1 Einstein’s Vision: Unifying Gravity and Electromagnetism(gEM)

Einsteindevotedthelasthalf of hislife to trying to unify gravity andelectromagnetismhile hedid notsucceedthe
reasoningvasclear:

"The physicalworld is representedsa four-dimensionaktontinuum.If in this | adopta Riemanniarmetric,andlook

for the simplestlaws which sucha metric cansatisfy | arrive atthe relatiistic gravitation theoryof emptyspace.If

| adoptin this spacea vectorfield, or the antisymmetrictensorfield derived from it, andif | look for the simplest
laws which sucha field cansatisfy | arrive atthe Maxwell equationdor free space...aary givenmoment,out of all

concevableconstructionsa singleonehasalwaysproveditself absolutelysuperiorto all therest..”

Therearefour elementsrying for attention:symmetryandsimplicity, consisteng andcompletenessn the analysis
below, | will comebackto oneof thesefour horsemerio movetheline of logic forward.

A Critique of the Maxwell Equations

Therearefour equationghat composehe setreferredto asthe Maxwell equations.Whatarethe appropriatesigns
for theseterms?Maxwell inheritedfrom experimentalistgour equationsAll the divergencesandcurlswerepositive.
Only for oneof them(Amperes law) did he adda term,whosesignwaschosenso thatthe equationwashyperbolic
(awave propagatingrom a surface). For the no monopoleequation the sign of the divergenceof the magneticfield

doesnothave ary information. However, whenbundledtogetherin a second-ranitensorthe signsof termsrelative to

eachothermatters.Herearethefour equation§GaussfFaradayAmpere,andno monopolesespectiely):
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Thedelvectoroperatoractingon E or B asacurl or adivergencegenerates positive sign. The scalartime derivative
flips signsbetweerE andB.

Considemwhatit takesto form thesesix termswith a simplequaterniorexpression:
0 N A a a oo A a N
(—, v) (0, E+B) = (- V.E-V.B, B+VXE + & + va) = source
at

The divergencealwaysnecessariljhasa signwhich is oppositeto the curl. If the divergencef the vectorshave the
samesign, andthe curls of the vectorshave the samesigns,thenthetime derivativesshouldhave the samesigns. To
be simpleandconsistentthe signsof threeof termsthatform the Maxwell equationseedto be changed However,
changingthe signsof termschangesheir meaning.Simplequaterniorequationswith unfamiliar collectionsof signs
will be examinedcloselyto seeis the standardstructures there,alongwith a few surprises.

Noticehow thescalaris zero. Thisindicateshatthe Maxwell equationsrenot completethatanobviousopportunity
to storeinformationaboutnatureis ignoredwhenthe generatoof the termsin the Maxwell equationds expressed
with quaternions.

Maxwell’ s Explicit Vision

In Maxwell's "Treatiseon Electricity and Magnetism”,he expressedhe hopethat electromagnetisncould be rep-
resentedvith quaternionssomeday Thathopehasbeenrealizedin an earliersection(ClassicalElectromagnetism).
Thatrequiredthe useof operatorscommutatorsanticommutatorsandonethatisolatesthe vector If thatexpression
is written only in termsof the potentialandthedifferential,it requiresb6 terms!



Thisis notsimple.Givenasourcejt would be very difficult if notimpossibleto determinevhatpotentialcreatedt.

Simple Equations with Simple Solutions

Startingfrom a potential,the Maxwell equationsarea secondorderdifferentialequation.lt hasbeenshown justhow
complicatethe generatoref thetermsare. Whatwould the simplestquaterniorsecondrderdifferentialequationbe?
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Given a source finding the potentialwould involve acting on this equationon the left with two inversedifferential
operators:

o = 9 k=
(¢’ A) -4 z(at:_\Vz) _ z(at’_\vz) _ (p, j)
(7= (%) 9) (&=+ (7). 9)
Thesignsonthegeneratoequatiorhappenedo beall positive. Thereare2"6 = 64 differentchoicesfor thesignsof the
simplestgeneratoof asecondrderquaterniordifferentialequation Althoughonecouldwrite outall 64 possibilities
(andl have:-), thereareonly two independensecondrderdifferentialequationsThe9 patternof termsthatemepge
from the ensemblef 64 canbeintercorvertedby exchanging-phi for phi, -A for A, mirror symmetryoperationspr

combination®f these Not a singleoneof themhasthe signsthatappeamith the Maxwell equationsThesignof the
divergences alwaysoppositeto the signof thecurl.

