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1 Doing the work of the Lor entz group with quaternion rotations and dila-
tions

Intr oduction

In 1905,Einsteinproposedtheprinciplesof specialrelativity withoutadeepknowledgeof themathematicalstructure
behindthework. He hadto rely on his old mathteacherMinkowski to learnthe theoryof transformations(I do not
know thedetailsof Einstein’seducation,but it couldmakeaninterestingdiscussion:-) Eventually, Einsteinunderstood
generaltransformations,embodiedin thework of Riemann,well enoughto formulategeneralrelativity.

A. W. ConwayandL. Silbersteinproposedadifferentmathematicalstructurebehindspecialrelativity in 1911and1912
respectively (a copy of Silberstein’s work is on theweb. HenryBaker hasmadeit availableat ftp://ftp.netcom.com/-
pub/hb/hbaker/quaternions/).Cayley hadobservedbackin 1854thatrotationsin 3D couldbeachievedusinga pairof
quaternionswith a normof one:

q
� � a q b

where a
�

a � b
�
b � 1

If this works in 3D space,why not do the4D transformationsof specialrelativity? It turnsout thata andb mustbe
complex-valuedquaternions,or biquaternions.Is thissobad?Let mequoteP.A.M. Dirac (Proc.Royal Irish Academy
A, 1945,50,p. 261):

”Quaternionsthemselvesoccupy auniqueplacein mathematicsin thatthey arethemostgeneralquantitiesthatsatisfy
thedivision

axiom–thattheproductof two factorscannotvanishwithout eitherfactorvanishing.Biquaternionsdo not satisfythis
axiom,anddonothaveany fundamentalpropertywhichdistinguishesthemfrom otherhyper-complex numbers.Also,
they haveeightcomponents,which is rathertoo many for a simpleschemefor describingquantitiesin space-time.”

Justfor therecord:plentyof fine work hasbeendonewith biquaternions,andI do not deny thevalidity of any of it.
Mucheffort hasbeendirectedtoward”otherhyper-complex numbers”,suchasClifford algebras.For therecord,I am
makingachoiceto focuson quaternionsfor reasonsoutlinedby Dirac.

Dirac tooka Mobiustransformationfrom complex analysisandtried to developaquaternionanalog.Theapproachis
toogeneral,andmustberestrictedto graft theresultsto theLorentzgroup.I personallyhavefoundthisapproachhard
to follow, andhaveyet to build aworking modelof it in Mathematica.I neededsomethingsimpler:-)

Rotation � Dilation

Multiplication of complex numberscanbethoughtof asa rotationandadilation. ConwayandSilberstein’sproposals
only have therotationcomponent.An additionaldilation termmight allow quaternionsto do thenecessarywork.

C. Möller wrotea generalform for a Lorentztransformationusingvectors(”The Theoryof Relativity”, QC6 F521,
1952,eq.25). For fixedcollinearcoordinatesystems:

�
X
� � �

X ���	��
 1 � �
V.

�
X

�
V �
V

 2 
�� t
�
V

t
� � � t 
�� �

V.
�
X

where c � 1, � � 1

1 
�� v/c � 2
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If V is only in thei direction,then�
X
� � � �

X 
�� t
�
V

ˆ
i � y

ˆ
j � z

ˆ
k

t
� � � t 
�� �

V.
�
X

Theadditionalcomplicationto theX’ equationhandlesvelocitiesin differentdirectionsthani.

This hasa vectorequationanda scalarequation. A quaternionequationthat would generatethesetermsmustbe
devoid of any termsinvolving crossproducts.Thesymmetricproduct(anti-commutator)lacksthecrossproduct;

�
q, q

��� � q q
� � q

�
q

2
� t t

� 
 �
X.

�
X
�
, t

�
X � �

X t
�

Möller’sequationlookslike it shouldinvolve two terms,oneof theform AqA (a rotation),theotherBq (adilation).

q
� � q ���	��
 1 �

�
V

�
, q ,

�
V �

V
 2 ��� �

V
�
, q

�
� q ���	��
 1 �

�
V.

�
X, 
 t V , 0,

�
V �

V
 2 ��� 0, 
 �V , t , 
 �X

� t ,
�
X ���	��
 1 � ������ t , �

V.
�
X

�
V �
V

 2
� ����� 
�� �

V.
�
X , t

�
V

This is the generalform of the Lorentztransformationpresentedby Möller. Realquaternionsareusedin a rotation
andadialationto performthework of theLorentzgroup.

Implications

Is this resultat all interesting?A straightrewrite of Moller’s equationwould have beendull. What is interestingis
the equationwhich generatesthe Lorentz transformation.Notice how the Lorentz transformationdependslinearly
on q, but thegeneratordependson q andq*. Thatmayhave interestinginterpretations.Thegeneratorinvolvesonly
symmetricproducts.Therehasbeensomequestionin theliteratureaboutwhetherspecialrelativity handlesrotations
correctly. This is probablyoneof themoreconfusingtopicsin physics,soI will just let theobservationstandby itself.

Two waysexist to usequaternionsto do Lorentztransformations(to be discussedin the next web page).Theother
techniquerelieson thepropertyof a divisionalgebra.ThereexistsaquaternionL suchthat:

q
� � L q

such that scalar � q � , q
� � � scalar � q, q � � t 2 
 �

X.
�
X

For aboostalongthei direction,

L � q
�

q
� �	� t 
�� v x, 
�� v t ��� x, y, z ��� t , 
 x, 
 y, 
 z �� t 2 � x2 � y2 � z2 �� �	� t 2 
 2� t v x ��� x2 � y2 � z2, � v � 
 t 2 � x2 � ,

t y 
 x z 
�� t � y � v z �!��� x � v y � z � ,
t z � xy ��� t � v y 
 z �!��� x � 
 y � v z �"�� t 2 � x2 � y2 � z2 �

if x � y � z � 0, then L � �	� , 
�� v, 0, 0 �
if t � y � z � 0, then L � �	� , � v,0, 0 �
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The quaternionL dependson the velocity andcandependon location in spacetime(85% of the type of problems
assignedundergraduatesin specialrelativity usean L thatdoesnot dependon locationin spacetime).Somepeople
view thatasa bug, but I seeit asa modernfeaturefound in thestandardmodelandgeneralrelativity asthedemand
thatall symmetryis local. Theexistenceof two approachesmaybeof interestin itself.
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2 An alternativealgebra for Lor entzboosts

Intr oduction

Many problemsin physicsareexpressedefficiently asdifferentialequationswhosesolutionsaredictatedby calculus.
The foundationsof calculuswereshown in turn to rely on thepropertiesof fields (themathematicalvariety, not the
onesin physics). According to the theoremof Frobenius,thereare only threefinite dimensionalfields: the real
numbers(1D), thecomplex numbers(2D), andthequaternions(4D). Specialrelativity stressesthe importanceof 4-
dimensionalMinkowski spaces:spacetime,energy-momentum,andtheelectromagneticpotential. In this notebook,
eventsin spacetimewill betreatedasthe4-dimensionalfield of quaternions.It will beshown thatproblemsinvolving
boostsalonganaxisof a referenceframecanbesolvedwith this approach.

The toolsof specialrelativity

Threemathematicaltools are requiredto solve problemsthat arisein specialrelativity. Eventsare representedas
4-vectors,which canbe addor subtracted,or multiplied by a scalar. To form an innerproductbetweentwo vectors
requirestheMinkowski metric,which canberepresentedby thefollowing matrix (wherec # 1).

Mmetric
� ��������

1 0 0 0
0 
 1 0 0
0 0 
 1 0
0 0 0 
 1

� ������� $
�
t , x, y, z

�
.Mmetric .

�
t , x, y, z

�
t 2 
 x2 
 y2 
 z2

g %'& � ��������
1 0 0 0
0 
 1 0 0
0 0 
 1 0
0 0 0 
 1

� �������

�
t , x, y, z

�
.g % & . �

t , x, y, z
� � t 2 
 x2 
 y2 
 z2

TheLorentzgroupis definedasthe setof matricesthatpreservesthe innerproductof two 4-vectors.A memberof
this groupis for boostsalongthex axis,whichcanbeeasilydefined.

�)(	* +-, � 1

1 
�* 2

.
x (	* +/, �

��������
�)(	*0+ 
�*1�)(	*0+ 0 0
�*2�)(	*0+ �)(	*0+ 0 0

0 0 1 0
0 0 0 1

� �������
�)(	* +-, � 1

1 
�* 2

.
x (	* +/, �

��������
�)(	*0+ 
�*1�)(	*0+ 0 0
�*2�)(	*0+ �)(	*0+ 0 0

0 0 1 0
0 0 0 1

� �������
heboosted4-vectoris
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.
x (	*0+ . �

t , x, y, z
�

t

1 
3* 2

 x *

1 
4* 2
,

x

1 
4* 2

 t *

1 
3* 2
, y, z

.
x (	*0+5� t , x, y, z �

� �������� t

1 
4* 2

 x *

1 
3* 2
,

x

1 
3* 2

 t *

1 
3* 2
, y, z

� �������
To demonstratethattheinterval hasbeenpreserved,calculatetheinnerproduct.

Simplify (.
x (	*0+ . �

t , x, y, z
�
.Mmetric .

.
x (	*0+ . �

t , x, y, z
� +

t 2 
 x2 
 y2 
 z2

.
x (	*0+5� t , x, y, z � g %'& .

x (	*0+�� t , x, y, z �� t 2 
 x2 
 y2 
 z2

Startingfrom a 4-vector, this is the only way to boosta referenceframe along the x axis to another4-vectorand
preserve theinnerproduct.However, it is notclearwhy onemustnecessarilystartfrom a 4-vector.

Usingquaternions in specialrelativity

Eventsaretreatedasquaternions,a skew field or division algebrathat is 4 dimensional.Any tool built to manipulate
quaternionswill alsobea quaternion.In this way, althougheventsplay a differentrole from operators,they aremade
of identicalmathematicalfabric.

Thesquareof a quaternionis

Simplify

��������
q ( t , x, y, z + . q ( t , x, y, z +1�
q ( t , x, y, z + . q ( t , x, y, z +

2

� ������� . �
1,0, 0, 0

�
�
t 2 
 x2 
 y2 
 z2,2 t x,2 t y,2 t z

�
t ,

�
X

2 � t 2 
 �
X.

�
X, 2 t

�
X

Thefirst termof squaringa quaternionis theinvariantinterval squared.Thereis implicitly, a form of theMinkowski
metricthat is partof therulesof quaternionmultiplication. Thevectorportionis frame-dependent.If a setof quater-
nionscanbefoundthatdonotaltertheinterval, thenthatsetwouldservethesameroleastheLorentzgroup,actingon
quaternions,noton4-vectors.If two 4-vectorsx andx’ areknown to havethepropertythattheir intervalsareidentical,
thenthefirst termof squaringq[x] andq[x’] will beidentical.Becausequaternionsareadivisionring, theremustexist
a quaternionL suchthatL q[x] # q[x’] sinceL # q[x’] q[x]ˆ-1. The inverseof a quaternionis its transposedivided
by thesquareof the norm (which is the first term of transposeof a quaterniontimesitself). Apply this approachto
determineL for 4-vectorsboostedalongthex axis.
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Simplify

q (	�)(	*0+ t 
�*��)(	*0+ x, 
3*2�)(	*0+ t ���)(	*0+ x, y, z + .
Transpose ( q ( t , x, y, z +"+� Transpose ( q ( t , x, y, z +"+ .q ( t , x, y, z +"��("( 1,1 +"+ .�

1, 0, 0, 0
�

t 2 � x2 
 2 t x *��6� y2 � z2 � 1 
4* 2

� t 2 � x2 � y2 � z2 � 1 
3* 2
,

� 
 t 2 � x2 �3*� t 2 � x2 � y2 � z2 � 1 
0* 2
,


 t y � z *)
 y 1 
3* 2 � x z � y *�
 z 1 
3* 2

� t 2 � x2 � y2 � z2 � 1 
0* 2
,

x z *�� y 
 1 � 1 
3* 2 � t y *�� z 
 1 � 1 
4* 2

� t 2 � x2 � y2 � z2 � 1 
4* 2

�	�)(	*0+ t 
4*1�)(	*0+ x, 
4*1�)(	*0+ t �4�)(	*0+ x, y, z ��� t , x, y, z �87 1

� t 2 � x2 
 2 t x *9�:� y2 � z2 � 1 
3* 2, � 
 t 2 � x2 �3* ,

 t y � z *)
 y 1 
3* 2 � x z � y *�
 z 1 
4* 2 ,

x z *9� y 
 1 � 1 
4* 2 � t y *�� z 
 1 � 1 
3* 2

� t 2 � x2 � y2 � z2 � 1 
4* 2 ; L

DefinetheLorentzboostquaternionL alongx usingthis equations.L dependson therelative velocity andposition,
makingit ”local” in a sense.Seeif L q[x] # q[x’].

Simplify ( Expand ("�
L ( t , x, y, z, *0+ . q ( t , x, y, z +"� . �

1, 0, 0,0
� +"+

� � t 
 x *0�4�)(	*0+ , � x 
 t *0�4�)(	*0+ , y, z
�

L ( t , x, y, z, *0+�� t , x, y, z �� �	� t 
��1* x , 
3�2* t ��� x, y, z �
This is a quaternioncomposedof the boosted4-vector. At this point, it canbe saidthat any problemthat canbe
solvedusing4-vectors,theMinkowski metricandaLorentzboostalongthex axiscanalsobesolvedusingtheabove
quaternionfor boostingtheeventquaternion.This is becausebothtechniquestransformthesamesetof 4 numbersto
thesamenew setof 4 numbersusingthesamevariablebeta.To seethis work in practice,pleaseexaminetheproblem
sets.

Confirmtheinterval is unchanged.

Simplify ("�
L ( t , x, y, z, *0+ . q ( t , x, y, z + .
L ( t , x, y, z, *0+ . q ( t , x, y, z +"� . �

1, 0,0, 0
� +

t 2 
 x2 
 y2 
 z2,
2 � t 2 *9� x2 *�
 t x � 1 �3* 2 �"�
 1 �3* 2 ,

2 y � t 
 x *0�
1 
3* 2

,
2 z � t 
 x *0�

1 
0* 2
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� L ( t , x, y, z, *0+5� t , x, y, z �"� 2

� �������� t 2 
 x2 
 y2 
 z2,
2 � t 2 *9� x2 *9
 t x � 1 �4* 2 �"�
 1 �4* 2 ,

2 y � t 
 x *0�
1 
3* 2

,
2 z � t 
 x *0�

1 
0* 2

� �������
Thefirst termis conservedasexpected.Thevectorportionof thesquareis framedependent.

Usingquaternions in practice

The boostquaternionL is too complex for simplecalculations.Mathematicadoesthe grungework. A greatmany
problemsin specialrelativity donot involveangularmomentum,which in effectsetsy # z # 0. Further, it is oftenthe
casethat t # 0, or x # 0, or for Dopplershift problems,x # t. In thesecases,theboostquaternionL becomesa very
simple.

If t # 0, then

L �"� L ( 0, x, 0, 0, *0+ . �
1,0, 0, 0

�

L � �������� 1

1 
3* 2
,

*
1 
3* 2

, 0, 0

� �������
L � �)� 1, * , 0, 0 �
q 
 > q

� � Lq

� 0, x,0, 0 �1
 > � t � , x
�
, 0,0 � � � 
��1* x, � x,0, 0 �

If x # 0, then

L �"� L ( t ,0, 0, 0, *0+ . �
1,0, 0, 0

�

L � �������� 1

1 
3* 2
, 
 *

1 
4* 2
, 0, 0

� �������
L � �)� 1, 
�* ,0, 0 �
q 
 > q

� � Lq

t ,
�
0 
 > � t � , x

�
, 0, 0 � � �	� t , 
��1* t , 0, 0 �

If t # x, then

L �"� Simplify ( L ( t , t , 0,0, *0+ . �
1, 0, 0,0

� +
L �"� 1 
3*

1 
4* 2
, 0, 0, 0

L � �)� 1 
3* ,0, 0, 0 �
q 
 > q

� � Lq

� t , x,0, 0 �"
 > � t � , x
�
, 0, 0 � � �)� 1 
4*0��� t , x, 0, 0 �
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Note: this is for blueshifts.Redshiftshavea plusinsteadof theminus.

