
1 Einstein’s Vision: Unifying Gravity and Electromagnetism(gEM)

Einsteindevotedthelasthalf of his life to trying to unify gravity andelectromagnetism.While hedid notsucceed,the
reasoningwasclear:

”The physicalworld is representedasa four-dimensionalcontinuum.If in this I adopta Riemannianmetric,andlook
for thesimplestlaws which sucha metriccansatisfy, I arrive at therelativistic gravitation theoryof emptyspace.If
I adoptin this spacea vectorfield, or the antisymmetrictensorfield derived from it, and if I look for the simplest
laws which sucha field cansatisfy, I arrive at theMaxwell equationsfor freespace...atany givenmoment,out of all
conceivableconstructions,a singleonehasalwaysproveditself absolutelysuperiorto all therest...”

Therearefour elementsvying for attention:symmetryandsimplicity, consistency andcompleteness.In theanalysis
below, I will comebackto oneof thesefour horsemento movetheline of logic forward.

A Critique of the Maxwell Equations

Therearefour equationsthat composethe setreferredto asthe Maxwell equations.Whatarethe appropriatesigns
for theseterms?Maxwell inheritedfrom experimentalistsfour equations.All thedivergencesandcurlswerepositive.
Only for oneof them(Ampere’s law) did headda term,whosesignwaschosensothat theequationwashyperbolic
(a wave propagatingfrom a surface).For theno monopoleequation,thesignof thedivergenceof themagneticfield
doesnothaveany information.However, whenbundledtogetherin asecond-ranktensor, thesignsof termsrelativeto
eachothermatters.Herearethefour equations(Gauss,Faraday, Ampere,andno monopolesrespectively):

� �� . �E � 4 ���
.�
B � �� x

�
E � �0

� .�E � �� x
�
B � 4 � �J

� �� . �B � 0

Thedelvectoroperator, actingonE or B asacurl or adivergence,generatesapositivesign.Thescalartimederivative
flips signsbetweenE andB.

Considerwhatit takesto form thesesix termswith a simplequaternionexpression:
�
�
t
,
��

0,
�
E � �B � � �� . �E � �� . �B,.B � �� x

�
E � .

e � �� x
�
B � source

Thedivergencealwaysnecessarilyhasa signwhich is oppositeto thecurl. If thedivergencesof thevectorshave the
samesign,andthecurlsof thevectorshave thesamesigns,thenthetime derivativesshouldhave thesamesigns.To
besimpleandconsistent,thesignsof threeof termsthat form theMaxwell equationsneedto bechanged.However,
changingthesignsof termschangestheir meaning.Simplequaternionequationswith unfamiliar collectionsof signs
will beexaminedcloselyto seeis thestandardstructureis there,alongwith a few surprises.

Noticehow thescalaris zero.This indicatesthattheMaxwell equationsarenotcomplete,thatanobviousopportunity
to storeinformationaboutnatureis ignoredwhenthe generatorof the termsin the Maxwell equationsis expressed
with quaternions.

Maxwell’ sExplicit Vision

In Maxwell’s ”Treatiseon Electricity andMagnetism”,he expressedthe hopethat electromagnetismcould be rep-
resentedwith quaternionssomeday. Thathopehasbeenrealizedin an earliersection(ClassicalElectromagnetism).
Thatrequiredtheuseof operators:commutators,anticommutators,andonethatisolatesthevector. If thatexpression
is writtenonly in termsof thepotentialandthedifferential,it requires56 terms!
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This is not simple.Givenasource,it would beverydifficult if not impossibleto determinewhatpotentialcreatedit.

SimpleEquations with SimpleSolutions

Startingfrom a potential,theMaxwell equationsarea secondorderdifferentialequation.It hasbeenshown just how
complicatethegeneratorsof thetermsare.Whatwould thesimplestquaternionsecondorderdifferentialequationbe?

