + ( @Ax

@z
)2

� ( @Ay

c@t
)2 + ( @Ay

@x
)2 + ( @Ay

@z
)2

� ( @Az

c@t
)2 + ( @Az

@x
)2 + ( @Az

@y
)2

� 2 @Ax

c@t
@�
@x

� 2 @Ay

c@t
@�
@y

� 2 @Az

c@t
@�
@z

� 2 @Ay

@z
@Az

@y
� 2 @Az

@x
@Ax

@z
� 2 @Ax

@y
@Ay

@x
)

2 . C a l c u l a t e m o m e n t u m :

� � = h G
p @L

@( @A�

c@t
)
= h G

p
(0; @Ax

c@t
+ @�

@x
; @Ay

c@t
+ @�

@y
; @Az

c@t
+ @�

@z
)

E n e r g y - m o m e n t u m v e c t o r .

3 . M o m e n t u m c a n n o t b e m a d e i n t o a n o p e r a t o r :

[A t ; � t]j  i = [ A t ; 0]j  i = 0
E n e r g y c o m m u t e s w i t h i t s c o n j u g a t e o p e r a t o r .
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4 . 1 0 . 3 Q u a n t i z i n g E M F i e l d s b y F i x i n g t h e G a u g e

A n E M g a u g e i s a r e l a t i o n s h i p b e t w e e n � a n d AG

t h a t

d o e s n o t c h a n g e t h e M a x w e l l e q u a t i o n s . E x a m p l e s :

� C o u l o m b g a u g e .

trace(A �;� ) = rG � AG = 0

� L o r e n z g a u g e .

t r a c e ( A �;� ) = @�
c@t

+ rG � AG = 0

F o r E M w i t h n o g r a v i t y , o n e i s f r e e t o a s s i g n a r b i t r a r y v a l u e s

t o t h e d i a g o n a l o f t h e a n t i s y m m e t r i c f i e l d s t r e n g t h t e n s o r .

4 . 1 0 . 4 Q u a n t i z i n g E M b y F i x i n g t h e L o r e n z G a u g e

F i x t h e L o r e n z g a u g e i n t h e E M L a g r a n g e d e n s i t y .

1 . S t a r t w i t h t h e G u p t a - B l e u l e r L a g r a n g e d e n s i t y w r i t t e n w i t h o u t i n d i c e s :

LG� B = � 1



� m � J � A � � 1
2c2 (@� A � )2

� 1
4c2 (@� A � � @� A � )(@� A � � @A� )

= � � m( 1 � ( @x
c@t

)2 � ( @y
c@t

)2 � ( @z
c@t

)2
q

� ( � q � � m)(c� � @x
@t

Ax � @x
@t

A y � @z
@t

Az)

� 1
2
(( @�

c@t
)2 � ( @�

@x
)2 � ( @�

@y
)2 � ( @�

@z
)2

� ( @Ax

c@t
)2 + ( @Ax

@x
)2 + ( @Ax

@y
)2 + ( @Ax

@z
)2

� ( @Ay

c@t
)2 + ( @Ay

@x
)2 + ( @Ay

@y
)2 + ( @Ay

@z
)2

� ( @Az

c@t
)2 + ( @Az

@x
)2 + ( @Az

@y
)2 + ( @Az

@z
)2

� 2 @Ax

c@t
@�
@x

� 2 @Ay

c@t
@�
@y

� 2 @Az

c@t
@�
@z

� 2 @Ay

@z
@Az

@y
� 2 @Az

@x
@Ax

@z
� 2 @Ax

@y
@Ay

@x

+ 2 @�
c@t

@Ax

@x
+ 2 @�

c@t
@Ay

@y
+ 2 @�

c@t
@Az

@z

+ 2 @Ax

@x
@Ay

@y
+ 2 @Ax

@x
@Az

@z
+ 2 @Ay

@y
@Az

@z
)

2 . C a l c u l a t e m o m e n t u m :
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� � = h G
p

( � @�
c@t

� r G � AG ; @Ax

c@t
+ @�

@x
; @Ay

c@t
+ @�

@y
; @Az

c@t
+ @�

@z
)

E n e r g y - m o m e n t u m v e c t o r .