The 3Fields: g,E & B

Theelectricandmagnetidield canberepresentedy potentials.Thetermscanbegeneratedby afirst orderdifferential
equation will useasigncorventionusedby Feynman.
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(g, —v) (¢, -A) - (¢ -V.A -A-7V¢+ va) - (g, E+B)
Look atthe connectiorbetweerthefield definitionandits matrix representation

. A — even symmetric scalar
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B = VXA — odd antisymmetric 3 - vector

If the orderof the differentialoperatorandthe potentialwerereversed,only the term with the crossproductwould
changesigns.Thatis whatdeterminesf atermis evenor odd. In the matrix representationf a quaternionthescalar
formsthe diagonal,so transposinghe matrix leavesthe diagonalunchangedsoit is symmetric. The 3-vectorterms
areantisymmetridoecauseransposinghe matrix flips the signs.

Gravity is the resultof a metric, a symmetrictensor Electromagnetisninvolvesan antisymmetrictensor At least
on the surface,it appeardik e thesefield have the correctsymmetriesfor unifying gravity and electromagnetisnas
foreseerby Einstein.

Field Equations: AlImost Maxwell and a Dynamic g

Field equationsareformedby actingonthefieldswith the differentialoperator



Thisgenerate$ field equations.
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Thesearenot the standardvlaxwell equationsalthoughevery termin thoseequationss representedThetwo scalar
equationdlip signs.Thathasno impactonthe physicsjustsigncornventions.BenFranklinwould be hapyy :-)

Maxwell includeda currentfor Amperes law, andchosethe signof thatterm, possiblyto make chaige conseration

apparen{thatwill be donelater). Therelative signalsomakesthe equationshave hyperbolicsolutions,appropriate
for propagatingvaves. This proposalinvolveselliptic equationsAn electromagnetigvave andits mattersourcemust

be thoughtof togetherinsidea surface. This surfacecanchange(at the speedof light | suspect!).This haspossibly
interestingmplicationsin cosmologywith all the activity of the Universeconfinedto beinsidetheexpandingsurface

of the Big Bang.

The scalarforcefield is dynamicratherthana staticcomponentsis the casefor Newton's law. Therearealsotidal
effectsthatmustbeaccountedor. g hasa dynamicequatiorandagradient,sothesefield equationave the structure
to do both. This proposaktandsa betterchanceof beingcompatiblewith specialrelativity thatNewton’s law.

Anotherlinearlyindependensecondrderdifferentialequationcanbeformedusinga conjugatedifferentialoperator

(g, -9) (0. E+B) -
(5+ 9B+ 9.8, E-9xB+B - E- o) =anfoy+rn (3), +(3),)

This generate$ moreslightly differentfield equations.
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This appeargo be closerthe Maxwell equationsput still fundamentallydifferent. As before,all termsareincluded.
Gausslaw andthedivergenceof B arestandard Ampereslaw appearsvith a signchange Thisis ahyperbolicwave
equation.The problemhereis thatFaradayslaw is nolongeranidentity.

Noticethattheonly equatiorthatdoesnotchangan goingfrom elliptical to hyperbolicequationss theoneinvolving
dynamicg. This mightbeareasonwhy gravity is unidirectional.Or maybenot:-)



Recreating Maxwell

Sincewe have two equationspneelliptic, the otherhyperbolic,thatcontainall thetermsof the Maxwell equationsit
would be a shamenot to recreatehe explicit form of the Maxwell equationsgiventheir enormoussuccessThis can
be donewith smolke andmirrors, or more precisely a linear combinationof the two equationsgonjugatesandone
mirror operation.

Let U= (—_V\.E—_V\._B\ +0, E + VxB +§ + VxE +_V\g)
W= (3.845.8 4y, E- 9xB + B - 9xE - 70)
Considetthe sumandthedifference:
W+ U)/2 = (g, E. i‘a)
W- U2 = (7.B+7.B, 9B+ 9xE +70)
The sumgenerate®nly time derivatives. The differenceisolatesspatialderivatives, the divergencesandcurls. If a

mirror transformations doneonthesum,the 3-vectorE will changesigns,butthepsuedeectorB will not. Thescalar
is unchangedCombinetheseresults.

Mirror ((W+ U)/2) + (W-U)*/2 =
($E+_V\§ +0, —E + _V\XT3‘ +;B: + _V\X_Ek +$g)
The Maxwell equationsarenot a simplelinear combinationof the two quaterniordifferentialequations.Conjugates
andamirror operationarerequiredto getthemin their properform.
This is the sum of the Maxwell equations. Canindividual equationsbe generated?With all theseequationsand
mirrors,anythingis possible:-)

- (U+ Mirror (U))*/ 2 = ($.E+g, T?: + _V\X_E\)

(W- Mirror (W)*/ 2 = (3 ﬁ, _E + vxB —_V\g)

The homogeneouMaxwell equationsanbe isolatedcompletelyseparatedrom termsinvolving the field g, but the
sourceequationsarelinked.