�
�
t
,
�� �

�
t
,
�� 	

,
�
A � 4 � � , �J

Given a source,finding the potentialwould involve actingon this equationon the left with two inversedifferential
operators:

	
,
�
A � 4 �




t ,
� ��


 2

t 2
� �� 2

,
�
0




t ,
� ��


 2

t 2
� �� 2

,
�
0

� , �J

Thesignsonthegeneratorequationhappenedto beall positive. Thereare2ˆ6 � 64differentchoicesfor thesignsof the
simplestgeneratorof asecondorderquaterniondifferentialequation.Althoughonecouldwrite outall 64possibilities
(andI have:-), thereareonly two independentsecondorderdifferentialequations.The9 patternsof termsthatemerge
from theensembleof 64 canbeinterconvertedby exchanging-phi for phi, -A for A, mirror symmetryoperations,or
combinationsof these.Not asingleoneof themhasthesignsthatappearwith theMaxwell equations.Thesignof the
divergenceis alwaysoppositeto thesignof thecurl.

The 3 Fields: g, E & B

Theelectricandmagneticfield canberepresentedby potentials.Thetermscanbegeneratedby afirst orderdifferential
equation.I will usea signconventionusedby Feynman.

�
�
t
, � �� 	

, � �A � .	 � �� . �A, �
.�
A � ���	 � �� x

�
A � g,

�
E � �B

Look at theconnectionbetweenthefield definitionandits matrix representation

g  .	 � �� . �A � even symmetric scalar�
E  �

.�
A � ���	 � even antisymmetric 3 � vector�

B  �� x
�
A � odd antisymmetric 3 � vector

If the orderof the differentialoperatorandthe potentialwerereversed,only the term with the crossproductwould
changesigns.Thatis whatdeterminesif a termis evenor odd. In thematrix representationof a quaternion,thescalar
formsthediagonal,sotransposingthematrix leavesthediagonalunchanged,so it is symmetric.The3-vectorterms
areantisymmetricbecausetransposingthematrix flips thesigns.

Gravity is the resultof a metric, a symmetrictensor. Electromagnetisminvolvesan antisymmetrictensor. At least
on the surface,it appearslike thesefield have the correctsymmetriesfor unifying gravity andelectromagnetismas
foreseenby Einstein.

Field Equations: Almost Maxwell and a Dynamic g

Fieldequationsareformedby actingon thefieldswith thedifferentialoperator.
�
�
t
,
��

g,
�
E � �B �

.
g � �� . �E � �� . �B,

.�
E � �� x

�
B �

.�
B � �� x

�
E � �� g � 4 � � g

� � e,
�
J

g

� �
J

e
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Thisgenerates6 field equations.

� �� . �E � 4 ��� e � � Gauss

� �� . �B � 0 � � no monopoles
.�
E � �� x

�
B � 4 � �

J
e
� NOTAmpere

.�
B � �� x

�
E � �0 � Faraday

.
g � 4 ��� g � dynamic g
��

g � 4 � �
J

g
� g gradient

Thesearenot thestandardMaxwell equations,althoughevery termin thoseequationsis represented.Thetwo scalar
equationsflip signs.Thathasno impacton thephysics,justsignconventions.BenFranklinwould behappy :-)

Maxwell includeda currentfor Ampere’s law, andchosethesignof that term,possiblyto make chargeconservation
apparent(thatwill bedonelater). The relative signalsomakestheequationshave hyperbolicsolutions,appropriate
for propagatingwaves.Thisproposalinvolveselliptic equations.An electromagneticwaveandits mattersourcemust
be thoughtof togetherinsidea surface.This surfacecanchange(at thespeedof light I suspect!).This haspossibly
interestingimplicationsin cosmology, with all theactivity of theUniverseconfinedto beinsidetheexpandingsurface
of theBig Bang.

Thescalarforcefield is dynamicratherthana staticcomponentasis thecasefor Newton’s law. Therearealsotidal
effectsthatmustbeaccountedfor. g hasadynamicequationandagradient,sothesefield equationshavethestructure
to do both.This proposalstandsabetterchanceof beingcompatiblewith specialrelativity thatNewton’s law.