3 . M o m e n t u m c a n b e m a d e i n t o a n o p e r a t o r :

U s i n g t h e E u l e r - L a g r a n g e e q u a t i o n [ n o t s h o w n ] , t h e e q u a t i o n s o f m o t i o n a r e i d e n t i c a l t o t h o s e

o f L GEM !
J � = � 2A �

R e f e r e n c e : " T h e o r y o f l o n g i t u d i n a l p h o t o n s i n q u a n t u m e l e c t r o d y n a m i c s " , S u r a j N . G u p t a , P r o c . P h y s . S o c . 6 3 : 6 8 1 - 6 9 1 , 1 9 5 0 .

4 . 1 0 . 5 I n t e r p r e t i n g t h e G u p t a / B l e u l e r Q u a n t i z a t i o nM e t h o d

R e s u l t s o f q u a n t i z a t i o n m e t h o d :

� F o u r m o d e s o f t r a n s m i s s i o n :

1 . T w o t r a n s v e r s e w a v e s .

2 . O n e l o n g i t u d i n a l w a v e .

3 . O n e s c a l a r w a v e .

� T r a n s v e r s e w a v e s a r e p h o t o n s f o r E M .

� S c a l a r m o d e o f t r a n s m i s s i o n c a l l e d a " s c a l a r p h o t o n " .

� " S u p p l e m e n t a r y c o n d i t i o n " i m p o s e d t o e l i m i n a t e

s c a l a r a n d l o n g i t u d i n a l p h o t o n s a s r e a l p a r t i c l e s ,

s o t h e y a r e a l w a y s v i r t u a l .

4 . 1 0 . 6 S k e p t i c a l A n a l y s i s o f F i x i n g t h e L o r e n z G a u g e

1 . A s c a l a r p h o t o n i s a n o x y m o r o n .
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P h o t o n s m u s t t r a n s f o r m l i k e v e c t o r s ,

e v e n i f p h o t o n s h a p p e n t o b e v i r t u a l .

2 . E l i m i n a t i n g a n o x y m o r o n

c a n n o t j u s t i f y t h e s u p p l e m e n t a r y c o n d i t i o n .

3 . A b e t t e r i n t e r p r e t a t i o n f o r t h e

4 D - w a v e e q u a t i o n o f m o t i o n m a y e x i s t .

4 . 1 0 . 7 M o m e n t u m f r o m G E M L a g r a n g e D e n s i t y

1 . S t a r t w i t h t h e G E M L a g r a n g e d e n s i t y w r i t t e n w i t h o u t i n d i c e s :

LGEM = � 1



� m � 1
c

( Jq
� � Jm

� )A � � 1
2c2 r � A � r � A �

= � � m( 1 � ( @x
c@t

)2 � ( @y
c@t

)2 � ( @z
c@t

)2
q

� ( � q � � m)(c� � @x
@t

Ax � @x
@t

A y � @z
@t

Az)

� 1
2
(( @�

c@t
)2 � ( @�

@x
)2 � ( @�

@y
)2 � ( @�

@z
)2

� ( @Ax

c@t
)2 + ( @Ax

@x
)2 + ( @Ax

@y
)2 + ( @Ax

@z
)2

� ( @Ay

c@t
)2 + ( @Ay

@x
)2 + ( @Ay

@y
)2 + ( @Ay

@z
)2

� ( @Az

c@t
)2 + ( @Az

@x
)2 + ( @Az

@y
)2 + ( @Az

@z
)2)

2 . C a l c u l a t e m o m e n t u m :

� � = h G
p @L

@( @A�

c@t
)
= h G

p
( � @�

c@t
; @Ax

c@t
; @Ay

c@t
; @Az

c@t
)

3 . M o m e n t u m c a n b e m a d e i n t o a n o p e r a t o r :
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4 . 1 0 . 8 G E M Q u a n t i z a t i o n

� F o u r m o d e s o f t r a n s m i s s i o n :

1 . T w o t r a n s v e r s e w a v e s .