Unified Field Equations

Although equationsfor electricity and (possible)gravity are appearingin the samequaternionequation,they are
not really unified. The generatorfor the field equationwill be written from potentials. This will leadto additional
cancellationghatcreatea realunification.
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= (02 (v)'0. -A-(7)A) =4x(e (3),)
Onereasorfor the unificationof electricityandmagnetisncanbe seenby the completecancellationof termsunder
the nameof Faradays law. Therearetwo othercancellation®ccurring,but they arenot complete betweerng andE.

Onehappenswvith the scalarterms,the otherwith thevectorterms.It appeargeasonabléo statethatthe only way to
geta partialcancellatioris if thetwo fieldsareunified. Themagnetidield is notadirectparticipant.



Examinethe hyperbolicequationwrittenin potentialform.

-A -Vo+ VXA -Vd+ VV. A+ VXA + VXV - vaxA) =

- (6- (3)%-29.A, A+ (3)"A - 278+ 29xA) -

-4x(en (3),)
Thistime, partsof thefieldsg andE add,asdo E andB to make theextra curl of A dotterm. Thehyperbolicequation
includestwo vectoridentities.

Recreatinghe Maxwell equationsthis time from potentials:
Mirror [(W+ U)/2] + (W-U)*/2 =
" a2 A A A a4 _\ ay2a A a -,
= (¢— (v) ¢+ V.VXA -V. A -A- (v) A - vxv¢+v¢)
Thislookssimilar to the Maxwell equationswritten in the Lorenzgauge put therearetwo additionalvectoridentities
andtermsfor gravity.

Consewation Laws

Act onthefield equationswith a differential:
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Algebraically thisis similar to the unifiedfield equationswherethe two differentialoperatorsaactedon the potential
insteadof thefields. Therearetwo conserationlaws herecreatedby cancellationsgchaige conserationfor electro-
magnetisnin the scalaranda vectorconserationfor gravity.

(b),+5. (3), = 0
(3), ~3my -3¢ (3), -0

In the classicalregion, Newton's force is the gradientof a staticpotential. The forceis consenrative, andthis vector
conseration law is consistentwith that. In the relativistic region, thereis no force field, everythingcancels. All



thatremainsis a simple scalarsecondorderdifferentialequation. That was one of the centralmessagesf general
relativity: gravity is notaforce,it is curvature.Everythingaboutg is describedyy anscalarelliptic equation.

If the differentialoperatoractson the hyperbolicequationanalogousesultsareobtained:

(ait, e) (ait -9) (0. B+B) -

E - vxB+B - VXE- Vg + VO +
VV.E + VXE - VX VXB+ VvXxB - vx VXE - vx vg) =

=4n((p)g+ (p), -¥. (J)g -v. (3),, (J)g . (J)e +Vpg + VP + VX (J)g +vx(3) )
Therearetwo conserationlaws here,chaigeconsenrationfor electromagnetisin the scalar anda vectorconsera-
tion for gravity.

(b)e __V\' (j)e =0

(J)g + Vpg + VX (J)g =0

Thehyperbolicequationsave achageconserationlaw consistentvith the Maxwell equationsit mustbeconsistent
with the standardconsenrationof chage, sincethe Maxwell equationsanbe written asa combinationof the elliptic
andhyperbolicquaterniorequations.

GaugeTransformations

Threetypesof gaugetransformationsvill be consideredwith anarbitraryscalarfield, anarbitrary3-vectorfield, and
a quaterniorfield. It will be shovn thatunificationof gravity andelectromagnetismaddsan additionalconstrainto
thesetypesof transformations.

First, let lambdabe anarbitraryscalarfield. Considetthis transformatiorof the potential:
(¢, 7&) - (¢', 7&') - (¢ - A+ 31)
Seehow this changeshefields:
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Justlik e the Maxwell equationsanarbitraryscalarfield doesnot effect the vectorfieldsE andB. However, thereis an
additionalscalarfield g which requiresanadditionalconstraintto remaininvariant,namelythatthe scalargaugefield

lambdasolvesa homogeneouslliptical equation. The gaugefreedomseenin the Maxwell equationss dueto their
incompleteness.

Let capitalLambdabe anarbitraryvectorfield. Transformthe potentiallik e so:



(6. R) = (¢ &) = (0 - 5.2, A - &+ 93)
Examinethe effectson fields:
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E=-A-Vp > E' = -A+A -VXA-Vd+VV.A
B = VXA — B’ = VXA - VXA + VXVXA
E’'-B’=E -Biff A+v?A =0

Thistime the scalarfield g is invariantundera vectorgaugefield transformation Additional constraintsareplacedon
the gaugefield by E andB. | chooseto detail oneform thatleft the differencebetweernthe E andB fieldsinvariant.
Therearemary moreconstraintghatcould be examined.