Anotherlinearly independentsecondorderdifferentialequationcanbeformedusingaconjugatedifferentialoperator.
�
�
t
, � �� g,

�
E � �B �

.
g � �� . �E � �� . �B, .�

E � �� x
�
B � .�B � �� x

�
E � �� g � 4 � � g

� � e,
�
J

g

� �
J

e

Thisgenerates6 moreslightly differentfield equations.
��
.
�
E � 4 ��� e � Gauss

��
.
�
B � 0 � no monopoles

.�
E � �� x

�
B � 4 � �

J
e
� � Ampere

.�
B � �� x

�
E ! � �0 � NOTFaraday

.
g � 4 ��� g � dynamic g

� �� g � 4 � �
J

g
� g gradient

This appearsto beclosertheMaxwell equations,but still fundamentallydifferent. As before,all termsareincluded.
Gauss’law andthedivergenceof B arestandard.Ampere’s law appearswith asignchange.This is ahyperbolicwave
equation.Theproblemhereis thatFaraday’s law is no longeranidentity.

Noticethattheonly equationthatdoesnotchangein goingfrom elliptical to hyperbolicequationsis theoneinvolving
dynamicg. Thismight beareasonwhy gravity is unidirectional.Or maybenot :-)
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Recreating Maxwell

Sincewe havetwo equations,oneelliptic, theotherhyperbolic,thatcontainall thetermsof theMaxwell equations,it
would bea shamenot to recreatetheexplicit form of theMaxwell equations,giventheir enormoussuccess.This can
be donewith smoke andmirrors,or moreprecisely, a linear combinationof the two equations,conjugates,andone
mirror operation.

Let U � � �� . �E � �� . �B � .g ,
.�
E � �� x

�
B � .�B � �� x

�
E � �� g

W � ��
.
�
E � �� . �B � .g ,

.�
E � �� x

�
B � .�B � �� x

�
E � �� g

Considerthesumandthedifference:
�
W � U� /2 � .

g ,
.�
E � .�

B

�
W� U��� /2 � ��

.
�
E � �� . �B ,

��
x
�
B � �� x

�
E � �� g

The sumgeneratesonly time derivatives. The differenceisolatesspatialderivatives,the divergencesandcurls. If a
mirror transformationis doneonthesum,the3-vectorE will changesigns,but thepsuedovectorB will not. Thescalar
is unchanged.Combinetheseresults.

Mirror
���

W � U� /2 � � �
W� U� � /2 ���

.
�
E � �� . �B � .g , �

.�
E � �� x

�
B � .�B � �� x

�
E � �� g

TheMaxwell equationsarenot a simplelinearcombinationof thetwo quaterniondifferentialequations.Conjugates
andamirror operationarerequiredto getthemin their properform.

This is the sum of the Maxwell equations. Can individual equationsbe generated?With all theseequationsand
mirrors,anything is possible:-)

� � U � Mirror
�
U��� � /2 � ��

.
�
E � .g ,

.�
B � �� x

�
E

�
W� Mirror

�
W��� � /2 � ��

.
�
B, �

.�
E � �� x

�
B � �� g

ThehomogeneousMaxwell equationscanbe isolatedcompletelyseparatedfrom termsinvolving thefield g, but the
sourceequationsarelinked.

Unified Field Equations

Although equationsfor electricity and (possible)gravity are appearingin the samequaternionequation,they are
not really unified. The generatorfor the field equationwill be written from potentials.This will leadto additional
cancellationsthatcreatea realunification.�

�
t
,
�� �

�
t
, � �� 	

, � �A �

� ¨	 � �� .
.�
A � �� .

.�
A � �� . ���	 � �� . �� x

�
A,

� ¨�
A � �� .	 � �� x

.�
A � �� .	 � �� �� .

.�
A � �� x

.�
A � �� x

���	 � �� x
��

x
�
A �

� ¨	 � �� 2 	
, �

¨�
A � �� 2.�

A � 4 � � u,
�
J

u

Onereasonfor theunificationof electricityandmagnetismcanbeseenby thecompletecancellationof termsunder
thenameof Faraday’s law. Therearetwo othercancellationsoccurring,but they arenot complete,betweeng andE.
Onehappenswith thescalarterms,theotherwith thevectorterms.It appearsreasonableto statethattheonly way to
geta partialcancellationis if thetwo fieldsareunified.Themagneticfield is not a directparticipant.
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Examinethehyperbolicequationwritten in potentialform.
�
�
t
, � ��

�
�
t
, � �� 	

, � �A �

� ¨	 � �� .
.�
A � �� .