Over50problemsin asophomore-level relativistic mechanicsclasshavebeensolvedusingquaternions.90%required
this verysimpleform for theboostquaternion.

Implications

Problemsin specialrelativity can be solved either using 4-vectors,the Minkowski metric and the Lorentz group,
or usingquaternions.No experimentaldifferencebetweenthe two methodshasbeenpresented.At this point the
differenceis in themathematicalfoundations.

An immenseamountof work hasgoneinto the studyof metrics,particularin thefield of generalrelativity. A large
effort hasgoneinto grouptheoryandits applicationsto particlephysics.Yetattemptsto unitethesetwo areasof study
have failed.

Thereis no division betweenevents,metricsandoperatorswhensolving problemsusingquaternions.Onemustbe
judiciousin choosingquaternionsthatwill berelevantto a particularproblemin physicsandthereinlies theskill. Yet
this createshopethatby usingquaternions,the long division betweenbetweenmetrics(theGrassmaninnerproduct)
andgroupsof transformations(setsof quaternionsthatpreserve theGrassmaninnerproduct)maybebridged.
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3 8.033ProblemSet1, Kinematic Effectsof Relativity

Preamble: Initiation functions

Thereare a few tools requiredto solve problemsin specialrelativity using quaternionsto characterizeeventsin
spacetime.Themostbasicaregammaanda roundvaluefor c.

�)(	* +-, � 1

1 
�* 2

c � 3 108 m/s $
Definea functionfor quaternionsusingits matrix representation.

q ( t , x , y , z +/, �
��������
t 
 x 
 y 
 z
x t 
 z y
y z t 
 x
z 
 y x t

� �������
A quaternionL thatperforma transformona quaternion-

L q[x] # q[x’ ] - identicalto how theLorentztransformationactson 4-vectors- Lambdax # x’ - shouldexist. These
aredescribedin detail in thenotebook”A differentalgebrafor boosts.” For boostsalongthex axiswith y # z # 0, the
generalfunctionfor L is

L ( t , x , * +/, �
1

t 2 � x2 q (	�)(	*0+ t 2 
 2 �)(	*0+�* t x ���)(	*0+ x2, 
�*1�)(	*0+5� t 2 
 x2 � , 0, 0 +
Mostof theproblemshereinvolvemuchsimplercasesfor L, wheret or x is zero,or t is equalto x.

If t # 0, then

L ( 0, x, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 ,
=
1 <3= 2 ,0,0

If x # 0, then

L ( t , 0, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 , < =
1 <3= 2 ,0,0

If t # x, then

Simplify ( L ( t , t , *0+ . �
1,0, 0, 0

� +
1 <3=
1 <3= 2 ,0,0,0

Note: this is for blueshifts.Redshiftshavea plusinsteadof theminus.

Theproblemsarefrom ”Basic Conceptsin Relativity” by ResnickandHalliday, c
>

1992by Macmillian Publishing,
”SpecialRelativity” by A. P. French, c

>
1966,1968by MIT, andProf. M. Barangerof MIT.

R&H 2-9: A moving clock

Q: A clock movesalongthex axisat a speedof 0.6candreadszeroasit passestheorigin. Whattime doesit readas
it passesthe180m markon thex axis?
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A: A clock measuresan interval betweentwo events.Thefirst eventoccursat theorigin. Thesecondeventhappens
at 180m in a time of 180m/v. Calculatetheinterval by squaringthedifferencequaternionandthentakingthesquare
root of thefirst term.

� q ( 180 m/ � 0.6 c � , 180 m/c,0, 0 + .
q ( 180 m/ � 0.6 c � ,180 m/c,0, 0 +"��("( 1,1 +"+

8. ? 10@ 7 s2

Themoving clock reads8 x 10ˆ A 7 seconds.

R&H 2-10: A moving rocket

Q: A rod liesparallelto thex axisof referenceframeS,moving alongthisaxisataspeedof 0.6c.Its restlengthis 1.0
m. Whatwill beits measuredlengthin frameS?

A: Considerthemeterstick at restin a frameS’, oneendat theorigin, theotherat q[0, 1 m, 0, 0]. We wantto boost
thestick endquaternionto frameS. Theboostquaternionwhent # y # z# 0 is L B q CED , FGDIH , 0, 0 J . In frameS’,
frameS is moving at -0.6c.

stick end
� q (	�)( 
 0.6 + , 
 0.6 �)( 
 0.6 + ,0,0 + . q ( 0, 1 m, 0, 0 + $

Thestartof thestick will movefor a timeequalto thefirst termof theboostedquaternion,andmovedby a distancex# vt/c.

stick start
� q ( stick end ("( 1,1 +"+ , 0.6 stick end ("( 1,1 +"+ , 0, 0 + $

Themeterstick’s lengthin frameS will be thedifferenceat thesameinstantin this framebetweentheboostedstick
endandtranslocatedstick start.

stick length
� � stick end 
 stick start � . �

1,0, 0, 0
�K

0. m,0.8 m,0,0 L
Themeterstick is lengthcontractedto 0.8metersin frameS.

R&H 2-13: A fast spaceship

Q: The lengthof a spaceshipis measuredto be exactly half its rest length. (a) What is the speedof the spaceship
relative to theobserver’s frame?(b) By what factordoesthespaceship’s clocksrun slow, comparedto clocksin the
observer’s frame?

A: (a) Considerthespaceshipat rest,oneendat theorigin, theotherat q[0, d, 0, 0]. We want to boosttheshipend
quaternionto the observer’s frame. Theboostquaternionwhent # y # z# 0 is L B q CED , DMH , 0, 0 J . In the ship’s
frame,theobserver is moving at -v/c.

ship end
� q (	�)( 
�*0+ , 
�*1�)( 
�*0+ ,0, 0 + . q ( 0, d, 0, 0 + $

Thestartof theshipwill movefor a time equalto thefirst termof theboostedquaternion,andmovedby a distancex# vt/c.

ship start
� q ( ship end ("( 1, 1 +"+ , * ship end ("( 1,1 +"+ , 0,0 + $

Theship’s lengthin theobserver’s framewill bethedifferenceat thesameinstantin this framebetweentheboosted
shipendandtranslocatedshipstart.

ship length
� � ship end 
 ship start � . �

1, 0,0, 0
�

0,
d

1 <3= 2 < d = 2
1 <0= 2 ,0,0
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Solve for beta settingthis distanceto d/2.

Solve ( ship length ("( 2 +"+ �"� d/2, *0+
=ONP< 3

2
, =QN 3

2

Betais 3/2 # 0.866.

(b) Thefactorthattheclocksappearto runat differentratesis gamma.

� 3

2
2
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4 8.033ProblemSet2, Mor eKinematic Effectsof Relativity

French: 4-5

Q: A rocketshipof properlengthd travelsatconstantvelocityv relative to a frameS.Thenoseof theship(A’) passes
thepointA in S at t # t’ # 0, andat this instanta light signalis sentout from A’ to B’ (theendof theship). (a)When,
by rocketshiptime (t’), doesthesignalreachthetail (B’) of theship?(b) At whattime t1, asmeasuredin S,doesthe
signalreachthetail (B’) of theship?

(c) At whattime t2, asmeasuredin S,doesthetail of theship(B’) passthepoint A?

A: (a) In therocket’s frame,thelight is emittedaproperlengthd from theorigin travelingat c, sot’ # d/c.

(b) In therocket’sframe,theeventof thesignalreachingthetail is representedby thequaternionq C d/C,d/C, 0, 0 J .
In frameS, thelight is blueshiftedbecausetherocket is approachingat a speedof -beta.

t1 � Simplify (�	�)(	*0+!
�*1�)(	*0+"� q ( d/C, d/C,0, 0 + . �
1, 0,0, 0

� +
< d R < 1 S3=0T
C 1 <4= 2 , < d R < 1 S3=0T

C 1 <4= 2 ,0,0
Thetime thesignalarrivesin frameSis UEVWB 1 X8Y

1 Z8Y d
c .

(c) Thelengthof theshipin frameSmustbecalculatedfirst. Boosttheship’sendatq[0, d, 0, 0] to frameS.Theboost
quaternionis L B q CED , D:H , 0, 0 J .

ship end
� q (	�)( 
�*0+ , 
�*1�)( 
�*0+ ,0, 0 + . q ( 0, d, 0, 0 + $

Thestartof theshipwill movefor a time equalto thefirst termof theboostedquaternion,andmovedby a distancex# vt/c.

ship start
� q ( ship end ("( 1, 1 +"+ , * ship end ("( 1,1 +"+ , 0,0 + $

Theship’s lengthin frameS will bethedifferenceat thesameinstantin this framebetweentheboostedshipendand
translocatedshipstart.

ship length
� � ship end 
 ship start � . �

1, 0,0, 0
�

0,
d

1 <3= 2 < d = 2
1 <0= 2 ,0,0

t2 � Simplify
ship length ("( 2 +"+*

d < d = 2
= 1 <3= 2

Thetime therocketship’s tail arrivesis U\[]B d/H:D in frameS.

French: 4-9

Q: Two spaceships,eachmeasuring100m in its own restframe,passby eachothertraveling in oppositedirections.
The instrumentson spaceshipA determinethat the front endof spaceshipB requires5 microsecondsto traversethe
full lengthof A. (a) What is therelative velocity of the2 spaceships?(b) A clock in thefront endof B readsexactly
oneo’clock asit passesby thefront endof A. Whatwill theclock readasit passesby therearendof A?

A: (a)Givena lengthanda time,divide oneby theotherto gettherelativevelocity.

q ( 5 10 7 6 s, 100 m,0, 0 +�("( 2,1 +"+
q ( 5 10 7 6 s, 100 m,0, 0 +�("( 1,1 +"+
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20000000 m

s

Therelativevelocity is 2 x 10ˆ7m/s.

(b) Thepropertimeof theclock in rocketshipB is theinterval,whichwhenusingquaternionsis thesquarerootof the
first termof thequaternionsquared.

� q ( 5. 10 7 6 s, 100 m/c,0, 0 + .
q ( 5. 10 7 6 s, 100 m/c, 0,0 +"��("( 1,1 +"+

4.98888 ? 10@ 6 s2

Theclock in rocketB readsoneo’clock plus4.99microseconds.

French: 4-12

Q: At noona rocketshippassestheEarthwith a velocity 0.8c. Observerson theshipandon theEarthagreethat it is
noon.

(a) At 12:30P.M. asreadby a rocketshipclock, the ship passesan interplanetarynavigationalstationthat is fixed
relative to theEarthandwhoseclocksreadEarthtime. Whattime is it at thestation?(b) How far from theEarth(in
Earthcoordinates)is thestation?

(c) At 12:30P.M. rocketshiptimetheshipreportsby radiobackto Earth.When(by Earthtime)doestheEarthreceive
thesignal?

(d) ThestationonEarthrepliesimmediatelyWhen(by rocket time) is thereply received?

SolvethisproblemTWICE,onceusingtheEarthasareferenceframeandthenusingtherocketat thereferenceframe.

A: (a)FromtheEarthframe,we aregiventhepropertime on therocketclock as30’. This interval is equalto theone
seenby theEarth,which is calculatedby squaringthequaternionandsolvingfor t.

Solve ("� q ( t , 
 0.8 t , 0, 0 + .
q ( t , 
 0.8 t , 0, 0 +"��("( 1,1 +"+ �"� � 30 min � 2,

t +K"K
t NP< 50. min L , K

t N 50. min L"L
Thetimeon theEarthclock is 50 min.

(b) Multiply thetime by thespeedandgettheunitsright.

dstation
� 0.8 c 50 min

60 s

min
7.2 ? 1011 m

Thedistanceis 7.2x 10ˆ11meters.

(c) Thetimeof therocketemittingthesignal,50’, plusits travel time from thatlocation,50’ v/c # 40, is 90’, or 1:30.

t earthreceives
� 50 min � 0.8 50 min

90. min

(d) Find the intersectionof the world line of the rocket, x/c # v t/c, andthe world line of the light emittedfrom the
Earthat90 min,

x/c # t - 90’.

Solve ( x/C �"� t 
 90 min /. x/C
 > 0.8 t , t +K"K
t N 450. min L"L
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Thepositionof theevent is 450’ v/c # 360’. We needthepropertime of this interval, which will be thetime on the
rocketclock.

� q ( 450 min , 360 min ,0, 0 + .
q ( 450 min , 360 min , 0, 0 +"��("( 1,1 +"+

270 min2

At 4:30rocket time, thelight from theEarthwill bereceivedat therocket.

A’: Now from therocket frame...

(a’) Fromtherocket frame,wearegivent # 30’, x # 0. Weneedto boostthispropertime interval to theEarth’s frame.

q (	�)( 0.8 + , 0.8 �)( 0.8 + ,0, 0 + .
q ( 30 min , 0,0, 0 + . �

1, 0, 0,0
�K

50. min,40. min,0,0 L
Thetime in theEarthframeis 50 min.

(b’) Thedistancefrom theEarthin theEarth’s frameis thesecondtermof theabove quaternion.Convert 40 min to
meters.

40 min
60 s

min
c

720000000000 m

Thedistanceis 7.2x 10ˆ11meters.

(c’) Find theintersectionof theworld line of theEarth,x/c # -v t/c, andthelight emittedat 30’, x/c # -t ^ 30.

Solve ( x/C �"� 
 t � 30 min /. x/C 
 > 
 0.8 t , t +K"K
t N 150. min L"L

Thepositionof this event is 150’ v/c # 120’. We needthepropertime of this interval, which will bethetime on the
Earthclock.

� q ( 150 min , 120 min ,0, 0 + .
q ( 150 min , 120 min , 0, 0 +"��("( 1,1 +"+

90 min2

At 1:30Earthtime, thelight will bereceivedfrom therocket.

(d’) It is 150’ in therocket framewhentheEarthemitsthesignal.It will take120’ for thesignalto arrive. 150’ ^ 120’# 270’ or 4:30.

q ( 150 min , 120 min , 0, 0 +�("( 1,1 +"+��
q ( 150 min , 120 min , 0, 0 +�("( 2,1 +"+
270 min

Thesameansweragain!

R & H: 2-14A slow airplane

Q: An airplanewhoserestlengthis 40.0m is moving at auniform velocitywith respectto theEarthata speedof 630
m/s. (a)By whatfractionof its restlengthwill it appearto beshortenedto anobserveron Earth?(b) How longwould
it take by Earthclocksfor theairplane’s clock to fall behindby 1 microsecond,assumingthatonly specialrelativity
applies?

A: (a)Boosttheplane’s tail in theplane’s frameto theEarth’s frameby aspeedof -630m/s.

* plane
� 630.m/s /c
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2.1 ? 10@ 6
dtail

� q (	�)( 
�* plane + , 
�* plane �)( 
�* plane + , 0, 0 + .
q ( 0, 40 m, 0, 0 + $

Calculatethedistancetraveledby thenosein this amountof time.

dnose
� q ( dtail ("( 1, 1 +"+ , * plane dtail ("( 1,1 +"+ ,0, 0 + $

Subtractthedistancetraveledby thenosefrom thetail. Take theratioof this differencewith therestlength.

1 
 � dtail 
 dnose ��("( 2,1 +"+
40 m

2.205 ? 10@ 12
Theratioof lengthsasseenon theEarthis 1 minusthis smallnumber.

(b)Wewantto know thedifferentialtimebetweenaboostedclockandoneatrest.Thisis thefirst termof thedifference
betweena boostedandunboostedclock.

� q (	�)(	* plane + , * plane �)(	* plane + ,0, 0 + . q ( t , 0,0, 0 +1

q ( t ,0, 0, 0 +"��("( 1,1 +"+

2.205 ? 10@ 12 t
Setthis equalto 1 microsecondandsolve for t.