The scalarand vectorgaugefields could be combinedto form a quaterniongaugefield. This gaugetransformation
would have the sameconstraintsas thoseabove to leave the fields invariant. A big questionis why thereareary

suchgaugefields. Thereasonis simple: becausehereare homogeneousolutionsto the secondorder differential
guaterniorequationsThe quaterniorgaugefield canberepresentethefollowing way:

(6-2- 5.8 R+ %a- R0 %) - (0. &) + (- 2. F) (2. 3)

Thefieldsareformedby actingon this with a differentialoperator Thefield equationsaresecondrderequationsas
arethosetermsinvolving lambda. If thesesecondordertermsare partof a homogeneousolution,thefieldswill be
invariantunderthe gaugetransformation.

Equations of Motion
Equationsof motionaregeneratequst lik e thefield equationsexceptthatthe 4-velocity is usedinsteadof the differ-
entialoperator:
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Therearetwo equationgor work, two equationdor momentumandtwo identities.
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Thisis, admittedly anunorthodoxapproacho defininga force. It wasnoticedthatthis operationon a field generated
preciselytheLorentzforce,andhadatermfor theenengy of theE field upto asign. Thereareno miraclesin math. For
the sale of completenesghe othertermsshouldalsohave ameaning.Termsanalogougo thehomogeneouMaxwell
equationdecomehomogeneoufrce equations.



The enegy equationhasaasign oppositeof the convention,which is consistenwith otherchangesroposedn this
section.Theidentitiesin thetableareusuallynot discussedThink aboutthe differentialoperatorandthe 4-velocity.

3) - (ot et oX) o o
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Thedirectionof the 3-vectorin bothtermsis identical,soary identity involving the 3-vectorfield equationswill apply
to 3-vectorforces.

It is absolutelyessentiathat Newton's law canexplicitly befoundhere.Therewill have to bealot of thinking about
signshere,but theform is correct.Newton’s law by itself is not consistentvith specialrelativity. Fortunatelythereis
anothertterm.

F/m=g (v, xE)
Thislookslikeit shouldgetalongwith specialrelativity justfine!

Unified Equations of Motion

Repeathe exercisefrom above, but this time, look to the potentials.

(v 58) (o 5) (8. -A) = (3 48) (6 - 3.3 -R - Fo + 3xR) -

= (wib - ¥V. A+ ¥B. A+ ¥B. Vé - ¥B. VXA,
—Y_A - 7$¢ + )'_V‘X_Ak + ¢773\ - _AyB —773\X7& —7EX $¢ +7§X _V‘XT&)

Thatis prettycomplicated!The key to simplifying this equatioris to seewhathappendor light, wheredt/dx = dx/dt.
Gammablows up, but if the equation's overgammathatproblembecomes scalingfactor With betaequalto one,a
numberof termscancelwhich canbe seemrmoreclearlyif thetermsarewritten out explicitly.

5 8 0p o8 0A apoX
A-—— + =X— + — —-
ax ot ax ot ot ot
= N = - =X - =X+ =
aX ot gX ot  aX oX  oX oX
It would take a real mathematiciaro statethe properconstrainton thethreepairsof cancellationghathappenwhen
velocitiesgetflipped. Therearealsoa pair of vectoridentities,presumingsimple connectednessThis leadsto the
following equation:
8 20X o o

=26, -A - L. AZ2 . Zx ZxA
ax 9t  aX X

Thescalarchangen enegy depend®nly onthescalarpotential,andthe 3-vectorchangén momenturronly depends
onthe 3-vectorA.

Missing Links

Quaternionhiave 4 degreeof freedomyet| have analyzednly two typesof secondrderdifferentialequationsThis
may be dueto thecurrentlimitations of quaternioranalysisatopic | have beenmakingmuchprogresson of late. My



sensat thatoncethe quaternionderivative is well defined(andl amwaorking on a strongcandidate)jt will beclear
how to proceed My dreamis thatspinorswill magicallyappeatr-)

Note addedlater: Work with the first and secondconjugatesioeslook like it is involved with spin. Wherever there
is a conjugate swappingin thefirst or secondconjugatewill form alinearly independentifferentialequation.Now
four setsof equationsanbewritten, but whatit all meansds still a mystery:-)

Take Newton’s law, male it relatiistic, andgenerakelativity is theresult. Generalrelativity haspassed numberof
experimentalkests.It lookslik e this unifiedfield theorymay male similar, if notidenticalpredictions.At this point, |
have notbeenableto dothosecalculations Thepredictionof thistheoryfor theexperimentatestsof generalkelativity
mustbe developed.Until then...