.�
A � �� . ���	 � �� . �� x

�
A,

� ¨�
A � �� .	 � �� x

.�
A � �� .	 � �� �� .

.�
A � �� x

.�
A � �� x

���	 � �� x
��

x
�
A �

� ¨	 � �� 2 	 � 2
��
.
.�
A , �

¨�
A � �� 2.�

A � 2
�� .	 � 2

��
x
.�
A �

� 4 � � u,
�
J

u

This time,partsof thefieldsg andE add,asdoE andB to maketheextracurl of A dot term.Thehyperbolicequation
includestwo vectoridentities.

RecreatingtheMaxwell equations,this time from potentials:

Mirror � � W � U� /2 � � �
W� U��� /2 �

� ¨	 � �� 2 	 � �� . �� x
�
A � �� ..�A, � ¨�

A � �� 2 �
A � �� x

���	 � �� .	
This lookssimilar to theMaxwell equationswritten in theLorenzgauge,but therearetwo additionalvectoridentities
andtermsfor gravity.

Conservation Laws

Act on thefield equationswith a differential:
�
�
t
, � ��

�
�
t
,
��

g,
�
E � �B �

�
�
�
t
, � �� .

g � �� . �E, �� g �
.�
E � �� x

�
B �

� ¨
g � �� .

.�
E � �� .

.�
E � �� . �� x

�
B � �� . �� g,

¨�
E � �� x

.�
B � �� .g � �� .g � �� �� . �E � �� x

.�
E � �� x

��
x
�
B � �� x

��
g �

� ¨
g � �� 2

g,
¨�
E � �� x

.�
B � �� �� . �E � �� x

.�
E � �� x

��
x
�
B �

�
�
�
t
, � �� 4 � � g

� � e,
�
J

g

� �
J

e
�

� 4 � .�
g
� .�

e
� �� . �

J
g

� �� . �
J

e
,

.�
J

g

� .�
J

e

� �� � g
� �� � e

� �� x
�
J

g
� �� x

�
J

e

Algebraically, this is similar to theunifiedfield equations,wherethetwo differentialoperatorsactedon thepotential
insteadof thefields. Therearetwo conservationlaws herecreatedby cancellations,chargeconservationfor electro-
magnetismin thescalar, anda vectorconservationfor gravity.

.�
e
� �� . �

J
e
� 0

.�
J

g

� �� � g
� �� x

�
J

g
� 0

In theclassicalregion, Newton’s force is thegradientof a staticpotential.Theforce is conservative,andthis vector
conservation law is consistentwith that. In the relativistic region, thereis no force field, everythingcancels. All
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that remainsis a simplescalarsecondorderdifferentialequation.That wasoneof the centralmessagesof general
relativity: gravity is not a force,it is curvature.Everythingaboutg is describedby anscalarelliptic equation.

If thedifferentialoperatoractson thehyperbolicequation,analogousresultsareobtained:
�
�
t
,
�� �

�
t
, � �� g,

�
E � �B �

�
�
�
t
,
�� .

g � �� . �E, � �� g � .�
E � �� x

�
B �

.�
B � �� x

�
E �

� ¨
g � �� .

.�
E � �� .

.�
E � �� . �� x

�
B � �� .

.�
B � �� . �� x

�
E � �� . �� g,

¨�
E � �� x

.�
B �

¨�
B � �� x

.�
E � �� .g � �� .g ��� ��

.
�
E � �� x

.�
E � �� x

��
x
�
B � �� x

.�
B � �� x

��
x
�
E � �� x

��
g �

� ¨
g � �� 2

g,
¨�
E � ¨�

B � �� �� . �E � �� x
��

x
�
B � �� x

��
x
�
E �

�
�
�
t
,
��

4 � � g
� � e,

�
J

g

� �
J

e
�

� 4 � .�
g
� .�

e
� �� . �

J
g
� �� . �

J
e
,

.�
J

g

� .�
J

e

� �� � g
� �� � e

� �� x
�
J

g

� �� x
�
J

e

Therearetwo conservationlaws here,chargeconservationfor electromagnetismin thescalar, anda vectorconserva-
tion for gravity.