NSolve ( % �"� 10 7 6 s, t +K"K
t N 453515. s L"L

453515 . s
min

60 s

hr

60 min

day

24 hr
5.24902 day

Theplanemusttravel for 4.53x10ˆ5s to getout of syncby a microsecondwith theEarth,or 5.25days.

R & H: 2-21Travel to the galacticcenter!

Q: (a)Canaperson,in principle,travel from Earthto thegalacticcenter(which is about28,000lyr distant)in anormal
lifetime? (b) Whatconstantvelocitywould beneededto make thetrip in 30years(propertime)?

A: (b) Boosttherocketeerup to theBIG speedB # 1-e,setthedistanceto thedestinationd, andsolve for e.

Solve (� q (	�)( 1 
 e + , � 1 
 e �3�)( 1 
 e + ,0, 0 + .
q ( t , 0,0, 0 +"��("( 2,1 +"+ �"� d, e +
e N d2 S t2 < d d2 S t2

d2 S t2 , e N d2 S t2 S d d2 S t2
d2 S t2

Plugin numbers.

N ( %/. �
d 
 > 28000 , t 
 > 30

� +K"K
e N 5.73979 ? 10@ 7 L , K

e N 2. L"L
Theconstantspeedrequiredto make the trip in 30 yearsis 1 - 5.7 x 10ˆ-7 lessthanc. Theanswerto (a) is thatasa
purelymathematicalexercise,onecouldsayyes.However, thisdoesnotaccountfor theenergy requiredto reachsuch
a speed.An analysiswhich investigatedtheenergy requirementswouldprobablyconcludethatit cannotbedone.
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R & H: 2-24Decayin flight (II)

Q: Themeanlifetime of muonsstoppedin aleadblockin thelaboratoryis measuredto be2.2microseconds.Themean
lifetime of high-speedmuonsin a burstof cosmicraysobservedfrom theEarthis measuredto be16 microseconds.
Find thespeedof thesecosmicray muons.

A: Boostthemuonfrom its restframeto thelab.

muonlab
� q (	�)(	*0+ , *1�)(	*0+ ,0, 0 + . q ( 2.2 _ s, 0, 0, 0 + $

Setthetimecomponentof thequaternionequalto 16 microseconds.

Solve ( muonlab ("( 1, 1 +"+ �"� 16 _ s, *0+K"K =ONP< 0.990502 L , K =QN 0.990502 L"L
Themuonis travelling 0.9905c.

R & H: 2-25Decayin flight (III)

Q: An unstablehigh-energy particleentersa detectorand leavesa track 1.05 mm long beforeit decays. Its speed
relative to thedetectorwas0.992c.Whatis its properlifetime?

A: Boosttheproperpathof unknown lengthL by v/c # 0.992,solve for L giventhelab lengthL’.

Solve ("� q (	�)( 
 0.992 + , 
�� 
 0.992 �0�)( 
 0.992 + ,0, 0 + .
q ( 0, L, 0,0 +"��("( 2,1 +"+ �"� 0.00105 m/c,L +K"K

L N 4.41833 ? 10@ 13 s L"L
Theaveragelifetime is 4.4x 10ˆ A 13 s.

R & H: 2-26Decayin flight (IV)

Q: In the targetareaof an acceleratorlaboratorythereis a straightevacuatedtube300 m long. A momentaryburst
of 1 million radioactiveparticlesentersat oneendof thetube,moving at a speedof 0.80c.Half of themarrive at the
otherendwithouthaving decayed.(a)How long is thetubeasmeasuredby anobservermoving with theparticles?(b)
What is thehalf-life of theparticlesin this samereferenceframe?(c) With whatspeedis thetubemeasuredto move
in this frame?

A: (a)Sameasabove.

Solve ("� q (	�)( 
 0.8 + , 
�� 
 0.8 �4�)( 
 0.8 + ,0, 0 + .
q ( 0,L, 0, 0 +"��("( 2,1 +"+ �"� 300 m, L +K"K

L N 180. m L"L
Thetubelooks180m long to themoving particles.

(b) Thelengthof thetargetis equalto onehalf life, t # L/v.
180 m

0.8 c
7.5 ? 10@ 7 s

Thehalf life is 750nanoseconds.

(c) By symmetry, v # 0.8c.By calculation.
180 m

c 7.5 10 7 7 s
0.8

Thetubelookslike it is moving 0.8cin therestframeof theparticles.
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R & H: 2-28Simultaneous- but to whom?

Q: An experimenterarrangesto triggertwo flashbulbssimultaneously, ablueflashlocatedat theorigin of hisreference
frameanda redflashat x # 30 km. A secondobserver is moving at a speedof 0.25cin thedirectionof increasingx,
andalsoviews theseflashes.(a)Whattime interval betweenthemdoeshefind?

(b) Whichflashdoeshesayoccursfirst?

A: (a)For thefirst observer, theblueflashstaysat theorigin. Theredflashis boostedto a new locationin spacetime.

� q (	�)( 0.25 + , � 0.25 �4�)( 0.25 + ,0, 0 + .
q ( 0, 30 103 m/c,0, 0 +"��("( 1,1 +"+< 0.0000258199 s

Therewill be26 microsecondsbetweentheflashes.

(b) Theorigin won’t changeundertheboost.Frompart(a) theflashof redlight eventwill bechangedto -26microsec-
onds.Thereforetheredlight appearsfirst to therocketeer.

R & H: 2-36What time is it anyway?

Q: ObserversS andS’ standat theoriginsof their respective frames,which aremoving relative to eachotherwith a
speedof 0.6c.Eachhasa standardclock,which,asusual,they setto zerowhenthetwo originscoincide.ObserverS
keepstheS’ clock visually in sight. (a)Whattimewill theS’ clock recordwhentheS clock records5 microseconds?
(b) Whattime will observerS actuallyreadon theS’ clock whenhisown clock reads5 microseconds?

A: (a) We mustdeterminethepropertime for a clock with t # 5 microseconds,andx # v t, by takingthesquareroot
of thefirst termof theeventquaternionsquared.

� q ( 5 _ s, 0.6 5 _ s, 0,0 + .
q ( 5 _ s, 0.6 5 _ s, 0, 0 +"��("( 1,1 +"+

4. ` s2
TheS’ clock will record4 microsecondswhentheclock in S reaches5 microseconds.

(b) Theintersectionof theworldlineof therocket,x/c # 0.6t anda lightconepassingthrought # 5 microseconds,x #
0 canbesolvedfor t.

Solve ( x/C �"� 
 t � 5 _ s /. x/C
 > 0.6 t , t +K"K
t N 3.125 ` s L"L

TheS’ clock will readtheinterval of thequaternionat this intersection.Calculatetheinterval asin part(a).

� q ( 3.125 _ s, 0.6 3.125 _ s, 0, 0 + .
q ( 3.125 _ s, 0.6 3.125 _ s, 0, 0 +"��("( 1,1 +"+

2.5 ` s2
At 5 microseconds,theobserver in frameS will actuallysee2.5microsecondson theS’ clock.

Baranger: The cat’s life

Q: A newborncatis put aboarda shipleaving Earthfor Andromedaat speedv # 0.6c.Thecatdieson theshipat age
7 years.(a) How far from theEarthin theEarth’s frameis theshipwhenthecatdies?(b) A radiosignalis sentfrom
theshipwhenthecatdies.Whendoesthis signalgetto theEarthby Earthtime?

(c) Bonus:Whatis theprobabilityamplitudethatSchrodingerkilled thecat?
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A: (a)Thepropertimeof thecat’s life is 7 years.Boostit to theEarth’s frame.

q (	�)( 
 0.6 + , 
�� 
 0.6 �4�)( 
 0.6 + ,0, 0 + .
q ( 7 yr , 0, 0,0 + . �

1,0, 0, 0
�K

8.75 yr,5.25 yr,0,0 L
In theEarth’s frame,thecatdiedaftertravelingadistanceequalto 5.25years.

(b) It will take 5.25yearsfor thelight to getbackfrom thetime whenthecatdied(8.75years),sothesignalreaches
Earthin

5.25 ^ 8.75 # 14years.

(c) Schrodingerposedthequestionasa joke. He is definitelystill laughing.

Baranger: A particle’s life

Q: A particlemoving with speedv # 0.99cgoeson theaverageadistance12.5m beforedecaying.Whatis its proper
lifetime?

A: Take thelifetime of theparticlein its own frame,boostit to thelab’s frame.

particle lab
�

q (	�)( 0.99 + , 0.99 �)( 0.99 + ,0,0 + . q ( t , 0, 0,0 + $
In thelab,x # 12m. Setthemequal,solve for thelifetime.

Solve ( particle lab ("( 2,1 +"+ �"� 12 m/c, t +K"K
t N 5.69969 ? 10@ 9 s L"L

Thelifetime is 5.7ns.

Baranger: Trains & clocks

Q: Thetrainis moving with avelocityv. At theheadof thetrain,theengineercomparesherclockC’1 with astationary
clock C1 outsideasshepassesit, andfindsthatbothclocksreadtime zero.At thesamemoment(for thetrain frame)
theconductorin thecaboosecompareshis clock C’2 (which thereforealsoreadszero)with a stationaryclock C2 he
happensto bepassing.WhatdoesC2 read?ThedistancebetweentheclocksC’1 andC’2 measuredby peopleon the
train is L.

A: The interval for bothsetsof clocksis L/C. For theobserver on the ground,setthe time to t, the distanceto vt/c.
Squarethis quaternion,setthefirst termequalto thesquareof theinterval, andsolve for t.

Solve � q ( t , v t /C, 0, 0 + .
q ( t , v t /C, 0, 0 +"��("( 1,1 +"+ �"� L/C, t

t NP< I L< C2 S v2 , t N I L< C2 S v2
Theclockwill readt BaF9D L/c. NotethatMathematicahaserroneouslyinjecteda factorof I into the”solution”.

Baranger: Blow up the Earth

Q: Someinhabitantsof theAndromedanebulaaretraveling throughtheMilk y Way in a flying saucerwhoseconstant
velocityequals0.8c.Goingby theEarth,they find out thatit is A. D. 1996hereandthey synchronizetheirclockswith
ours. In A. D. 2005,mankindblows up theEarth. At what time, on their clock, do thetravellersin theflying saucer
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learnof this event,assumingthat they have beenwatchingusall alongthrougha telescope.Try a few waysof doing
this problem.

A: Fromtheframeof theEarth,find theintersectionof theworld line of thesaucer, x/c # 0.8t, andthelight conefrom
theexplosionof theEarth,x/c # t ^ 9 yr.

Solve ( x/C �"� t 
 9 yr /. x/C
 > 0.8 t , t +K"K
t N 45. yr L"L

Thesaucerhastravelleda distanced # v t. Calculatetheinterval which will give thesaucer’spropertime.

� q ( 45 yr , 0.8 45 yr , 0, 0 + .
q ( 45 yr , 0.8 45 yr , 0, 0 +"��("( 1,1 +"+

27. yr2

In 27 yearstime,or 2023,thesaucerwill notethedemiseof Earth.

A’: Repeatthecalculationfrom thesaucerframe.We know theinterval is 9 years.

Solve ("� q ( t , 
 0.8t ,0, 0 + .
q ( t , 
 0.8t ,0, 0 +"��("( 1,1 +"+ �"� � 9 yr � 2, t +K"K

t NP< 15. yr L , K
t N 15. yr L"L

Thepositionwill bex # v t # 12 years,whichwill takeanothertwelveyearsto return,for a total of 27 years.

PostRamble: Initialization functions

Thereare a few tools requiredto solve problemsin specialrelativity using quaternionsto characterizeeventsin
spacetime.Themostbasicarea roundvaluefor c andgamma.

c � 3 108 m/s $
�)(	* +-, � 1

1 
�* 2

Definea functionfor quaternionsusingits matrix representation.

q ( t , x , y , z +/, �
��������
t 
 x 
 y 
 z
x t 
 z y
y z t 
 x
z 
 y x t

� �������
A quaternionL that transformsa quaternion(L q[x] # q[x’ ]) identical to how the Lorentz transformationactson
4-vectors

(Lambdax # x’ ) shouldexist. Thesearedescribedin detail in the notebook”A differentalgebrafor boosts.” For
boostsalongthex axiswith y # z # 0, thegeneralfunctionfor L is

L ( t , x , * +/, �
1

t 2 � x2 q (	�)(	*0+ t 2 
 2 �)(	*0+�* t x ���)(	*0+ x2, 
�*1�)(	*0+5� t 2 
 x2 � , 0, 0 +
Mostof theproblemshereinvolvemuchsimplercasesfor L, wheret or x is zero,or t is equalto x.

If t # 0, then

L ( 0, x, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 ,
=
1 <3= 2 ,0,0

If x # 0, then
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L ( t , 0, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 , < =
1 <3= 2 ,0,0

If t # x, then

Simplify ( L ( t , t , *0+ . �
1,0, 0, 0

� +
1 <3=
1 <3= 2 ,0,0,0

Note: this is for redshifts.Blueshiftshavea plusinsteadof theminus.

Theproblemsarefrom ”Basic Conceptsin Relativity” by ResnickandHalliday, c
>

1992by Macmillian Publishing,
”SpecialRelativity” by A. P. French, c

>
1966,1968by MIT, andProf. M. Barangerof MIT.



5 8.033PROBLEM SET3: THE LORENTZ TRANSFORMATION AND ADDITION OFVELOCITIES 22

5 8.033Problem Set3: The Lor entz transformation and addition of veloci-
ties

Lor entz transformations

Baranger: Inverseof a boost

Q: Start from the 4 Lorentzequationsgiving the variablesT, X, Y, andZ in termsof t, x, y andz, andsolve these
equationsfor t, x, y andz in termsof T, X, Y, andZ. Makesuretheresultis whatyouexpected.

A: Theproblemwill be solved for a boosttransformationwithout any angularmomentum(the casefor y andz not
equalto zerojustgetsmessier, notdeeper).

Simplify ( L ( t , x, *0+ . q ( t , x, 0,0 + . �
1, 0, 0, 0

� +
t < x =
1 <3= 2 ,

x < t =
1 <3= 2 ,0,0

L q # q’, so q # Lˆ-1 q’. L’s inversealwaysexists andis straightforward to calculate:the inverseis the transpose
dividedby thesquareof thenorm.

Simplify ( Transpose ( L ( T, X, *0+"+ /� L ( T, X, *0+�("( 1,1 +"+ ˆ2 � L ( T, X, *0+�("( 2,1 +"+ ˆ2 �"+ $
Simplify ( %. q (	�)(	*0+ T 
�*1�)(	*0+ X, 
0*1�)(	*0+ T ���)(	*0+ X, 0, 0 + .�

1, 0, 0, 0
� +K

T,X,0,0 L
(The inversewasbig andugly, that’s why it washiddenfrom view, but it doeswork! Thethingsthatchangearethe
signof thesecondcomponentandthenormalizationfactorwhich is quitebulky).

Baranger: Boostingphotons

Q: In frameS, a flashof light is emittedat the origin andis absorbedon the x axisat x # d. Answerthe following
questionsfrom thepointof view of frameS’, moving in thestandardway: (a)Whatis thespatialseparationd’ between
thepoint of emissionandthepoint of absorptionof the light? (b) How muchtime elapsesbetweentheemissionand
theabsorption?

A: (a) In frameS, thepointof absorptionis q[d, d, 0, 0]. Boostthis to frameS’, andlook at thex component.

�	�)(	*0+:��*1�)(	*0+"� q ( d, d, 0, 0 + . �
1,0, 0, 0

�
d

bcccccccd 1

1 <3= 2 S =
1 <3= 2

e fffffffg ,d
bcccccccd 1

1 <4= 2 S =
1 <3= 2

e fffffffg ,0,0
Theseparationis d h:BiDIj 1 klH�m d, presumingframeS’ is moving in thesamedirectionasthelight.

(b) Theelapsedtime is thefirst componentof thetransformedquaternionfrom above,ort h:BiDIj 1 k/H�m d/c.