2 . O n e l o n g i t u d i n a l w a v e .

3 . O n e s c a l a r w a v e .

� T r a n s v e r s e w a v e s a r e p h o t o n s f o r E M .

� L o n g i t u d i n a l a n d s c a l a r m o d e s a r e g r a v i t o n s o f g r a v i t y t r a v e l i n g a t t h e s p e e d o f l i g h t ,

g e n e r a t e d b y a s y m m e t r i c r a n k - 2 f i e l d s t r e n g t h t e n s o r .

� G e n e r a l r e l a t i v i t y p r e d i c t s t r a n s v e r s e w a v e s , n o t s c a l a r o r l o n g i t u d i n a l o n e s . T h e L I G O

e x p e r i m e n t t o d e t e c t g r a v i t a t i o n a l w a v e s w i l l b e l o o k i n g f o r t r a n s v e r s e g r a v i t a t i o n a l

w a v e s . G E M p r e d i c t s t h e p o l a r i z a t i o n w i l l n o t b e t r a n s v e r s e .

� G r a v i t a t i o n a l m o d e s a r e c o u p l e d t o G
p

a n d n o t h bar. T h i s m i g h t g e t a r o u n d n e g a t i v e

e n e r g y p r o b l e m b e c a u s e g r a v i t y q u a n t a a r e n o t e m i t t e d .

4 . 1 0 . 9 S u m m a r y : Q u a n t i z a t i o n

M a t h :

� � = h G
p @L

@( @A�

c@t
)
= h G

p
( � @�

c@t
; @Ax

c@t
; @Ay

c@t
; @Az

c@t
)

P i c t u r e s :
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4 . 1 1 T h e S t a n d a r d M o d e l

1 . G r o u p t h e o r y .

2 . G r o u p t h e o r y b y e x a m p l e .

3 . T h e s t a n d a r d m o d e l .

4 . T h e s t a n d a r d m o d e l L a g r a n g e d e n s i t y .

5 . D e f i n i n g t h e m u l t i p l i c a t i o n o p e r a t o r .

4 . 1 1 . 1 G r o u p T h e o r y

W a y t o o r g a n i z e s y m m e t r y s y s t e m a t i c a l l y .

D e f i n i t i o n : A s e t S w i t h a b i n a r y o p e r a t i o n ( � or + )

s u c h t h a t s1 � s2 2 S f o r a l l p o s s i b l e p a i r s o f e l e m e n t s i n S. A g r o u p h a s :

� A n i d e n t i t y .

� A n i n v e r s e f o r e v e r y e l e m e n t .

� A s s o c i a t i v e l a w h o l d s .

E x a m p l e s :

� R e a l n u m b e r s a n d + .

� R e a l n u m b e r s w i t h o u t 0 a n d � :

4 . 1 1 . 2 G r o u p T h e o r y b y E x a m p l e

� U ( 1 ) , z � z� = 1 , o r u n i t a r y c o m p l e x n u m b e r s .

� I = (1 ; 0) I d e n t i t y i s o n e .
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� z� 1 = z�
I n v e r s e i s t h e c o n j u g a t e .

� z1 � z2 = z2 � z1 A b e l i a n .

� U(� ) = e
�

0 � �
� 0

�

O n e n u m b e r f o r t h e L i e a l g e b r a .

� S U ( 2 ) , q� q� = 1 , o r u n i t q u a t e r n i o n s

( 4 D a n a l o g t o c o m p l e x n u m b e r s ) .

� I = (1 ; 0; 0; 0) I d e n t i t y i s o n e .

� q� 1 = q�
I n v e r s e i s t h e c o n j u g a t e .

� q1 � q2 � q2 � q1 N o n - A b e l i a n .

� U(�; � ; 
 ) = e

0

B
B
@

0 � � � � � 

� 0 � 
 �
� 
 0 � �

 � � � 0

1

C
C
A

T h r e e n u m b e r s n e e d e d .