.�
e
� �� . �

J
e
� 0

.�
J

g

� �� � g
� �� x

�
J

g
� 0

Thehyperbolicequationshaveachargeconservationlaw consistentwith theMaxwell equations.It mustbeconsistent
with thestandardconservationof charge,sincetheMaxwell equationscanbewritten asa combinationof theelliptic
andhyperbolicquaternionequations.

GaugeTransformations

Threetypesof gaugetransformationswill beconsidered:with anarbitraryscalarfield, anarbitrary3-vectorfield, and
a quaternionfield. It will beshown thatunificationof gravity andelectromagnetismaddsanadditionalconstraintto
thesetypesof transformations.

First, let lambdabeanarbitraryscalarfield. Considerthis transformationof thepotential:
	
,
�
A � 	��

,
�
A
� � 	 � .�

,
�
A � �� �

Seehow this changesthefields:
�
E � �

.�
A � ���	 � �

E
� � �

.�
A � �� .� � ���	 � �� .� � �E

�
B � �� x

�
A � �

B
� � �� x

�
A � �� x

�� � � �B
g � .	 � �� . �A � g

� � .	 � ¨� � �� . �A � � 2 � � g iff
¨� � � 2 � � 0

Justlike theMaxwell equations,anarbitraryscalarfield doesnoteffect thevectorfieldsE andB. However, thereis an
additionalscalarfield g which requiresanadditionalconstraintto remaininvariant,namelythatthescalargaugefield
lambdasolvesa homogeneouselliptical equation.Thegaugefreedomseenin theMaxwell equationsis dueto their
incompleteness.

Let capitalLambdabeanarbitraryvectorfield. Transformthepotentiallike so:
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,
�
A � 	��

,
�
A
� � 	 � �� . �� , �A � .�� � �� x

��
Examinetheeffectson fields:

g � .	 � �� . �A � g
� � .	 � �� ..�� � �� . �A � �� ..�� � �� . �� x

�� � g

�
E � �

.�
A � ���	 � �

E
� � �

.�
A � ¨�� � �� x

.�� � ���	 � �� �� . ���
B � �� x

�
A � �

B
� � �� x

�
A � �� x

.�� � �� x
��

x
��

�
E
� � �B � � �E � �B iff

¨�� � � 2
�� � 0

This time thescalarfield g is invariantunderavectorgaugefield transformation.Additional constraintsareplacedon
thegaugefield by E andB. I chooseto detail oneform that left thedifferencebetweenthe E andB fields invariant.
Therearemany moreconstraintsthatcouldbeexamined.

The scalarandvectorgaugefields could be combinedto form a quaterniongaugefield. This gaugetransformation
would have the sameconstraintsas thoseabove to leave the fields invariant. A big questionis why thereareany
suchgaugefields. The reasonis simple: becausetherearehomogeneoussolutionsto the secondorderdifferential
quaternionequations.Thequaterniongaugefield canberepresentedthefollowing way:

	
,
�
A � 	 �

,
�
A
� �

	 � .� � �� . �� , �A � �� � � .�� � �� x
�� � 	

,
�
A � � �

�
t
,
�� �

,
��

Thefieldsareformedby actingon this with a differentialoperator. Thefield equationsaresecondorderequations,as
arethosetermsinvolving lambda.If thesesecondordertermsarepartof a homogeneoussolution,thefieldswill be
invariantunderthegaugetransformation.

Equations of Motion

Equationsof motionaregeneratedjust like thefield equations,exceptthatthe4-velocity is usedinsteadof thediffer-
entialoperator:

� , � �� g,
�
E � �B �

� � g � � �� . �E � � �� . �B, � �E � � �� x
�
B � � �B � � �� x

�
E � � �� g �

�
������� 
.
W

m
� .W

e
,

.�
P

m
� .�

P
e

! """"""#
Therearetwo equationsfor work, two equationsfor momentum,andtwo identities.