Baranger: The ladder in the barn

Q: (long)Manuelwantsto demonstratetheLorentzlengthcontractionby fitting his10m ladderinsidehis8 m garage.
He ties the ladderon top of his stationwagonandaskshis friend Linda to drive thewagoninto theopendoorof the
garage.Linda drivesit at the speedof 0.8c, than thereforegamma# 5/3, which makesthe ladderonly 6 m long.
Manuelis standingby thedoorand,assoonastherearendof theladderhaspassed,heshutsthedoor. Henow hasthe
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entireladderinsidethe8 m garage,just ashesaidhewould. However, this garagealsohasa backdoorand,sincethe
brakeson thewagonarea little worn out, Manuelhasinstructedhis otherfriend Gwento openthebackdoorat the
preciseinstantthatthefront endof theladderis aboutto hit it. It’ s OK, saysManuel,becausetheladderwasactually
insidethe garage,with both doorsshut,for a finite amountof time, andthat is all he wantedto prove. But it turns
out thatGwen’s cat,CloudNine,wassitting all thetime on theladderon top of thewagon,andCloudNinedisagrees
totally. Hesays:theladderwasreally10m, while thegaragewasLorentzcontractedandonly 8 m x 3/5 # 4.8m, and
obviously thattheladderwasnever, never totally insidethegarage.CloudNinelooksin goodhealth;theladderis still
in onepiece.What’sgoingon?Who is right?

INSTRUCTIONS:Define4 separateevents.Choosecoordinatesin two frames.Elaboratethe2 descriptionsof what
happened,Manuel’sandCloudNine’s,giving precisenumbersfor all theevents.Show thatthesetwo descriptionsare
actuallytotally consistent,giventheknown lawsof specialrelativity.

A. Fromtheviewpointof thebarn,theladderis contracted.This involvesboostingtheendof theladder, andsubtract-
ing wherethestartof theladderhasmovedto ata simultaneoustime.

Ladder end
� q (	�)( 
 0.8 + , 
 0.8 �)( 
 0.8 + ,0,0 + . q ( 0, 10 m, 0, 0 + $

Ladder start
� q ( Ladder end ("( 1,1 +"+ , 0.8 Ladder end ("( 1, 1 +"+ ,0, 0 + $

Ladder length
� � Lend 
 Lstart � . �

1, 0, 0,0
�K

0. m,6. m,0,0 L
Manuelobserves(correctly)thattheladderappearsto belengthcontractedto 6 m in his referenceframe.

Repeatthis exercisefor thecatframelookingat thelengthof thebarn.

Barn end
� q (	�)( 0.8 + , 0.8 �)( 0.8 + ,0, 0 + . q ( 0, 8 m, 0, 0 + $

Barn start
� q ( Barn end ("( 1, 1 +"+ , 
 0.8 Barn end ("( 1, 1 +"+ ,0, 0 + $

Barn length
� � Barn end 
 Barn start � . �

1,0, 0, 0
�K

0. m,4.8 m,0,0 L
Thebarnis only 4.8mlong from thecat’s referenceframe.

Manuelandthecatmakecorrectstatementsaboutlengthcontractionfrom their own referenceframes.

Whatmakesthis problemconfusingto discussis that the doorsof thebarnandthe endsof the ladderarespacelike
separated,sotheorderof eventsin timecanbereverseddependingon thereferenceframe.

Thereferenceeventchosenfor thefollowing spacetimediagrams(createdin theprogramSpacetimeby Prof. Edwin
F. Taylor) is Manuelmeetingthestartof theladder. Theendof thebarnandtheendof theladdermustbelocatedon
invarianthyperbolae8 and10 meterslong respectively. Gwenmustopenthedoorsomewhereon thebarn’s 8 meter
hyperbola.Manuel’s dreamwill only cometrue if thereferenceeventandthetwo endsarenot separatedby Gwen’s
action.This is not thecaseasseenin thefigurebelow:
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Gwenalwaysopensthefar barndoorbeforebothendsof the ladderandbarnaretogetherwith Manuelandthestart
of the ladder, avertingdisaster. Thebarnstaysin onepieceandwe have hadfun with moving objectswith spacelike
separations.

R&H: 2-342 flashesat different places- or are they?

Q: An observerSseesaflashof redlight 1200m from hispositionandaflashof bluelight 720m closerto him andon
thesamestraightline. Hemeasuresthetime interval betweentheoccurrencesof theflashesto be5 microseconds,the
redflashoccurringfirst. (a) What is therelativevelocity v of a secondobserverS’ who would recordtheseflashesas
occurringat thesameplace?(b) Fromthepoint of view of S’, which flashoccursfirst? (c) What time betweenthem
wouldS’ measure?

A: (a)Boostbothredandbluelightsby betainto frameS’.

blue � L ( 5. 10 7 6 s, 480 m/c, *0+ . q ( 5. 10 7 6 s, 480 m/c, 0,0 + $
red � q (	�)(	*0+ , *2�)(	*0+ , 0, 0 + . q ( 0, 1200 m/c, 0,0 + $

Setthedistancesequalto eachother(thesecondcomponentsof theboostedquaternions)andsolve.

Solve ( blue ("( 2,1 +"+!
 red ("( 2,1 +"+ �"� 0, *0+K"K =ONP< 0.48 L"L
Thesecondobservermovestowardthefirst observerat a relativespeedof 0.48c.

(b) Substitutethevaluefor v/c into theboostedtime for theevents.

blue ("( 1, 1 +"+ /. *�
 > 
 0.48

6.57495 ? 10@ 6 s
red ("( 1,1 +"+ /. *9
 > 
 0.48

2.18861 ? 10@ 6 s
Theredlight happensfirst for observerS’.

(c) Calculatethedifferencebetweenthefirst two componentsof thequaternions.
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blue ("( 1, 1 +"+:
 red ("( 1,1 +"+ /. *9
 > 
 0.48

4.38634 ? 10@ 6 s
Thetimedifferenceis 4.39microseconds.

Additions of velocities

If a quaternionis normalizedto its interval, it becomes:
q

t 2 
 x2 
 y2 
 z2
� q (	� , ��* x, �1* y, �1* z +

If aquaternionis normalizedto its interval andthefirst termwhich is gamma,theresultis aquaternioncharacterizing
thevelocities:

q�)� t 2 
 x2 
 y2 
 z2 � � q ( 1, * x, * y, * z +
Thisquaternioncanbeformedfrom any quaternionandboostedaccordingly.

For this seriesof problems,weneedamoregeneralboostquaternion,onewherey andz arenot zero.

Simplify ( q (	�)(	*0+ t 
�*1�)(	*0+ x, 
�*2�)(	*0+ t ���)(	*0+ x, y, z + .
Transpose ( q ( t , x, y, z +"+ . �

1,0, 0, 0
�
/� tˆ2 � xˆ2 � yˆ2 � zˆ2 �"+

t 2 � x2 
 2 t x *��6� y2 � z2 � 1 
4* 2

� t 2 � x2 � y2 � z2 � 1 
3* 2
,

� 
 t 2 � x2 �4*� t 2 � x2 � y2 � z2 � 1 
3* 2
,


 t y � z *)
 y 1 
3* 2 � x z � y *�
 z 1 
3* 2

� t 2 � x2 � y2 � z2 � 1 
0* 2
,

x z *�� y 
 1 � 1 
3* 2 � t y *�� z 
 1 � 1 
4* 2

� t 2 � x2 � y2 � z2 � 1 
4* 2

DefinethefunctionLambdato do thegeneralboostalongx.. ( t , x , y , z , * +l, �
1/ � tˆ2 � xˆ2 � yˆ2 � zˆ2 �2n
q (	�)(	*0+ tˆ2 
 2 *1�)(	*0+ t x ���)(	*0+ xˆ2 � yˆ2 � zˆ2 ,
3*��)(	*0+5� tˆ2 
 xˆ2 � ,
t y 
 x z ���)(	*0+5� 
 t ��* x � y ���)(	*0+5� 
�* t � x � z,

x y � t z ���)(	*0+5�o* t 
 x � y ���)(	*0+5� 
 t ��* x � z +

R&H: 2-59Watching the decayof a moving nucleus

Q: A radioactive nucleusmoveswith a uniform velocity of 0.050calongthex axisof a referenceframeS fixedwith
respectto the laboratory. It decaysby emitting an electronwhosespeed,measuredin a referenceframeS’ moving
with thenucleus,is 0.80c.Considerfirst thecasein which theemittedelectrontravels(a)alongthecommonx-x’ axis
and(b) alongthey’ axisandfind, for eachcase,its velocity asmeasuredin frameS. (c) Suppose,however, that the
emittedelectron,viewednow from frameS, travelsalongthey axisof that framewith a speedof 0.80c. What is its
velocityasmeasuredin frameS’?
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A: (a)Boostthevelocityquaternionby -0.05c,andkeepit asavelocityquaternionby normalizingit with theresulting
gamma.. ( 1,0.8,0, 0, 
 0.05 + . q ( 1, 0.8, 0, 0 + . �

1,0, 0, 0
�
/� . ( 1,0.8, 0, 0, 
 0.05 + . q ( 1, 0.8,0, 0 +"��("( 1,1 +"+K

1.,0.817308,0.,0. L
Therelativevelocity in frameS is 0.817calongthex axis.

(b) Do thatagain,with y # 0.8.. ( 1,0, 0.8,0, 
 0.05 + . q ( 1,0, 0.8,0 + . �
1,0, 0, 0

�
/� . ( 1,0, 0.8,0, 
 0.05 + . q ( 1, 0, 0.8, 0 +"��("( 1,1 +"+K

1.,0.05,0.798999,0. L
Themagnitudeandangleof thevelocityvectorcanbecalculated.

0.052 � 0.799 2

0.800563

0.05

0.8005

180p
3.57875

Thevelocityvectoris 0.8005c3.58to theright of they axis.

(c) Repeatthecalculation,switchingthesignof theboost.. ( 1,0, 0.8,0, 0.05 + . q ( 1, 0, 0.8, 0 + . �
1,0, 0, 0

�
/� . ( 1,0, 0.8,0, 0.05 + . q ( 1, 0, 0.8, 0 +"��("( 1,1 +"+K

1., < 0.05,0.798999,0. L
A similarquaternionto b, sothevelocityvectoris 0.80056c,but 3.57to theleft of they axis.

Baranger: Boostingboostedframes.

Q: (a)FrameS’ moveswith respectto frameSwith velocitybeta1in the ^ x direction.FrameS” moveswith respectto
frameS’ with velocitybeta2alsoin the ^ x direction.FrameS” moveswith respectto frameSwith velocityBeta,also
in the ^ x direction.Let gamma1,gamma2,andGammabethe3 Lorentzfactorscorrespondingto these3 velocities,
respectively. Provetheformulaq � � 1 ��* 1 * 2 ��� 1 � 2 .

(b) 2 identicalparticlesarehaving ahead-oncollision. In theircenter-of-massframe,eachhasaLorentzfactorgamma.
Assumegamma>> 1. Now look at themin theLabframein whichoneof themis atrest,andcall GammatheLorentz
factorof theprojectileparticle.Show thatGammais approximatelyequalto 2 D 2.

A: (a)Fromthereferenceframeof S’, beta1is towardsit (sois negative)andbeta2is away from S’ (soit is positive).

q (	�)( 
�* 1 + , 
�* 1 �)( 
�* 1 + ,0, 0 + . q ( 1, 0,0, 0 + . �
1, 0, 0,0

�
1

1 <3= 21 , < = 1
1 <3= 21 ,0,0q � Simplify (

L (	�)( 
�* 1 + , 
�* 1 �)( 
�* 1 + , * 2 + .
q (	�)( 
�* 1 + , 
0* 1 �)( 
�* 1 + ,0, 0 + . �

1, 0, 0,0
� +

1 S3= 1 = 2
1 <3= 21 1 <3= 22 ,

<�= 1 <3= 2
1 <3= 21 1 <3= 22 ,0,0

The first term is the gammabeingsought. Note that the secondterm divided by the first term givesthe expected
additionof relativevelocitiesfor frameS’. Thesignis oppositefor frameS.
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(b) If gamma>> 1, usetheapproximationfor betaof oneminusepsilon,whereepsilonis a smallnumber. Pluginto
theresultsfrom part(a).q

big
� Simplify ( q /. � * 1 
 > 1 
1r , * 2 
 > 1 
2r � +

< 2 < 2 s�S4s 2R < 2 S3s0T0s , < 2 R < 1 S4s0TR < 2 S3s0T4s ,0,0
Squaregamma.

Simplify (	�)( 1 
!r"+ 2 +
1

2 s)<3s 2
Substitutebackinto Gammabig.q

big /. 
 1/ �"� 
 2 �Ir"�"r"�2
 > � 2

t 2 R 2 < 2 s�S4s 2 T , < 2 R < 1 S0s0TR < 2 S3s0T0s ,0,0
Gammafor theprojectileparticleis thefirst termof theabovequaternion,approximately2 D 2.

French: 5-72 waysto doublea boost

Q: An inertial systemS1hasa constantvelocity v1 alongthe x axis relative to an inertial systemS. Inertial system
S2hasa velocity v2 relative to S1. Two successive Lorentztransformationsenableup to go from (t, x, y, z) to (t1,
x1, y1, z1) andthenfrom (t1, x1, y1, z1) to (t2, x2, y2, z2). Show that this givesthesameresultasa singleLorentz
transformationfrom (t, x, y, z) to (t2, x2, y2, z2) providedwe take thevelocityof S1relative to Sas

v B v1 Z v2
1 Z v1 v2/c2 .

A: Boostonce,thenagain.

Simplify ( L ( t , x, * 1 + . q ( t , x, 0,0 + . �
1, 0, 0, 0

� +
t < x = 1
1 <3= 21 ,

x < t = 1
1 <3= 21 ,0,0

Simplify (
L (	�)(�* 1 +:� t 
�* 1 x � , �)(u* 1 +:� 
 t * 1 � x � , * 2 + .
q (	�)(�* 1 +:� t 
�* 1 x � , �)(u* 1 +:� 
 t * 1 � x � , 0, 0 + . �

1,0, 0, 0
� +

t < x = 2 S3= 1 R < x S t = 2 T
1 <3= 21 1 <3= 22 ,

x < t = 2 S3= 1 R < t S x = 2 T
1 <3= 21 1 <3= 22 ,0,0

Now boostonceusingtheadditionof velocitiesrule.

Simplify ( PowerExpand (
L ( t , x, �	* 1 ��* 2 � / � 1 ��* 1 * 2 �"+ .
q ( t , x, 0, 0 + . �

1, 0,0, 0
� +"+

t < x = 2 S4= 1 R < x S t = 2 T
R 1 S3= 1 = 2 T 1 <av w 1 x w 2 y 2v 1x w 1 w 2 y 2

,
x < t = 2 S3= 1 R < t S x = 2 T

R 1 S4= 1 = 2 T 1 <av w 1 x w 2 y 2v 1x w 1 w 2 y 2
,0,0

Thesetwo quaternionsareidentical,asexpected.
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PostRamble

Thereare a few tools requiredto solve problemsin specialrelativity using quaternionsto characterizeeventsin
spacetime.Themostbasicarea roundvaluefor c andgamma.

c � 3 108 m/s $
�)(	* +-, � 1

1 
�* 2

Definea functionfor quaternionsusingits matrix representation.

q ( t , x , y , z +/, �
��������
t 
 x 
 y 
 z
x t 
 z y
y z t 
 x
z 
 y x t

� �������
A quaternionL that transformsa quaternion(L q[x] # q[x’ ]) identical to how the Lorentz transformationactson
4-vectors

(Lambdax # x’ ) shouldexist. Thesearedescribedin detail in the notebook”A differentalgebrafor boosts.” For
boostsalongthex axiswith y # z # 0, thegeneralfunctionfor L is

L ( t , x , * +/, �
1

t 2 � x2 q (	�)(	*0+ t 2 
 2 �)(	*0+�* t x ���)(	*0+ x2,


�*2�)(	*0+5� t 2 
 x2 � , 0, 0 +
Mostof theproblemshereinvolvemuchsimplercasesfor L, wheret or x is zero,or t is equalto x.