4 . 1 1 . 3 T h e S t a n d a r dM o d e l

P r e d i c t s p a t t e r n s o f a l l s u b a t o m i c p a r t i c l e s

a n d t h r e e o f f o u r f o r c e s i n N a t u r e :

� U ( 1 ) L i g h t , E M .

� S U ( 2 ) W e a k f o r c e , r a d i o a c t i v i t y .

� S U ( 3 ) S t r o n g f o r c e , t h e n u c l e u s .

S a y s n o t h i n g a b o u t g r a v i t y .

4 . 1 1 . 4 T h e S t a n d a r dM o d e l L a g r a n g e D e n s i t y

D e s c r i b e s a l l i n t e r a c t i o n s o f a l l s u b a t o m i c f o r c e s i n a v o l u m e .

LSM =  � 
 � D �  
D � = @� � igEMYA� � igweak

� a

2
W�

a � igstrong
� b

2
G�

b

� 
 �
S p i n o r m a t r i x ( n o d e t a i l s p r o v i d e d h e r e ) .
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� g
�

C o u p l i n g c o n s t a n t t o f o r c e .

� Y G e n e r a t o r o f U ( 1 ) s y m m e t r y .

� � a(1� 3)
G e n e r a t o r o f S U ( 2 ) s y m m e t r y .

� � b(1� 8)
G e n e r a t o r o f S U ( 3 ) s y m m e t r y .

� A � ; W�
a; G�

b
C o m p l e x - v a l u e d 4 - p o t e n t i a l s , t w o w i t h i n t e r n a l s y m m e t r i e s .

4 . 1 1 . 5 D e f i n i n g t h e M u l t i p l i c a t i o n O p e r a t o r

G i v e n a p a i r o f c o m p l e x - v a l u e d 4 - v e c t o r s ,

n e e d t o g e n e r a t e a r e a l s c a l a r .

F o u r c o m p o n e n t s :

1 . (a; bi)� = ( a; � bi) C o m p l e x c o n j u g a t i o n .

2 . ( �; AG )p = ( �; � AG ) P a r i t y o p e r a t o r .

3 . g�� M e t r i c t e n s o r .

4 .

A �

jA j
P o t e n t i a l s n o r m a l i z e d t o t h e m s e l v e s .

D e f i n e m u l t i p l i c a t i o n o f 4 - p o t e n t i a l s i n t h e s t a n d a r d m o d e l a s :

A �

jA j
A � � p

jA j
g�� =

gt t jA t j2 � gxx jA x j2 � gyy jA y j2 � gzzjA z j2 � g�� jA � A � j � � �

jA j2
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4 . 1 1 . 6 M u l t i p l i c a t i o nO p e r a t o r i nS p a c e t i m e

� A �

jA j
A � � p

jA j
g�� = 1.0 I n f l a t s p a c e t i m e .

� A �

jA j
A � � p

jA j
g�� = 1.0+ � I n c u r v e d s p a c e t i m e .

I n c u r v e d s p a c e t i m e , m a s s b r e a k s U ( 1 ) , S U ( 2 ) , a n d S U ( 3 )

s y m m e t r y i n a p r e c i s e w a y ( c i r c l e s g e t l a r g e r ) .

Y ; � a; � b
a n d t h e H i g g s p a r t i c l e a r e n o t n e e d e d .

N o n e w s y m m e t r y w a s a d d e d t o t h e s t a n d a r d m o d e l . N o n e w p a r t i c l e c a n b e a d d e d . I n s t e a d ,

i t m a y t u r n o u t t h a t e v e r y p a r t i c l e c a n " a c t l i k e a g r a v i t o n " w h e n i t i s i n v o l v e d w i t h a d i s t a n c e

m e a s u r e m e n t o f t h e f i e l d .

4 . 1 1 . 7 S u m m a r y : T h e S t a n d a r dM o d e l

M a t h :

A �

jA j
A � � p

jA j
g�� =

gt t jA t j2 � gxx jA x j2 � gyy jA y j2 � gzzjA z j2 � g�� jA � A � j � � �

jA j2

P i c t u r e s :
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4 . 1 2 M u s t D o P h y s i c s D o n e

1 . Fg = � Gm R^
L i k e c h a r g e s a t t r a c t .