� � �� . �E � .W/e

� � �� . �B � 0

� �E � � �� x
�
B �

.�
P/e

.�
B � �� x

�
E � �0

� g � .W/m

� �� g �
.�
P/m

This is, admittedly, anunorthodoxapproachto defininga force. It wasnoticedthatthis operationon a field generated
preciselytheLorentzforce,andhadatermfor theenergyof theE field upto asign.Therearenomiraclesin math.For
thesakeof completeness,theothertermsshouldalsohaveameaning.Termsanalogousto thehomogeneousMaxwell
equationsbecomehomogeneousforceequations.
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Theenergy equationhasaasignoppositeof theconvention,which is consistentwith otherchangesproposedin this
section.Theidentitiesin thetableareusuallynot discussed.Think aboutthedifferentialoperatorandthe4-velocity.

� , � �� �
�����
 
�

t��$ ,
�
t��$
� �

X�
t

! """"
#&%

�
�

t
,
�
� �

X

Thedirectionof the3-vectorin bothtermsis identical,soany identity involving the3-vectorfield equationswill apply
to 3-vectorforces.

It is absolutelyessentialthatNewton’s law canexplicitly befoundhere.Therewill have to bea lot of thinking about
signshere,but theform is correct.Newton’s law by itself is not consistentwith specialrelativity. Fortunately, thereis
anotherterm.

F/m � g � , � ��
This lookslike it shouldgetalongwith specialrelativity just fine!

Unified Equations of Motion

Repeattheexercisefrom above,but this time, look to thepotentials.

� , � ��
�
�
t
, � �� 	

, � �A � � , � �� .	 � �� . �A, �
.�
A � ���	 � �� x

�
A �

� � .	 � � �� .
.�
A � � �� .

.�
A � � �� . ���	 � � �� . �� x

�
A,

� � ¨�
A � � �� .	 � � �� x

.�
A � .	 � �� � �� . �A� �� � � �� x

.�
A � � �� x

���	 � � �� x
��

x
�
A

Thatis prettycomplicated!Thekey to simplifying this equationis to seewhathappensfor light, wheredt/dx � dx/dt.
Gammablowsup,but if theequationis overgamma,thatproblembecomesascalingfactor. With betaequalto one,a
numberof termscancel,which canbeseenmoreclearlyif thetermsarewrittenout explicitly.

�
�����
 .	 �

�
� �

X
.
� �

A�
t
� �

�
X�
t
.
� �

A�
t
� �

�
X�
t
.
�
� �

X

	 � �
�
X�
t
.
�
� �

X
x
�
A,

� .�A � �
� �

X

� 	
�
t
� �
� �

X
x
� �

A�
t
� � 	�

t

� �
X�
t
�

�
� �

X
.
�
A
� �

X�
t
� �
� �

X
x
� �

A�
t
� �
� �

X
x
�
� �

X

	 � �
� �

X
x
�
� �

X
x
�
A

! """"
#

It would takea realmathematicianto statetheproperconstraintson thethreepairsof cancellationsthathappenwhen
velocitiesget flipped. Therearealsoa pair of vectoridentities,presumingsimpleconnectedness.This leadsto the
following equation:
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Thescalarchangein energy dependsonly on thescalarpotential,andthe3-vectorchangein momentumonly depends
on the3-vectorA.

Missing Links

Quaternionshave4 degreesof freedom,yetI haveanalyzedonly two typesof secondorderdifferentialequations.This
maybedueto thecurrentlimitationsof quaternionanalysis,a topic I havebeenmakingmuchprogressonof late.My
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senseit thatoncethequaternionderivative is well defined(andI amworking on a strongcandidate),it will beclear
how to proceed.My dreamis thatspinorswill magicallyappear:-)

Noteaddedlater: Work with thefirst andsecondconjugatesdoeslook like it is involvedwith spin. Wherever there
is a conjugate,swappingin thefirst or secondconjugatewill form a linearly independentdifferentialequation.Now
four setsof equationscanbewritten,but whatit all meansis still a mystery:-)

Take Newton’s law, make it relativistic, andgeneralrelativity is theresult.Generalrelativity haspasseda numberof
experimentaltests.It lookslike this unifiedfield theorymaymakesimilar, if not identicalpredictions.At this point, I
havenotbeenableto dothosecalculations.Thepredictionof this theoryfor theexperimentaltestsof generalrelativity
mustbedeveloped.Until then...
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