If t # 0, then

L ( 0, x, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 ,
=
1 <3= 2 ,0,0

If x # 0, then

L ( t , 0, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 , < =
1 <3= 2 ,0,0

If t # x, then

Simplify ( L ( t , t , *0+ . �
1,0, 0, 0

� +
1 <3=
1 <3= 2 ,0,0,0

Note: this is for blueshifts.Redshiftshavea plusinsteadof theminus.

Theproblemsarefrom ”Basic Conceptsin Relativity” by ResnickandHalliday, c
>

1992by Macmillian Publishing,
”SpecialRelativity” by A. P. French, c

>
1966,1968by MIT, andProf. M. Barangerof MIT.
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6 8.033ProblemSet4: The Doppler Effect, 4-Vector Invariants & the Twin
Paradox

The Doppler Effect

French: 5-9

Q: ThreeidenticalradiotransmittersA, B, andC eachtransmittingatthefrequency z o in its own restframearemoving
asshown.

<---A B C--->

(a)Whatis thefrequency of B’s signalsasreceivedby C?

(b) What is thefrequency of A’s signalsasreceivedby C?Thereareat leastthreewaysto solve this question.Seeif
youcanfind two.

A: (a)Let theinverseof thefrequency bethetimeto. Redshiftit!

Simplify ("�	�)(	*0+:��*2�)(	*0+"� q ( t o, t o, 0, 0 + . �
1,0, 0, 0

� +R 1 S3=0T to
1 <3= 2 ,

R 1 S4=0T to
1 <3= 2 ,0,0

Thefrequency is theinverseof thetimecomponent,or

z]Baz o { 1 X8Y}|
1 Z8Y "

(b) We needanotherredshiftof exactly thesamesize.

Simplify ("�	�)(	*0+:��*2�)(	*0+"� 2 q ( to , to , 0, 0 + . �
1, 0, 0,0

� +< to R 1 S3=0T< 1 S4= , < to R 1 S3=0T< 1 S0= ,0,0

Thefrequency it theinverseof thetime component,so z~B~z o { 1 X8Y}|
1 Z8Y .

(b’) Anotherapproachis to boostthe initial event with a speedequalto the two boosts,which by the additionof
velocity formulais shown below.

*"* � 2 *
1 ��* 2

$
Redshiftwith this velocityandtry to simplify.

PowerExpand ( Cancel (
Simplify (

Expand (�	�)(	*"*0+!��*"*1�)(	*"*�+"� q ( to , to , 0,0 + . �
1, 0, 0, 0

� +"+"+"+
to R < 1 S4= 2 TR < 1 S3=0T 2 ,

to R < 1 S4= 2 TR < 1 S3=0T 2 ,0,0

A stepaway from thepreviousresult.

French: 5-10

Q: A pulsedradarsourceis at restat the point x # 0. A large meteoritemoveswith constantvelocity v toward the
source;it is at thepoint x # -d at t # 0. A first radarpulseis emittedby thesourceat t # 0, anda secondpulseat t #
to (to << d/c). Thepulsesarereflectedby themeteoriteandreturnto thesource.(a)Draw in spacetimegraph(1) the
source,(2) themeteorite,(3) thetwo outgoingpulses,(4) thereflectedpulses.(b) Evaluatethetime interval between
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thearrivalsat x # 0 of thetwo reflectedpulses.(c) Evaluatethetime interval betweenthearrivalsasthemeteoriteof
thetwo outgoingpulses,asmeasuredin therestframeof themeteorite.

Answer(b) and(c) first with a well-chosenLorentztransformation.Thenansweragain,this time usingtheDoppler
effectandtheresultsof theaboveproblem(French5-9).

A: (a)Thisspacetimegraphof themeteoritewasconstructedin theprogram”Spacetime”by Prof. EdwinF. Taylor.

(b) Chosetheframeof theEarth.Theworld line of thefirst pulseis

q[t, -t, 0,0]. Theworldlineof themeteoriteis q[t, v t/c - d,0,0].Solve for thetime whenthedistancesarethesame.

Solve (
q ( t , * t 
 d, 0, 0 +�("( 2,1 +"+ �"�

q ( t , 
 t , 0, 0 +�("( 2,1 +"+ , t +
t N d

1 S4=
Thedistancetraveledis thesame,soit arrivesbackat theEarthat

pulse1 back
� 2 d

1 ��* $
Find thetime atwhich thesecondpulsearrivesat themeteorite.Theonly changeis thedepartureof thepulse.

pulse2time met
� Solve (

q ( t , * t 
 d, 0, 0 +�("( 2,1 +"+ �"�
q ( t , 
 t � to , 0, 0 +�("( 2,1 +"+ , t +
t NP< < d < to

1 S4=
Usethetime to find pulse2’sposition.

pulse2pos met
� * t 
 L /. pulse2time met< L < R < d < to T3=

1 S3=
Add thesetogetherto find thereturntime.

pulse2 back
� Simplify

d � to

1 ��* � d 
 *)� d � to �
1 ��*

2 d S to < to =
1 S4=

Examinetheinterval betweenthearrival of thetwo pulsesbackto theEarth.

Simplify ( pulse2 back 
 pulse1 back +
to < to =
1 S4=
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Theinterval betweenthearrival of thetwo pulsesis shiftedby a factort h:B 1 X8Y
1 Z8Y to.

(c) Choosetherestframeof themeteorite.Boosttheemissioneventto this frame.

pulse1 source
� q (	�)(	*0+ , *2�)(	*0+ , 0,0 + . q ( 0, d, 0,0 + $

Add thetimeafterbeingboostedtogetherwith thepositionneededto travel to themeteoriteto getthetimeof pulse1
at themeteorite.

pulse1 met
� pulse1 source ("( 1,1 +"+!� pulse1 source ("( 2, 1 +"+

d

1 <4= 2 < d =
1 <3= 2

Repeatthis processfor pulse2.

pulse2 source
� Simplify ( L ( to , d, *0+ . q ( to , d,0, 0 +"+ $

pulse2 met
� pulse2 source ("( 1,1 +"+!� pulse2 source ("( 2, 1 +"+

to < d =
1 <4= 2 S d < to =

1 <3= 2
Examinetheinterval betweenthearrival of thetwo pulsesat themeteorite.

Simplify ( pulse2 met 
 pulse1 met +
to < to =

1 <3= 2
Theinterval betweenthearrival of thetwo pulsesat themeteoriteis shiftedby a factort h:B 1 X}Y

1 Z}Y to.

(b’) Fromthereferenceframeof themeteorite,thepulseof light wouldbeblueshiftedfrom thesource,andblueshifted
to thereceiver. Usetheresultfrom 5-9 (b).

Simplify ("�	�)( 
�*0+:
�*2�)( 
�*0+"� 2 q ( to , to , 0, 0 + . �
1, 0,0, 0

� +< to R < 1 S3=0T
1 S4= , < to R < 1 S4=0T

1 S0= ,0,0

Thetime interval betweenpulsesist h B 1 X8Y
1 Z8Y to.

(c’) As statedabove,thepulseof light from thesourceis blueshifted,sousinga modifiedanswerfrom 5-9 (a).

Simplify ("�	�)( 
�*0+:
�*2�)( 
�*0+"� q ( to , to , 0, 0 + . �
1, 0, 0,0

� +< to R < 1 S3=0T
1 <3= 2 , < to R < 1 S4=0T

1 <3= 2 ,0,0

Thetime interval betweenpulseat themeteoriteist h B 1 X8Y
1 Z8Y to.

French: 5-11

Q: An astronautmovesradially away from theEarthat a constantacceleration(asmeasuredin theEarth’s reference
frame)of 9.8m/sˆ2.How longwill it bebeforetheredshiftmakestheredglareof theneonsignsof Earthinvisible to
his humaneyesight?

A: Solve for thevelocitywhich redshiftsthewavelengthof neon

(˜600nm) to invisible (˜700nm).

Solve (�	�)(	*0+!��*��)(	*0+"� q ( 600, 600, 0,0 +:("( 2,1 +"+ �"� 700, *0+
=ON 13

85
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Thetimerequiredata constantaccelerationis t # v/a.

13 c

85

1

9.8 m/s2

min

60 s

hr

60 min

day

24 hr
54.1883 day

After 54 days,theneonlightsbecomeinvisible to theastronaut’seyes.

French: 5-12

Q: Thereis a spaceshipshuttleservicefrom theEarthto Mars. Eachspaceshipis equippedwith two identicallights,
oneat thefront andoneat therear. Thespaceshipsnormally travel at a speedvo, relative to theEarth,suchthat the
headlightof a spaceshipapproachingEarthappearsgreen(500nm) andthetaillight of a departingspaceshipappears
red(600nm). (a) what is thevalueof vo/c? (b) Onespaceshipacceleratesto overtake thespaceshipaheadof it. At
whatspeedmusttheovertakingspaceshiptravel relative to theEarthsothatthetaillight of theMars-boundspaceship
aheadof it lookslikea headlight(500nmgreen)?

A: (a) Solve for thevelocity that reversestheshifts to thesamewavelength(i.e., redshifttheheadlight’s blueshifted
light to thewavelengthof thetaillight’sblueshiftedredshiftedlight ; )

Solve (�	�)(	*0+!��*��)(	*0+"� q ( 500 nm, 500 nm, 0,0 +�("( 2,1 +"+ �"��	�)(	*0+5
�*2�)(	*0+"� q ( 600 nm, 600 nm, 0,0 +�("( 2, 1 +"+ , *0+
=ON 1

11

Thespaceshipstravel atvo/c # 1/11.

(b) Solve for thevelocityneededto shift thewavelengthfrom 600to 500nm.

Solve (�	�)(	*0+!
�*��)(	*0+"� q ( 600 nm, 600 nm, 0,0 +�("( 2,1 +"+ �"� 500 nm, *0+
=ON 11

61

Therequiredvelocity is v/c # 11/61.

R & H: 2-68A Doppler shift revealedasa color change

Q: A spaceshipis recedingfrom theEarthat aspeedof 0.20c.A light on therearof theshipappearsblue(450nm) to
thepassengerson theship.Whatcolorwould it appearto anobserveron theEarth?

A: Redshiftthelight at 450nm by 0.20c.

�	�)( 0.2 +5� 0.2 �)( 0.2 +"� q ( 450 nm, 450 nm,0, 0 + . �
1, 0, 0,0

�K
551.135 nm,551.135 nm,0,0 L

Thelight appearsat 551nm,yellow.

R & H: 2-71The Ives-Stillwell experiment

Q: (long) Neutralhydrogenatomsaremoving alongtheaxisof anevacuatedtubewith a speedof 2.0 x 10ˆ6m/s. A
spectrometeris arrangedto receive light emittedby theseatomsin thedirectionof their forwardmotion. This light,
if emittedfrom restinghydrogenatoms,would have a measured(proper)wavelengthof 486.13nm. (a) Calculate
theexpectedwavelengthfor light emittedfrom theforward-moving (approaching)atoms,usingtheexact relativistic
formula. (b) By usinga mirror this samespectrometercanalsomeasurethe wavelengthof light emittedby these
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moving atomsin the directionoppositeto their motion. What wavelengthis expectedunderthis arrangement?(c)
Calculatethedifferencebetweentheaverageof the two wavelengthsfound in (a) and(b) andtheunshifted(proper)
wavelength.Find thesecondorderdependenceon beta.By this technique,IvesandStillwell wereableto distinguish
betweenthepredictionsof theclassicalandtherelativistic Dopplerformulas.

A: (a)& (b) Red-andblueshift thelight at486nm ^ /- thespeedof themoving hydrogen.

* H
� 2 106 m/s /c

1

150�	�)(	* H +I��* H �)(	* H +"� q ( 486.133, 486.133,0, 0 + . �
1, 0,0, 0

�K
489.385,489.385,0.,0. L
�	�)(	* H +I
�* H �)(	* H +"� q ( 486.133, 486.133,0, 0 + . �

1, 0,0, 0
�K

482.903,482.903,0.,0. L
Thelight is redshiftedto 489.4nm andblueshiftedto 482.9nm.

(c) We canmeasuretheaverageof thesetwo shiftedwavelengths,or their averagedifference.

� 489.385 � 482.903 � /2 
 486.133

0.011

� 489.385 
 482.903 � /2

3.241

Accordingto classicaltheory, if theobserver is fixed,andthesourcemoves,thereis no secondorderdependenceon
beta.� � �

o � 1 
�*0�
If thesourceis fixedbut theobservermoves,then� � �

o � 1 
�*���* 2 �
Specialrelativity predictsa coefficientof ^ 0.5 for thebetasquaredterm,theonemeasuredin thelab.

R&H: 2-83The headlight effect

Q: A sourceof light, at restin theS’ frame,emitsuniformly in all directions.Thesourceis viewedfrom frameS, the
relative speedparameterrelatingthetwo framesbeingbeta.(a) Show thatat high speeds,theforward-pointingcone
into which thesourceemitshalf of its radiationhasa half anglegivenclosely, in radianmeasure,by�

1/2
� 2 � 1 
4*0�

(b) What valueof the half angleis predictedfor the gammaradiationemittedby a beamof energeticneutralpions,
for which v/c # 0.993?(c) At what speedwould a light sourcehave to move towardanobserver to have half of its
radiationconcentratedinto anarrow forwardconeof half angle5.0?

A: Thisproblemrequiresaboostquaternionthatworkswith nonzerovaluesfor t, x, y, andz. Seethelastproblemsetin
theadditionof velocitiessectionfor thederivationof thefollowing boostquaternion,or thenotebookon ”Alternative
algebrafor boosts”:. ( t , x , y , z , * +l, �

1/ � tˆ2 � xˆ2 � yˆ2 � zˆ2 �2n
q (	�)(	*0+ tˆ2 
 2 *1�)(	*0+ t x ���)(	*0+ xˆ2 � yˆ2 � zˆ2 ,
3*��)(	*0+5� tˆ2 
 xˆ2 � ,
t y 
 x z ���)(	*0+5� 
 t ��* x � y ���)(	*0+5� 
�* t � x � z,

x y � t z ���)(	*0+5�o* t 
 x � y ���)(	*0+5� 
 t ��* x � z +
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Boosta sphericallysymmetricvelocity quaternion,normalizingto the resultinggammaso the resultingquaternion
still characterizesvelocities.

* sphere
� Simplify (. ( 1,1, 1, 1, 
�*0+ . q ( 1,1, 1, 1 + . �

1,0, 0, 0
�
/� . ( 1, 1, 1,1, 
�*0+ . q ( 1,1, 1, 1 +"��("( 1,1 +"+�+

1,1,
1 <3= 2
1 S4= ,

1 <3= 2
1 S4=

Calculatetheangledirectly from theratioof speeds.�
0.5

� �	* sphere ("( 3 +"+!��* sphere ("( 4 +"+"� /* sphere ("( 2 +"+
2 1 <3= 2
1 S3=

As betaapproaches1, this angleapproaches 2� 1 A��3� .
(b) Let beta-> 0.993.

�
0.5

180p
/. *�
 > 0.993

6.79122

Thepredictedhalf anglefor thegammaraysis 6.79.

(c) Solve for beta,giventheangle.

Solve
�

0.5
�"� 5.

p
180

, *K"K =ON 0.9962 L"L
A light sourcewould haveto travel at 0.9962cto concentrateits radiationin a forwardconeof half angle5.

Four-Vector Invariants

Baranger: Decayof a particle - timelik eor spacelike?

Q: In event1, anunstableparticleis producedin thetargetof anaccelerator. In event2, this particledecays5 meters
away. Is theinterval betweenthesetwo eventstimelikeor spacelike?Why?

A: The speedof the particlemustbe lessthanone,or x/t < 1. If event 1 is at the origin andevent 2 hasa spatial
positionof 5m, it musthavea time of 5m ^ a(a>0). Calculatethesquareof theinterval by squaringthequaternion.

Simplify ("� q ( a � 5, 5, 0, 0 + . q ( a � 5, 5, 0, 0 +"��("( 1,1 +"+2+
a R 10 S a T

Thesquareof theinterval aˆ2 ^ 10ais alwayspositive,sotheinterval is timelike in thefuture.