2 . + m O n e c h a r g e .

3 . � = r 2� N e w t o n ' s g r a v i t a t i o n a l f i e l d e q u a t i o n .

4 . m d2RG

dt2 = � GMm
R2 R̂ N e w t o n ' s l a w o f g r a v i t y u n d e r c l a s s i c a l c o n d i t i o n s .

5 . d� 2 = (1 � 2GM
c2R

+ 2( GM
c2R

)2) dt2 � (1 + 2 GM
c2R

) dR2

c2

C o n s i s t e n t w i t h t h e S c h w a r z s c h i l d m e t r i c .

6 . FEM = q EG L i k e c h a r g e s r e p e l .

7 . � q T w o d i s t i n c t c h a r g e s .

8 . � = rG � EG JG = � @EG

c @t
+ rG � BG

M a x w e l l s o u r c e e q u a t i o n s .

9 . 0 = rG � BG 0G = @BG

c@t
+ rG � EG

M a x w e l l h o m o g e n e o u s e q u a t i o n s .

1 0 . F � = q U�

c
(A �;� � A � ; � ) L o r e n t z f o r c e .

1 1 . U n i f i e d f i e l d e m i s s i o n m o d e s c a n b e q u a n t i z e d .

1 2 . W o r k s w i t h t h e s t a n d a r d m o d e l .

1 3 . I n d i c a t e s o r i g i n o f m a s s .

1 4 . L I G O ( g r a v i t y w a v e p o l a r i z a t i o n ) .

1 5 . R o t a t i o n p r o f i l e s o f s p i r a l g a l a x i e s .

1 6 . B i g B a n g c o n s t a n t v e l o c i t y d i s t r i b u t i o n .

C a v e a t s :

5 . C h e c k m e t r i c d e r i v a t i o n . P r o p o s a l c a n b e c o n f i r m / r e j e c t e d b y e x p e r i m e n t .

1 5 . A c t u a l , d e t a i l e d c a l c u l a t i o n s m u s t b e c o m p a r e d w i t h d a t a .

1 6 . S e e 1 5 .
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A p p e n d i c e s : T e n s o r s a n d U n i t s

4 . 1 3 T e n s o r s

S c a l a r s , v e c t o r s , a n d m a t r i c e s a r e t e n s o r s .

S o m e n e w w o r d s a r e n e e d e d t o g e n e r a l i z e t h e i r p r o p e r t i e s .

1 . S i m p l e t e n s o r s

2 . C o v a r i a n t v e r s u s c o n t r a v a r i a n t .

3 . G o i n g f r o m c o v a r i a n t t o c o n t r a v a r i a n t .

4 . E i n s t e i n ' s s u m m a t i o n c o n v e n t i o n .

5 . S y m m e t r i c v e r s u s a n t i s y m m e t r i c t e n s o r s .

6 . D e r i v a t i v e s i n f l a t s p a c e t i m e .

7 . C o v a r i a n t d e r i v a t i v e s i n c u r v e d s p a c e t i m e .

4 . 1 3 . 1 S i m p l e T e n s o r s

U s e f u l n o m a t t e r t h e c o o r d i n a t e s y s t e m o r d i m e n s i o n .

T h e s i m p l e t e n s o r s :

� R a n k - 0 t e n s o r , a s c a l a r .

� R a n k - 1 t e n s o r , a v e c t o r .

� R a n k - 2 t e n s o r , a m a t r i x .

F o r t h e s e l e c t u r e s , o n l y 4 - v e c t o r s a n d 4 x 4 m a t r i c e s a r e u s e d .

4.13 Tensors 69



4 . 1 3 . 2 C o v a r i a n t v e r s u s C o n t r a v a r i a n t

S u b s c r i p t v e r s u s s u p e r s c r i p t .

� A � = ( A0; � A1; � A2; � A3) = ( �; � AG ) C o v a r i a n t p o t e n t i a l v e c t o r .