R&H: 2-42The interval is invariant - checkit out

Q: Two eventsoccuron thex axisof referenceframeS, their spacetimecoordinatesbeingevent1 # q[5 us,720m,0,0
] andevent2 # [2 us,1200m,0,0]. (a) What is thesquareof thespacetimeinterval for thesetwo events?(b) What
arethecoordinatesof theseeventsin a frameS’ thatmovesat speed0.60cin thedirectionof increasingx? Calculate
thesquareof theinterval in this frameandcompareit to thevaluecalculatedfor frameS.(c) Whatarethecoordinates
of theseeventsin a frameS” that movesat a speedof 0.95cin the directionof decreasingx? Again calculatethe
squareof thespacetimeinterval andcompareit with thevaluesfoundin (a)and(b). Do yourcalculationsbearout the
invarianceof thespacetimeinterval?



6 8.033PROBLEM SET4: THE DOPPLEREFFECT, 4-VECTORINVARIANTS & THE TWIN PARADOX 35

A: (a) Thesquareof thespacetimeinterval betweenevents1 and2 is thefirst termof differencebetweenthequater-
nionssquared.

event1 � q ( 5. 10 7 6 s c, 720 m, 0, 0 + $
event2 � q ( 2 10 7 6 s c, 1200 m, 0, 0 + $
�"� event1 
 event2 � . � event1 
 event2 �"��("( 1,1 +"+
579600. m2

Thesquareof theinterval betweenevent1 and2 is 5.8x 10ˆ5mˆ2.

(b) Boostthequaternionsandthensquarethem.

e1b6 � L ( 5. 10 7 6 s c, 720 m, 0.6 + . event1 $
e2b6 � L ( 2. 10 7 6 s c, 1200 m, 0.6 + . event2 $
�"� e1b6 
 e2b6 � . � e1b6 
 e2b6 �"��("( 1,1 +"+
579600. m2

Thesquareof theinterval betweentheboostedeventsis thesame.

(c) Repeattheexercisewith a new valuefor beta.

e1b95 � L ( 5. 10 7 6 s c, 720 m, 
 0.95 + . event1 $
e2b95 � L ( 2. 10 7 6 s c, 1200 m, 
 0.95 + . event2 $
�"� e1b95 
 e2b95 � . � e1b95 
 e2b95 �"��("( 1,1 +"+
579600. m2

Again, thesquareof the interval betweentheboostedeventsis thesame.Thefirst termof thesquareof a quaternion
is identicalto thefirst termof a squareof a boostedquaternion.

R&H: 2-43An event pair - timelik eor spacelike?

Q: Two eventsoccuron thex axisof referenceframeS,theirspacetimecoordinatesbeingevent1 # q[5 us,200m,0,0]
andevent2 # [2 us,1200m,0,0]. (a) What is thesquareof thespacetimeinterval for thesetwo events?(b) What is
theproperdistanceinterval betweenthem?(c) If two eventspossessa (mathematicallyreal)properdistanceinterval,
it shouldbepossibleto find a frameS’ in which theseeventswould beseento occursimultaneously. Find this frame.
(d) Canyou calculatea (mathematicallyreal)propertime interval for this pair of events?(e)Would you describethis
pair of eventsastimelike?Spacelike?Lightlike?

A: (a) Thesquareof thespacetimeinterval betweenevents1 and2 is thefirst termof differencebetweenthequater-
nionssquared.

event1 � q ( 5. 10 7 6 s c, 200 m, 0,0 + $
event2 � q ( 2. 10 7 6s c, 1200 m, 0, 0 + $
�"� event2 
 event1 � . � event2 
 event1 �"��("( 1, 1 +"+< 190000. m2

Thesquareof theinterval betweenevent1 and2 is -1.9x 10ˆ5mˆ2

(b) Theproperdistanceinterval is thesquarerootof thenegativeof this number.

1.9 105 m2

435.89 m2
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Theproperdistanceis 436m.

(c) Boostbotheventquaternionsby beta,setthetimecomponentsequalto eachother, andsolve for beta.

Solve (� L ( 5. 10 7 6 s c, 200 m, *0+ . event1 ��("( 1,1 +"+ �"�
� L ( 2. 10 7 6 s c, 1200 m, *0+ . event2 ��("( 1,1 +"+ , *0+K"K =ONP< 0.9 L"L

In frameS’, theeventswill appearsimultaneousfor v/c # 0.9 in thedirectionof decreasingx.

(d) & (e)For eventsthatarespacelikeseparated,thereis no meaningfulmeasureof propertime.

R&H: 2-44An event pair - spacelikeor timelik e?

Q: Two eventsoccuron thex axisof referenceframeS,theirspacetimecoordinatesbeingevent1 # q[5 us,720m,0,0]
andevent2 # [2 us,1200m,0,0]. (a) Usingthedatafrom problem2-42above,calculatethepropertime interval for
this pair of events. The propertime interval that you have calculatedshouldbe smallerthanany of the actualtime
intervalsin thethreegivenframesof problem2-42. Is it? (b) If two eventspossessa(mathematicallyreal)propertime
interval, it shouldbepossibleto find a frameS’ in which theseeventswould beseento occurat thesameplace.Find
this frame. (c) Canyou calculatea (mathematicallyreal)properdistanceinterval for this pair of events?(d) Would
youdescribethispair of eventsastimelike?Spacelike?Lightlike?

A: (a) To make this questionmoreof a challenge,let’s definea quaternion”Ltau” which mapsanarbitrarytimelike
quaternionto its propertime:

Ltau . q[t,x,y,z] # q[tau,0, 0, 0] .

To find Ltau,multiply theaboveequationon theright by theinverseof q[t,x,y,z].

Simplify

q � q ( t , x, y, z + . q ( t , x, y, z +"��("( 1,1 +"+ , 0, 0, 0 .

Transpose ( q ( t , x, y, z +"+ . �
1,0, 0, 0

�
� tˆ2 � xˆ2 � yˆ2 � zˆ2 �

t t 2 
 x2 
 y2 
 z2

t 2 � x2 � y2 � z2 , 
 x t 2 
 x2 
 y2 
 z2

t 2 � x2 � y2 � z2 ,


 y t 2 
 x2 
 y2 
 z2

t 2 � x2 � y2 � z2 , 
 z t 2 
 x2 
 y2 
 z2

t 2 � x2 � y2 � z2

L ��( tlq +/, �
Transpose ( tlq +1n

tlq ("( 1,1 +"+ 2 
 tlq ("( 2, 1 +"+ 2 
 tlq ("( 3,1 +"+ 2 
 tlq ("( 4, 1 +"+ 2

tlq ("( 1, 1 +"+ 2 � tlq ("( 2,1 +"+ 2 � tlq ("( 3, 1 +"+ 2 � tlq ("( 4,1 +"+ 2

L ��( q ( 32.,2., 5, 
 4.3 +"+ . q ( 32,2, 5, 
 4.3 + . �
1, 0, 0,0

�K
31.2492,0., < 1.0842 ? 10@ 19,0. L

Worksto within defaultaccuracy.

Now on to thequestion.Map thegivenquaternionto its propertime interval.

intq � q ( 2. 10 7 6 s, 1200 m/c,0, 0 +!
 q ( 5. 10 7 6 s, 720 m/c,0, 0 + $
� L � ( intq + . intq ��("( 1, 1 +"+
2.53772 ? 10@ 6 s2
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Thepropertime is 2.54microseconds.This is lessthanthetimeof 3 microsecondsobservedin this frame.

Boosttheinterval up 0.6c,& repeatthecycle.

intqb6 �
L ( intq ("( 1,1 +"+ , intq ("( 2,1 +"+ , 0.6 + . intq $

� L ��( intqb6 + . intqb6 ��("( 1,1 +"+
2.53772 ? 10@ 6 s2

intqb6 ("( 1, 1 +"+< 4.95 ? 10@ 6 s
Theinterval 2.53microsecondsis thesame,lessthat4.95microsecondsobserved.

intqb95 �
L ( intq ("( 1,1 +"+ , intq ("( 2,1 +"+ , 
 0.95 + . intq $

� L ��( intqb95 + . intqb95 ��("( 1,1 +"+
2.53772 ? 10@ 6 s2

intqb95 ("( 1,1 +"+< 4.73979 ? 10@ 6 s
Theinterval is thesame,lessthat4.74microsecondsobserved.

(b) Boostbotheventquaternionsby beta,setthespacecomponentsequalto eachother, andsolve for beta.

Solve (� L ( 5. 10 7 6s c, 720 m, *0+ . q ( 5. 10 7 6s c, 720 m, 0,0 +"��("( 2,1 +"+ �"�
� L ( 2. 10 7 6s c,1200 m, *0+ . q ( 2. 10 7 6s c, 1200 m,0, 0 +"��("( 2,1 +"+ , *0+K"K =ONP< 0.533333 L"L

Theframemustmovea speed0.53cin thedirectionof decreasingx.

(c) & (d) Theinterval is timelike. It is notmeaningfulto searchfor a properdistancebetweenthesetwo events.

The Twin Paradox

The tortoise & the hare

Q: Thetortoisechallengesthehareto aracein thewoods.Theharelaughshystericallysaying”Surely, M’am, youare
notserious?”But thetortoiseis serious;shegetsonthecourseandstartsrunning(?)right away. Thecourseis aclosed
loop beginningandendingat the sametree. While the tortoiseis running,the harecontinuestelling jokeswith his
friends.But whenheseesthatshehasalmostgottenbackto thefinish,hedecidesthatit is time to teachhera lesson,
andhedasheson thecourseasquick ashecanto catchup with her. Alas,hemiscalculatedslightly andhereturnsto
thetreejust barelybehindher!

QUESTION:Assumingthatthetwo animalswereof thesameagebeforetherace,whichoneis olderat theendof it?
Justifyyouranswerwith quantitativearguments!

A: Let theharerun the fraction f of the tortoise’s propertime t. Calculatethe tortoise’s squaredinterval in termsof
this fraction.

�
tort

�� q ( f t ,0, 0, 0 + . q ( f t , 0, 0, 0 +2�
q ("� 1 
 f � t , 0, 0,0 + . q ("� 1 
 f � t ,0, 0, 0 +"��("( 1,1 +"+
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R 1 < f T 2 t2 S f2 t2
In the tortoise’s referenceframe,the hareinitially travels away from the tortoiseat the slow Btort speedfor time t.
ThentheharestartstravelingtowardthetortoiseatBharespeedfor atime(1-f) t. Calculatethehare’ssquaredinterval.

�
hare

�� q ( f t , * tort f t , 0, 0 + . q ( f t , * tort f t , 0, 0 +2�
q ("� 1 
 f � t , 
�* hare f t ,0, 0 + . q ("� 1 
 f � t , 
�* hare f t , 0,0 +"��("(
1, 1 +"+

f2 t2 S:R t < f t T 2 < f2 t2 = 2hare < f2 t2 = 2tort
Look at thedifference.

Simplify ( � hare 
 �
tort +< f2 t2 R	= 2hare S3= 2tort T

Sincethis termis alwaysnegative,thehareis necessarilyyoungerthanthetortoise.

R&H: B2-2 Einstein and the clock ”paradox”

Q: Einstein,in his first paperon thespecialtheoryof relativity, wrotethefollowing: ”If oneof thetwo synchronous
clocksat A is movedin a closedcurve with constantvelocity until it returnsto A, the journey lastingt seconds,then
by theclock thathasremainedat restthetravelledclockon its arrival atA will bet vˆ2/2cˆ2secondsslow.” Provethis
statement.(Note: Elsewherein his paperEinsteinindicatedthat this resultis anapproximation,valid only for v <<
c.)

A: Comparetheintervalsof thetwo clocks,onethathasmove,theotherthathasremained.

� q ( t , * t ,0, 0 + . q ( t , * t , 0, 0 +"��("( 1,1 +"+!
 t< t S t2 < t2 = 2
If beta<< 1, calculatetheseriesexpansion.

Simplify ( PowerExpand (
Series ( %, � * , 0, 2

� +"+"+
< t = 2

2
S O �	=0� 3

Themoving clock is t vˆ2/2cˆ2slower thantheoneat rest.

R&H B2-12: Getting Younger

Q: Canyou think of any way to usespacetravel to reversetheagingprocess,thatis, to getyounger?Couldyou send
yourparentsout on a longspacevoyageandhavethembeyoungerthanyouarewhenthey getback?

A: Thereareactuallytwo questionshere.Startingwith thelastquestionfirst, with a HUGE investmentof energy for
theparents,timewill appearto runataslower ratethantheclocksbackathome.Theenergy investmentis thecritical
parameterto determineif the clockswill run at differentenoughratesto have the parentsreturnyoungerthantheir
children.

The secondquestionconcernsreversingthe agingprocess.The agingprocesswill appearto procedein the same
manorfor bothparentandchild. Why is this not reversable?Find thequaternionthatreversestime.

LTimeRev q[t, x, y, z] # q[-t, x, y, z]

ComputeLTimeRev by multiplying on theright by theinverseof q[t,x,y,z].
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Simplify ( q ( 
 t , x, y, z + .
Transpose ( q ( t , x, y, z +"+ . �

1, 0,0, 0
�
/� tˆ2 � xˆ2 � yˆ2 � zˆ2 �"+


 t 2 � x2 � y2 � z2

t 2 � x2 � y2 � z2 ,
2 t x

t 2 � x2 � y2 � z2 ,

2 t y

t 2 � x2 � y2 � z2 ,
2 t z

t 2 � x2 � y2 � z2

Aboardthespaceship,or on theEarth,t >>> x, y andz, sothetime reversalquaternionis approximately

LTimeRevBsmall ( t , x , y , z +l, �
q ( 
 1, 2 x/t , 2 y/t , 2 z/t +

Testthatthis worksfor someonemoving a meterpersecondin thex direction,0.5m/sin they.

LTimeRevBsmall ( 1. s, 1.m/c, 0.5 m/c, 0 + .
q ( 1. s, 1.m/c, 0.5 m/c, 0 + . �

1,0, 0, 0
�K < 1. s,3.33333 ? 10@ 9 s,1.66667 ? 10@ 9 s,0. s L

The proposedquaterniondoesreversetime in the classicalregime. Note that it is predominantlya scalar, almost
q[-1,0,0,0]However, it is not exactly the identity. If we think abouttime reversalfor two nearbyworldlines,they
will not commuteby thesmall factorfound in thesecondthroughfourth terms.This observationmay leadto a new
justificationof thesecondlaw of thermodynamics.

French: 5-20Signalsfr om twins

Q: A andB aretwins. A goesonatrip to AlphaCentauri(4 light-yearsaway)andbackagain.Hetravelsatspeed0.6c
with respectto the Earthbothways,andtransmitsa radiosignalevery 0.01yearin his frame. His twin B similarly
sendsa signalevery0.01yearsin his own restframe.(a)how many signalsemittedby A beforeheturnsarounddoes
B receive?(b) How many signalsdoesA receivebeforeheturnsaround?(c) Whatis thetotalnumberof signalseach
twin receivesfrom theother?(d) Who is youngerat theendof thetrip, andby how much?Show that thetwins both
agreeon this result.

A: Startout by drawing thesignalssentandreceivedfrom B’s frameof reference.

(a)Thesignalsfrom A out areredshiftedandreceivedat B for a timeof ...

time BgetsAout
� 2 4 yr / 0.6 
�� 4 yr / 0.6 
 4 yr �

10.6667 yr
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Thesignalsaresentat a rateof 100/yearasviewedby thesender. This rateis loweredby theredshifting,sothetotal
numberof signalsis thelower ratetimestheamountof time thesignalsarereceived.

�	�)( 0.6 +5
 0.6 �)( 0.6 +"� q ( 100/yr , 100/yr , 0, 0 + . �
1,0, 0, 0

�
tBgetsAoutK

533.333,533.333,0,0 L
B receives533redshiftedsignalsfrom A.

(b) Thesignalsfrom B arenot shiftedin B’s frame,but arereceivedatA for a time of...

time AgetBout
� � 4 yr / 0.6 
 4 yr �

2.66667 yr

q ( 100/yr , 100/yr , 0, 0 + . �
1, 0,0, 0

�
2.667 yrK

266.7,266.7,0,0 L
A receives266signalsfrom B duringA’s trip to Alpha Centauri.

(c) It is easiestto calculatethenumberof signalsreceivedby A sincetheratewith B asa referenceframeis constant.

Atotal
� q ( 100/yr , 100/yr , 0,0 + . �

1,0, 0, 0
�

2 4 yr /0.6K
1333.33,1333.33,0,0 L

A receivesa totalof 1333signalsfrom B.

B getsblueshiftedsignalsfor a shorttime. Therateof signalsgoeswayup.

time BgetAback
� � 4 yr / 0.6 
 4 yr �

2.66667 yr

�	�)( 0.6 +5� 0.6 �)( 0.6 +"� q ( 100/yr , 100/yr , 0, 0 + . �
1,0, 0, 0

�
2.667 yrK

533.4,533.4,0,0 L
Btotal

� 2 n 533.3

1066.6

B receivesa total of 1066signalsfrom A.

(d) B hassentout1333signals,but hasonly received1066from A, sohehasexperiencedmoreticksof theclock. The
differenceis dueto theinstantaneouschangeof referenceframeexperiencedby A.

PostRamble

Thereare a few tools requiredto solve problemsin specialrelativity using quaternionsto characterizeeventsin
spacetime.Themostbasicarea roundvaluefor c andgamma.

c � 3 108 m/s $
�)(	* +-, � 1

1 
�* 2

Definea functionfor quaternionsusingits matrix representation.

q ( t , x , y , z +/, �
��������
t 
 x 
 y 
 z
x t 
 z y
y z t 
 x
z 
 y x t

� �������
A quaternionL that transformsa quaternion(L q[x] # q[x’ ]) identical to how the Lorentz transformationactson
4-vectors
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(Lambdax # x’ ) shouldexist. Thesearedescribedin detail in the notebook”A differentalgebrafor boosts.” For
boostsalongthex axiswith y # z # 0, thegeneralfunctionfor L is

L ( t , x , * +/, �
1

t 2 � x2 q (	�)(	*0+ t 2 
 2 �)(	*0+�* t x ���)(	*0+ x2, 
�*1�)(	*0+5� t 2 
 x2 � , 0, 0 +
Mostof theproblemshereinvolvemuchsimplercasesfor L, wheret or x is zero,or t is equalto x.

If t # 0, then

L ( 0, x, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 ,
=
1 <3= 2 ,0,0

If x # 0, then

L ( t , 0, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 , < =
1 <3= 2 ,0,0

If t # x, then

Simplify ( L ( t , t , *0+ . �
1,0, 0, 0

� +
1 <3=
1 <3= 2 ,0,0,0

Note: this is for blueshifts.Redshiftshavea plusinsteadof theminus.

Theproblemsarefrom ”Basic Conceptsin Relativity” by ResnickandHalliday, c
>

1992by Macmillian Publishing,
”SpecialRelativity” by A. P. French, c

>
1966,1968by MIT, andProf. M. Barangerof MIT.
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7 8.033ProblemSet5: Energy, momentum,and mass

French: 6-3

Q: A particleof restmassm andkinetic energy 2 m cˆ2 strikesandsticksto a stationaryparticleof restmass2 m.
Find therestmassM of thecompositeparticle.

A: Calculatethesquareof themassof thesystemby squaringthequaternionandlooking at thefirst term.�������� q � 1.m � 2 m�!� 2 m,
3

1

2 
 1 1 m, 0, 0 .

q � 1. m � 2 m�!� 2 m,
3

1

2 
 1 1 m, 0, 0

� ������� ("( 1, 1 +"+
17. m2

Themassof thecompositeparticleis 17 m.

French: 6-4

Q: (a) A photonof energy E collideswith a stationaryparticleof restmassmo andis absorbed.What is thevelocity
of the resultingcompositeparticle?(b) A particleof restmassmo moving at a speedof 4/5ccollideswith a similar
particleat restandformsa compositeparticle.Whatis therestmassof thecompositeparticleandwhatis its speed?

A: (a) Thespeedcanbecalculatedfrom theratio of themomentumto theenergy. Definethebeforeandafterquater-
nions,settheseratiosequalto eachotherandsolve.

beforeq � q ( mC2 � e � , e � , 0, 0 + $
afterq � q (	� MC2, �2* MC2, 0,0 + $
Solve

beforeq ("( 2, 1 +"+
beforeq ("( 1, 1 +"+ �"� afterq ("( 2, 1 +"+

afterq ("( 1, 1 +"+ , *
=ON e�

C2 m S e�
Thevelocityof thecompositeparticleis H�B e

e Z m c2 .

(b) Theproblemis thesame,only thenumbershavebeenchangedto protectthewriter.

beforeq � q ( m � 5/3 m, 4/3 m, 0, 0 + $
Solve

beforeq ("( 2, 1 +"+
beforeq ("( 1, 1 +"+ �"� afterq ("( 2, 1 +"+

afterq ("( 1, 1 +"+ , *
=ON 1

2

Becausemassis conserved,themassof thecompositeequalsthemassof thesystembeforethecollision.

� beforeq . beforeq ��("( 1,1 +"+
4 m2

3

Thecompositetravelsat 0.5cwith amassof 4
3
m.
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The projectile

Q: A projectileof restmassM1, energy E1, andmomentump1, is directedat a stationarytargetof massm2. Find a
simpleexpressionfor thevelocityof thecenterof massframe.

A: Definethebeforeandafterquaternions(a boostto thecenterof massframe- not acollision!).

beforeq � q (	� 1 m1 � m2, � 1 * 1m1, 0, 0 + $
afterq � q ( MCM, 0, 0,0 + $

We needto find a boostthatwill transformbetweenthe two. The boostquaternionis simplefor the centerof mass
framewherex # y # z# 0.

afterq boosted
� q (	� cm, 
�� cm* cm, 0, 0 + . afterq $

Theratioof thesecondcomponentto thefirst oneis p/Eor v/c, exactlywhatwearelooking for.

Solve
afterq boosted ("( 2,1 +"+
afterq boosted ("( 1,1 +"+ �"� beforeq ("( 2,1 +"+

beforeq ("( 1,1 +"+ , * cm

= cm NP< m1 = 1 t
1

m2 S m1 t
1

Thevelocityof thecenterof massframeis H��0��B X�Y3� m1

m2 Z}� m1
.

French: 6-11

Q: Theneutralpi mesondecaysinto two gammarays(andnothingelse).If thepion (whoserestmassis 135MeV) is
moving with akineticenergy of 1 GeV: (a)Whataretheenergiesof thegammaraysif thedecayprocesscausesthem
to beemittedin oppositedirectionsalongthe pion’s original line of motion? (b) Whatangleis formedbetweenthe
two gammaraysif they areemittedat equalanglesto thedirectionof thepion’smotion?

A: (a)Definethebeforeandafterquaternions.

beforeq � q 1135 .MeV,
1135 .

135.

2 
 1 135 MeV, 0,0 $
afterq � q ( E1 � E2, E1 
 E2, 0, 0 + $

Solve for E2usingenergy conservation,thenE1usingmomentumconservation.

Solve ( beforeq ("( 2,1 +"+!
 afterq ("( 2,1 +"+ �"� 0 /.� Solve ( beforeq ("( 1,1 +"+!
 afterq ("( 1,1 +"+ �"� 0, E2 +"��("( 1,1 +"+ , E1 +K"K
E1 N 1130.97 MeV L"L

Onegammais 1131MeV, theotheris 4 MeV.

(b) Theafterquaternionhasbeenchanged.Solvefirst for theenergy, thentheangle.

afterq � q ( 2 eray , 2 eray Cos ( � + ,
eray Sin ( � +��

eray Sin ( � � p + , 0 + $
Solve ( beforeq ("( 2, 1 +"+!
 afterq ("( 2, 1 +"+ �"� 0 /.� Solve ( beforeq ("( 1,1 +"+!
 afterq ("( 1,1 +"+ �"� 0, eray +"��("( 1,1 +"+ , � +K"K � NP< 0.119225 L , K � N 0.119225 L"L

Thetais thehalf anglein radians.

0.1192 2
180p
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13.6593

Thereis 13.6betweenthetwo gammarays.

French: 6-14

Q: Show that the following processesaredynamicallyimpossible:(a) A singlephotonstrikesa stationaryelectron
andgivesup all its energy to theelectron.(b) A singlephotonin emptyspaceis transformedinto anelectronanda
positron.(c) A fastpositronandastationaryelectronannihilate,producingonly onephoton.

A: (a)By inspection,momentumis conservedonly if E # 0.

beforeq � q ( e � � me C2, e � , 0,0 + $
afterq � q ( MC2, 0, 0, 0 + $
Solve ( beforeq ("( 2, 1 +"+!
 afterq ("( 2, 1 +"+ �"� 0, e � +K"K

e� N 0 L"L
A photonwith no momentumis no photonatall.

(b) Thesquareof themassof thephotonis zero.Examinethesamefor theelectronandpositron.

afterq � q ( Cosh ( � e + m � Cosh ( � e + m,

Sinh ( � e + m 
 Sinh ( � e + m,

0, 0 + $
Simplify ("� afterq . afterq ��("( 1,1 +"+"+
2 R 1 S Cosh � � e S �

e �"T m2
Themassin never lessthan2 m, sothis transitionviolatesconservationof mass.

(c) Themassof thephotonis zero.Findout themassof theelectronandpositron..

beforeq � q ( Cosh ( � e + m � m, Sinh ( � e + m,0, 0 + $
Simplify ("� beforeq . beforeq ��("( 1,1 +"+"+
2 m2 R 1 S Cosh � � e �"T

Thereis no choiceof thetathat makes the masszero, so the transformationis not possiblewithout a violation of
conservationof mass.

French: 7-1

Q: A K mesontraveling throughthe laboratorybreaksup into two pi mesons.Oneof the pi mesonsis left at rest.
Whatwastheenergy of theK? What is theenergy of theremainingpi meson?(Restmassof K meson# 494MeV;
restmassof pi meson� 137MeV).

A: Definethequaternionsfor thebeforeandafterstates.

beforeq � q � k 494 MeV, � k
2 
 1 494 MeV, 0,0 $

afterq � q ��� 137 MeV � 137 MeV, ��� 2 
 1 137 MeV,0, 0 $
Solve ("� afterq . afterq ��("( 1,1 +"+ �"� � 494.MeV� 2, � � +K"K t�� N 5.50104 L"L

Thekinetic energy will beE - M # gammaM - M.
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� 5.501 
 1 � 137 MeV

616.637 MeV

Thepionhas616.6MeV of kinetic energy.

Usethefactthatenergy is conservedto calculatethekinetic energy of theK meson.

� afterq ("( 1,1 +"+ /. � � 
 > 5.501 �!
 494 MeV

396.637 MeV

TheK mesonhas396.6MeV of kinetic energy.

Baranger: Protonsto K’ s

Q: Considertheannihilationof anantiprotonwith a proton,bothparticlesbeingat rest,accordingto thereaction

p � p � Ko � K
o

massp # 940MeV/cˆ2,massK # 500MeV/cˆ2. (a)Find thekineticenergiesandmomentaof thecreatedK particles.
(b) If theproperlifetime of theK’s is 10ˆ A 10s,find theiractuallifetime in thelab frameandthedistancethey travel.

A: (a)Themassof thesystemis 1880MeV. After thecreationof theK’s, thetotalmomentumis still zero.

beforeq � q ( 1880 MeV, 0,0, 0 + $
afterq � q ( 2 � 500.MeV, �2* 500 MeV 
��2* 500 MeV, 0,0 + $
Solve ( beforeq ("( 1, 1 +"+!
 afterq ("( 1, 1 +"+ �"� 0, �0+K"K t N 1.88 L"L
KEko

� � 1.88 
 1 � 500 MeV

440. MeV

Pko
� 1.882 
 1 500 MeV

795.99 MeV

EachK has440MeV of kinetic energy anda momentumof 796Mev.

(b) t’ # gammat andd’ # betac t’. Simplestuff.

t lab
� 1.88 10 7 10 s

1.88 ? 10@ 10 s
dlab

� 1.882 
 1

1.882 c t lab

0.0477594 m

In 0.188nanoseconds,theK’s travel 4.77cm.

Baranger: Photoncollision

Q: A photonof energy E # 600MeV, traveling in the ^ x direction,hits a stationaryparticleof restenergy M cˆ2 #
1000MeV. After thecollision,thesetwo particlesarereplacedby two new particlesof massesm1andm2respectively.
Thetotal energy (includingrestenergy) of particle1 is E1 # 700MeV andits momentumis p1x # 400MeV, p1y #
300MeV. (a) Draw a ”beforeandafter” picture. (b) Find the energy andthe momentumof particle2. (c) Find the
massesm1 andm2.

A: (b) Lots of datais givento definethequaternions.
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beforeq � q ( 600.MeV, 600 MeV, 0, 0 +:� q ( 1000 MeV, 0, 0,0 + $
particle1 � q ( 700.MeV, 400 MeV, 300 MeV, 0 + $
particle2 � q ( e2, p2x, p2y, 0 + $
afterq � particle1 � particle $

Becauseenergy andmassareconserved,weknow by inspectionthatfor particle2, E2 # 900MeV, p2xc # 200MeV,
p2yc # -300MeV.

� particle2 � beforeq 
 particle1 � . �
1,0, 0, 0

�K
900. MeV,200 MeV, < 300 MeV,0 L

(c) Calculatethemassesby squaringthequaternions.

� particle1 . particle1 ��("( 1,1 +"+
489.898 MeV2

� particle2 . particle2 ��("( 1,1 +"+
824.621 MeV2

Themassesarem1 # 490MeV andm2 # 825Mev.

Baranger: Multiplying 4 vectors

Q: Let theenergy-momentum4-vectorbe�
p � � e, p c �

Let the4-velocitybethe4-vector�
u � ��� 1, v/c �

Prove (carefully, rigorously!) that,if a particleof 4 momentump is observedby anobserverof 4-velocity u, thenthe
energy of theparticlein theframeof theobserver is�

p .
�
u � pt ut 
 p . u

HINT: Choosespecial,convenientcoordinateaxesfor thespacecomponents(andsaywhattheseaxesare).

A: Chooseto definethevelocityvectorin termsof themomentumvectors.Definethetwo quaternions.

p4
� q ( et , px, py, pz + $������ u4

� p4� p4 . p4 ��("( 1,1 +"+ et

� ����� . �
1,0, 0, 0

�
1

e2
t 
 p2

x 
 p2
y 
 p2

z

,
px

et e2
t 
 p2

x 
 p2
y 
 p2

z

,

py

et e2
t 
 p2

x 
 p2
y 
 p2

z

,
pz

et e2
t 
 p2

x 
 p2
y 
 p2

z

Calculatetheir product,looking at thefirst termwhichhasunitsof energy.

� p4 . u4 ��("( 1,1 +"+
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et

e2
t 
 p2

x 
 p2
y 
 p2

z


 p2
x

et e2
t 
 p2

x 
 p2
y 
 p2

z


 p2
y

et e2
t 
 p2

x 
 p2
y 
 p2

z


 p2
z

et e2
t 
 p2

x 
 p2
y 
 p2

z

Theresultcanbewrittenaspt ut F p . u.

Thereis aneveneasierway to expressthis product.

Simplify ( %+
e2t < p2x < p2y < p2z

et

This is M/E or 1/gamma.This resultwasdueto theunusualchoiceof thevelocityvector. Look at theotherterms.

Simplify ("� p4 . u4 ��("( 2,1 +"+"+
2 px

e2t < p2x < p2y < p2z
Theentirequaternionproductis�

p
�
u � 1/��� 2 �1* x I � 2 �1* y J � 2�2* z K

Baranger: An inelastic collision

Q: Considerthefollowing inelasticcollision:

Find themassof theincomingprojectile.

A: Determinethegammasfrom thekineticenergy andmassesgiven.