� A � = ( A0; A1; A2; A3) = ( �; AG ) C o n t r a v a r i a n t p o t e n t i a l v e c t o r .

� �; � ; $ G r e e k i n d i c e s g o f r o m 0 , 1 , 2 , 3 .

� u , v R o m a n i n d i c e s g o f r o m 1 , 2 , 3 .

M e m o r y a i d : c o i s a c o m m i e , c o m m i e s a r e l o w , n e g a t i v e ; c o n t r a s a r e p r o u d , p o s i t i v e , u p a g a i n s t a w a l l .

4 . 1 3 . 3 G o i n g f r o m C o v a r i a n t t o C o n t r a v a r i a n t

U s e t h e r a n k - 2 m e t r i c t e n s o r , g�� = g�� =

0

B
B
@

1 0 0 0
0 � 1 0 0
0 0 � 1 0
0 0 0 � 1

1

C
C
A [ f l a t s p a c e t i m e ] .

� g�� A � = A � L o w e r a n i n d e x .

� g�$ g�� A $� = A ��
R a i s e t w o i n d i c e s .

M e m o r y a i d : I f t h e m e t r i c g h a s t w o i n d i c e s r a i s e d u p t o t h e s k y , i t w i l l b e r a i s i n g a n i n d e x .

4 . 1 3 . 4 E i n s t e i n ' s S u m m a t i o n C o n v e n t i o n

C o n t r a c t s a m e c o - c o n t r a - i n d e x ,

N o

P
n e e d e d .

� A � A � = � 2 � AG � AG

R a n k - 0 t e n s o r r e s u l t .

7 0 Un ifyin g Gra vi ty a n d EM by A n alog y to EM: Out lin e



� A � A � g�� = A � A � M e t r i c c o n t r a c t s t w o c o n t r a v a r i a n t v e c t o r s .

� A � A � = A � A � Dummy variable names:

4 . 1 3 . 5 S y m m e t r i c v e r s u s A n t i s y m m e t r i c T e n s o r s

S w a p i n d i c e s , s e e i f s i g n d o e s / d o e s n o t f l i p f o r a l l .

� A �� = A ��
S y m m e t r i c , a l l k e e p s i g n .

� A �� = � A ��
A n t i s y m m e t r i c , a l l f l i p s i g n s .

� A ��
� A ��

A s y m m e t r i c , n o p a t t e r n .

A n y a s y m m e t r i c t e n s o r c a n b e r e p r e s e n t e d b y a s y m m e t r i c t e n s o r ( a v e r a g e d v a l u e s o f 2 i n d i c e s )

a n d a n a n t i s y m m e t r i c t e n s o r ( + a n d - d e v i a t i o n s f r o m a v e r a g e ) .

A �� = 1
2

(A �� + A �� ) + 1
2

(A �� � A �� )

4 . 1 3 . 6 D e r i v a t i v e s i n F l a t , E u c l i d e a nS p a c e t i m e

4 - d e r i v a t i v e s : t i m e a n d 3 - s p a c e d e r i v a t i v e s i n a r a n k - 1 t e n s o r .

S i g n s o f c o v a r i a n t a n d c o n t r a v a r i a n t d e r i v a t i v e s f l i p ( a r g ! ) .

� @� = ( @
@t

; rG ) C o v a r i a n t d e r i v a t i v e .

� @� = ( @
@t

; � r G

) C o n t r a v a r i a n t d e r i v a t i v e .

� @� A � = A � ; �
T h e c o m m a c o n v e n t i o n .

� @� @� = � 2 = ( @2

@t2
� r 2) T h e D ' A l e m b e r t i a n o p e r a t o r .

A l t e r n a t e r e p r e s e n t a t i o n : T h e a s y m m e t r i c r a n k - 2 t e n s o r t h a t r e s u l t s f r o m t a k i n g t h e 4 - d e r i v a t i v e

o f a 4 - v e c t o r c a n b e r e p r e s e n t e d b y t h e s y m m e t r i c a v e r a g e a m o u n t o f c h a n g e t e n s o r p l u s t h e

a n t i s y m m e t r i c d e v i a t i o n o f c h a n g e t e n s o r .
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4 . 1 3 . 7 C o v a r i a n t D e r i v a t i v e s i n C u r v e dS p a c e t i m e

C o v a r i a n t d e r i v a t i v e = n o r m a l d e r i v a t i v e � d e r i v a t i v e o f t h e m e t r i c .

T h e c o n n e c t i o n o r C h r i s t o f f e l s y m b o l ( � $
�� ) handles the derivatives of the metric:

" ; " t h e s e m i c o l o n c o n v e n t i o n f o r c o v a r i a n t d e r i v a t i v e s .

� r � A � = @� A � � � $
�� A$

D e r i v a t i v e = n o r m a l - c h a n g e i n m e t r i c .

� r � A � = @� A � + � �
�$ A$

C o v a r i a n t d e r i v a t i v e o f a c o n t r a v a r i a n t v e c t o r .

� r � A � � r � A � = @� A � � @� A �
I n d e p e n d e n t o f t h e m e t r i c b e c a u s e � $

�� = � $
�� .

� r � A � + r � A � = @� A � + @� A � � 2� $
�� A$

.

O m i s s i o n : T h e d e t a i l s o f C h r i s t o f f e l s y m b o l a r e n o t d i s c u s s e d h e r e .

4 . 1 3 . 8 S u m m a r y : T e n s o r s

M a t h :

A �� = 1
2

(A �� + A �� ) + 1
2

(A �� � A �� )

P i c t u r e s :
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4 . 1 4 U n i t s

1 . B a s i c u n i t s .

2 . U n i t s f o r c o n v e r s i o n f a c t o r s .

3 . U n i t s f o r s p a c e t i m e .

4 . U n i t s f o r p o t e n t i a l s , f i e l d s , & c h a r g e s .

5 . U n i t s i n a c t i o n :

a ) L a g r a n g e d e n s i t i e s .

b ) E u l e r - L a g r a n g e e q u a t i o n s ( f i e l d s ) .

c ) M o m e n t u m .

d ) F o r c e .

4 . 1 4 . 1 B a s i c U n i t s

� t T i m e .

� L L e n g t h .

� m M a s s .

F o r E M , G a u s s i a n u n i t s w i l l b e u s e d . U n i t s o f e l e c t r i c c h a r g e a r e f o u n d f r o m C o u l o m b ' s l a w :

F = qq0

R2  mL
t2 soq mL 3

p

t
w h e r e "  " m e a n s " h a s u n i t s o f " .

U n i t s f o r C o n v e r s i o n F a c t o r s

F o r g r a v i t y , s p a c e t i m e , & q u a n t u m m e c h a n i c s .

� G  L 3

mt 2 G r a v i t a t i o n a l c o n s t a n t .

� c L
t

S p e e d o f l i g h t .
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� h  mL 2

t
P l a n c k ' s c o n s t a n t .

4 . 1 4 . 2 U n i t s f o r S p a c e t i m e

W h e r e a l l e v e n t s o f g r a v i t y , E M , a n d q u a n t u m m e c h a n i c s t a k e p l a c e .

� V  L 3
V o l u m e .

� � 2 = t2 � RG � RG

c2  t2
I n t e r v a l s q u a r e d .

� � 2 = RG � RG � c2t2 = � c2 � 2  L2
4 D - d i s t a n c e s q u a r e d .

� 
 = 1

1 � vG � vG

c2

q = @t
@�

 � S t r e t c h f a c t o r .

� �G = vG
c

 � R e l a t i v i s t i c 3 - v e l o c i t y

� U � = ( c@t
@�

; @RG

@�
) = ( c
 ; c
 � G ) = ( E

mc
; �G

mc
)  L

t
V e l o c i t y v e c t o r .

4 . 1 4 . 3 U n i t s f o r P o t e n t i a l s , F i e l d s , & C h a r g e s

T h e w a y t o d e s c r i b e w h e r e s t u f f i s e v e r y w h e r e , e v e r y w h e n .

� A � = ( �; AG )  m
p

L
p

P o t e n t i a l v e c t o r .

� A � ;�  gG  EG  BG  m
p

t L
p

D e r i v a t i v e s o f p o t e n t i a l v e c t o r s ( f i e l d s ! ) .

� q mL 3
p

t
 G

p
m [ L 3

p

t m
p m ]  hc

p
[

L m
p

t
p

L
p

t
p ] C h a r g e .

� J � = q
V

U �


c
= ( q

V
; q

V
�G )  m

p

t L 3
p  G

p
m

V
[ L 3

p

t m
p m 1

L 3 ]  hc
p

V
[ L m

p

t
p

L
p

t
p

1
L 3 ]

C u r r e n t d e n s i t y v e c t o r .
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4 . 1 4 . 4 U n i t s i nA c t i o n : L a g r a n g e D e n s i t y

L a g r a n g e D e n s i t y , w h e r e a l l m a s s , e n e r g y , a n d i n t e r a c t i o n s a r e i n a v o l u m e .

� L  m
L 3 M a s s d e n s i t y .

� L  m

V

[ m
L 3 ]  1

c2

q
V

U �



A � [ t 2

L 2
mL 3

p

t
1

L 3
L
t

m
p

L
p ]  

G
p

c2

m
V

U �



A � [ L 3

p

t m
p

t 2

L 2 m 1
L 3

L
t

m
p

L
p ]  1

c2 A � ;� A � ;� [ t 2

L 2

m
p

t L
p

m
p

t L
p ]

E q u i v a l e n t u n i t s .

4 . 1 4 . 5 U n i t s i nA c t i o n : E u l e r - L a g r a n g e E q u a t i o n s

E u l e r - L a g r a n g e e q u a t i o n s , g e n e r a t e s f i e l d e q u a t i o n s g i v e n a L a g r a n g e d e n s i t y .

� c @L
@�

= c @�
@L

@(@� � )
F r o m p r i n c i p l e o f l e a s t a c t i o n .

� c@L
@�

[ L
t

m
L 3

L
p

m
p ]  q

V
[ mL 3

p

t
1

L 3 ]  r A � ;�
[ 1

L

m
p

t L
p ]

 r gG [ 1
L

m
p

t L
p ]  r EG [ 1

L

m
p

t L
p ]  r BG [ 1

L

m
p

t L
p ]  J �

[
m

p

t L 3
p ] E q u i v a l e n t u n i t s .

4 . 1 4 . 6 U n i t s i nA c t i o n : M o m e n t u m

E n e r g y a n d 3 - m o m e n t u m f r o m a d e r i v a t i v e o f a L a g r a n g e d e n s i t y .

� � � = h G
p @L

@@A�

c@t

 mL 2

t2 D e r i v a t i v e o f t h e L a g r a n g e d e n s i t y .

� � �
[ m L 2

t 2 ]  h G
p @L

@@A�

c@t

[ mL 2

t
L 3

p

t m
p

L
t

t L
p

m
p

m
L 3 ] E q u i v a l e n t u n i t s .

N o t e : u n i t s s u g g e s t r e l a t i v i s t i c ( c ) , q u a n t u m ( h ) g r a v i t y ( G ) .
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4 . 1 4 . 7 U n i t s i nA c t i o n : R e l a t i v i s t i c F o r c e

� F � = cause= @mU�

@�
F o r c e i s a c a u s e w h i c h h a s a n e f f e c t o n m o m e n t u m .

� F �
[ mL

t 2 ]  1
c

qU� r � A �
[ t

L
mL 3

p

t
L
t

m
p

t L
p ]  h

p

c
p nU� r � A �

[ L m
p

t
p

t
p

L
p

L
t

m
p

t L
p ]

 G
p

c
mU� r � A �

[ L 3
p

t m
p

t
L

m L
t

m
p

t L
p ]

E q u i v a l e n t u n i t s .

4 . 1 4 . 8 S u m m a r y : U n i t s

M a t h :

q mL 3
p

t
 G

p
m [ L 3

p

t m
p m ]  hc

p
[ L m

p

t
p

L
p

t
p ]

P i c t u r e s :
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