� 140
� 140.MeV � 1000 MeV

140 MeV
8.14286

� 1100
� 1100 .MeV � 200 MeV

1100 MeV
1.18182

We cancalculatethepy momentumfor them140particle.

py 140
� �	� 140

2 
 1 � Sin 30

p
180

140 MeV

565.685 MeV

Thepy momentumfor them1100mustbeequalandopposite,which allowsacalculationof theangle.

ArcSin
py 140� 1100

2 
 1 1100 MeV

180p
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54.7356

Calculatetheamountof momentumin thex direction.

px 140
� �	� 140

2 
 1 � Cos 30

p
180

140 MeV

979.796 MeV

px 1100
� �	� 1100

2 
 1 � Cos 54.736

p
180

1100 MeV

399.996 MeV

px tot
� px 140 � px 1100

1379.79 MeV

All of thismomentumis from theincomingprojectile.

Calculatethetotalenergy afterminusm940to gettheenergy of theincomingprojectile.

140 MeV � 1000 MeV � 1100 MeV � 200 MeV 
 940 MeV

1500 MeV

Calculatethemassof incomingprojectiletheusualway by looking at thefirst termof thesquareroot of thesquared
quaternion.

� q ( 1500 MeV, px tot , 0, 0 + .
q ( 1500 MeV, px tot , 0,0 +"��("( 1,1 +"+

588.365 MeV2

Themassof theincomingprojectileis 588MeV.

PostRamble

Thereare a few tools requiredto solve problemsin specialrelativity using quaternionsto characterizeeventsin
spacetime.Themostbasicarea roundvaluefor c andgamma.

c � 3 108 m/s $
�)(	* +-, � 1

1 
�* 2

Definea functionfor quaternionsusingits matrix representation.

q ( t , x , y , z +/, �
��������
t 
 x 
 y 
 z
x t 
 z y
y z t 
 x
z 
 y x t

� �������
A quaternionL that transformsa quaternion(L q[x] # q[x’ ]) identical to how the Lorentz transformationactson
4-vectors

(Lambdax # x’ ) shouldexist. Thesearedescribedin detail in the notebook”A differentalgebrafor boosts.” For
boostsalongthex axiswith y # z # 0, thegeneralfunctionfor L is

L ( t , x , * +/, �
1

t 2 � x2 q (	�)(	*0+ t 2 
 2 �)(	*0+�* t x ���)(	*0+ x2, 
�*1�)(	*0+6� t 2 
 x2 � , 0, 0 +
Mostof theproblemshereinvolvemuchsimplercasesfor L, wheret or x is zero,or t is equalto x.

If t # 0, then

L ( 0, x, *0+ . �
1, 0,0, 0

�
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1

1 <3= 2 ,
=
1 <3= 2 ,0,0

If x # 0, then

L ( t , 0, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 , < =
1 <3= 2 ,0,0

If t # x, then

Simplify ( L ( t , t , *0+ . �
1,0, 0, 0

� +
1 <3=
1 <3= 2 ,0,0,0

Note: this is for redshifts.Blueshiftshavea plusinsteadof theminus.

Theproblemsarefrom ”Basic Conceptsin Relativity” by ResnickandHalliday, c
>

1992by Macmillian Publishing,
”SpecialRelativity” by A. P. French, c

>
1966,1968by MIT, andProf. M. Barangerof MIT.
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8 8.033Problem Set 6: The Compton effect and thr esholdcollision prob-
lems

French: 6-16The Compton effect

Q: The usualtheoryof the Comptoneffect considersa stationaryfree electronbeingstruckby a photon,resulting
in a scatteredphotonof lower energy. Supposethata photon(of energy E) hasa head-oncollision with a moving
electron(of restmassmo) What initial velocity doesthe electronhave if the collision resultsin a photonrecoiling
straightbackwardwith thesameenergy E astheincidentphoton?

A: Thereare the samenumberof particlesbeforeandafter, traveling in oppositedirectionswith the sameenergy.
Definethebeforeandafterquaternions.

beforeq � q ( e �:���)(	*0+ mo C2, e �:
�*2�)( 
�*0+ mo C2, 0,0 + $
afterq � q ( e � ���)(	*0+ mo C2, 
 e � ��*2�)(	*0+ mo C2, 0, 0 + $

Conservemomentumandsolve for thespeed.

Simplify ( Solve (
beforeq ("( 2,1 +"+!
 afterq ("( 2,1 +"+ �"� 0, *0+"+=ONP< e�

e2�2S C4 m2o , =QN e�
e2�1S C4 m2o

Theinitial velocityof theelectronis H�B e

e2 Z m2c4
.

French: 6-17

Q: A streamof very high energy photons(>> 10 MeV) is fired at a block of matter. Show that the energy E of the
photonsscattereddirectlybackwardis essentiallyindependentof theenergy of theincidentphotons.Whatis thevalue
of E backward?

A: Definetherelevantquaternions.

beforeq � q ( eforward � mC2, eforward , 0, 0 + $
afterq � q ( eback ���)(	*0+ mC2, 
 eback ��*1�)(	*0+ mC2, 0,0 + $

Solve for theenergy forwardusingenergy conservation.

Simplify ( Solve (
beforeq ("( 1,1 +"+!
 afterq ("( 1,1 +"+ �"� 0, eforward +"+

eforward N C2 m

bcccccccd < 1 S 1

1 <3= 2
e fffffffg S eback

Solve for theenergy backusingmomentumconservationandthepreviousresult.

Simplify ( Solve (
beforeq ("( 2,1 +"+!
 afterq ("( 2,1 +"+ �"� 0 /.

%("( 1 +"+ , eback +"+
eback N C2 m < 1 S3=)S 1 <0= 2

2 1 <3= 2
As betaapproachesone,thevalueof E backwardapproaches1/2 mcˆ2. Thephotonsaremostlikely to collide with
electronsof mass511MeV, soE backwardis approximately255MeV.
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French: 6-18

Q: (a)A photonof energy hv collideselasticallywith anelectronat rest.After thecollision theenergy of thephotonis
hv/2,andit travelsin adirectionmakinganangleof 60with its originaldirection.Whatis thevalueof thefrequency?
What sort of photonis it? (b) A photonof energy hv collideswith an excited atomat rest. After the collision the
photonstill hasenergy hv, but its directionhaschangedby 180. If theatomis in its groundstateafter thecollision,
whatwasits initial excitationenergy?

A: (a)Definethebeforeandafterquaternions.

beforeq � q ( h ��� mC2, h� , 0, 0 + $
afterq � q h � /2 � Cosh (	�0+ mC2, h� /4 � Cos ( � + Sinh (	�0+ mC2,

3h� /4 �
Sin ( � + Sinh (	�0+ mC2, 0 $

By conservationof energy andmomentum,thebeforeqminustheafterqshouldbezero.

� consq � beforeq 
 afterq � . �
1,0, 0, 0

�
h �
2

� C2 m 
 C2 m Cosh (	�0+ , 3 h�
4


 C2 m Cos ( � + Sinh (	�0+ ,

 3 h�

4

 C2 m Sin ( � + Sinh (	�0+ ,0

Thereare3 equations(eachtermis equalto zero)andthreeunknowns(hv, alpha,andtheta).Eliminatethetausinga
trig identity, theneliminatealphausingahyperbolictrig identity. (It’ snot easy, but it doeswork).

elim
� �

� Cos ( � + /. Solve ( consq ("( 2,1 +"+ �"� 0, Cos ( � +2+"��("( 1 +"+ 2 �� Sin ( � + /. Solve ( consq ("( 3,1 +"+ �"� 0, Sin ( � +2+"��("( 1 +"+ 2

3 h� 2 Csch �	�0� 2
4 C4 m2

elim � �
� Cosh (	�0+ /. Solve ( consq ("( 1,1 +"+ �"� 0, Cosh (	�0+2+"��("( 1 +"+ 2 
� Sinh (	�0+ /. Solve ( 1/elim

� �"� 1, Sinh (	�0+2+"��("( 1 +"+ 2

< 3 h� 2
4 C4 m2

S R < h�9< 2 C2 m T 2
4 C4 m2

This identity equals1, soit canbesolvedfor hv.

Solve ( elim � �"� 1, h �0+K"K
h�ON 0 L , K

h�ON 2 C2 m L"L
Find thefrequency by puttingin theappropriateconstants.

2 9.1 10 7 31 kg c2

6.62 10 7 34 kg m2/s
2.47432 ? 1020

s

Thefrequency of thephotonis 2.510ˆ20sˆ-1,agammaray.

(b) Definethebeforeandafterquaternions.

beforeq � q ( h ��� m
�

C2, h� , 0, 0 + $
afterq � q ( h �����)(	*0+ mC2, 
 h����*1�)(	*0+ mC2, 0, 0 + $

Solve for betain termsof thegroundstateusingmomentumconservation.
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Solve ( beforeq ("( 2, 1 +"+!
 afterq ("( 2, 1 +"+ �"� 0, *0+=ONP< 2 h�
4 h� 2 S C4 m2 , =�N 2 h�

4 h� 2 S C4 m2
Solve for theexcitedstateusingenergy conservation.

Solve ( beforeq ("( 1, 1 +"+!
 afterq ("( 1, 1 +"+ �"� 0 /.%("( 1 +"+ , m
� +

m ��N m

C4 m2

4 h� 2 x C4 m2

Theexcitationenergy will be

m  \¡ c2 B m ¢ c2 F m c2 B
m c2

£¤¤¤¤¥ 2 ¦�z
m c2

2 k 1 F 1

§ ¨¨¨¨©
.

French: 6-19

Q: A high-energy photonstrikesandis scatteredby a protonthat is initially stationaryandcompletelyfreeto recoil.
Theprotonis observedto recoilata30anglewith akineticenergyof 100MeV. (a)Whatwastheenergyof theincident
photon?(b) Whatarethedirectionandenergy of thescatteredphoton?

A: (a)Definethebeforeandafterquaternions.

beforeq � q ( e � � 100 MeV � 938 MeV, e � � 100MeV, 0,0 + $
afterq � q e �!� 1039 MeV,

e � Cos ( � +!� 1038 MeV

938 MeV

2 
 1 Cos 30

p
180.

938 MeV,

e � Sin ( � +!� 1038 MeV

938 MeV

2 
 1 Sin 30

p
180.

938 MeV,0 $
By conservationof energy andmomentum,thebeforeqminustheafterqshouldbezero.

� consq � beforeq 
 afterq � . �
1,0, 0, 0

�
� 
 MeV, 
 284.968 MeV � e �2
 Cos ( � + e � ,
 222.261 MeV 
 Sin ( � + e � , 0

�
Thereare2 equations(eachterm is equalto zero)and2 unknowns (E andtheta). Eliminatethe angleusinga trig
identity.

elim
� �

� Cos ( � + /. Solve ( consq ("( 2,1 +"+ �"� 0, Cos ( � +2+"��("( 1 +"+ 2 �� Sin ( � + /. Solve ( consq ("( 3,1 +"+ �"� 0, Sin ( � +2+"��("( 1 +"+ 2

49400. MeV2

e2� S 1. R < 284.968 MeV S e� T 2
e2�

This identity equals1, soit canbesolvedfor hv.

Solve ( elim
� �"� 1, e � +K"K

e�ªN 229.16 MeV L"L
Theincidentphotonis E ^ 100MeV, or 329MeV.
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(b) Theenergy of thescatteredphotonwascalculatedaboveat 229MeV. Themomentumin theconservationquater-
nioncanbesolvedfor theta.

Solve ( consq ("( 2, 1 +"+ �"� 0 /. e � 
 > 229 MeV,
� +K"K � NP< 1.8177 L , K � N 1.8177 L"L

1.8177
180p

104.147

Thephotonscattersat anangleof 104.

French: 7-2

Q: An electron-positronpair canbeproducedby a gammaray strikinga stationaryelectron:

��� e 7)« e 7 � e ¬�� e 7
Whatis theminimumgammaray energy thatwill makethis processgo?

A: Definethebeforeandafterquaternions.

beforeq � q ( e  , e  , 0, 0 +:� q ( me, 0,0, 0 + $
afterq � q ( 3 me, 0, 0, 0 + $

Setthesquareof themassesequalto eachotherandsolve for E.

Solve (� beforeq . beforeq ��("( 1,1 +"+2
� afterq . afterq ��("( 1,1 +"+ �"� 0, e  +K"K
e®ªN 4 me L"L

%/.me 
 > 511 MeVK"K
e®ªN 2044 MeV L"L

Theminimumenergy of thegammaray is 2044MeV.

Baranger: ThresholdKE

Q: Whatis thethresholdkinetic energy, in theLabsystem,for thereaction:

p � p « p � p � p � p
TheprotonshavemassM, thepionshavemassm. Setc # 1.

A: K # E - M. gamma# E/M # K/M ^ 1. Theserelationscanbeusedto definethebeforeandafterquaternions.

beforeq � q 2 M � K,
K

M
� 1

2 
 1 M, 0,0 $
afterq � q ( 2 M � 2 m, 0,0, 0 + $

Setthemassesequalto eachotherandsolve for K.

Solve (� beforeq . beforeq ��("( 1,1 +"+2
� afterq . afterq ��("( 1,1 +"+ �"� 0, K+
K N 2 R m2 S 2 m M T

M

Theminimumkineticenergy requiredis K # (2mˆ2 ^ 4m M)/M.
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French: 7-3

Q: Supposethata certainacceleratorcangive protonsa kinetic energy of 200GeV. Therestmassmo of a protonis
0.938GeV. CalculatethelargestpossiblerestmassMo of a particleX thatcouldbeproducedby theimpactof oneof
thesehigh-energy protonsona stationaryprotonin thefollowing process:

p � p « p � p � X

A: K # E - M. gamma# E/M # K/M ^ 1. Theserelationscanbeusedto definethebeforeandafterquaternions.

beforeq � q 2 0.938 GeV � 200 GeV,

200

0.938
� 1

2 
 1 0.938 GeV, 0, 0 $
afterq � q ( 2 0.938 GeV � X, 0, 0, 0 + $

Setthesquareof themassesequalto eachotherandsolve for X.

Solve (� beforeq . beforeq ��("( 1,1 +"+2
� afterq . afterq ��("( 1,1 +"+ �"� 0, X+K"K
X NP< 21.3367 GeV L , K

X N 17.5847 GeV L"L
Thelargestpossiblerestmassis 17.6GeVfor this accelerator.

Baranger: Another threshold

Considerthereaction:

p � p « p � p � p
The target proton is at rest. The rest massof the proton is 940 MeV and the pion is 140 MeV. (a) Calculatethe
thresholdkinetic energy of theincidentpion for this reaction.(b) At threshold,calculatethevelocitiesandmomenta
of thefinal-stateprotonandthepionsin thelabsystem.

A: (a)Definethebeforeandafterquaternions.

beforeq � q 940.MeV ��� 140 MeV � K� ,
K

140 MeV
� 1

2 
 1 140 MeV, 0, 0 $
afterq � q ( 2 140 MeV � 940 MeV, 0, 0, 0 + $

Setthesquareof themassesequalto eachotherandsolve for K.

Solve (� beforeq . beforeq ��("( 1,1 +"+2
� afterq . afterq ��("( 1,1 +"+ �"� 0, K+K"K
K N 171.277 MeV L"L

Thethresholdkineticenergy of thepion is 171MeV.

(b) In the center-of-massframe, all threeparticlesareat rest. In the Lab frame, all threeparticleshave the same
velocity, but differentmomenta.Calculatetheenergy before.

beforeE � 940 MeV � 140 MeV � 171 MeV

1251 MeV
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Thegammaafteris thisenergy dividedby themass.

1251 .MeV

2 140 MeV � 940 MeV
1.02541

Knowing gamma,bothvelocityandmomentacanbecalculated.

1.0254 2 
 1

1.0254 2

0.221197

ppion
� 1.0254 2 
 1 140 MeV

31.7541 MeV

pproton
� 1.0254 2 
 1 940 MeV

213.206 MeV

Theparticleshave a relativistic velocity of 0.22,thepionshave a momentumpc # 31.7MeV, andtheprotonshave a
momentumof pc# 213MeV.

French: 7-6

Q: Thekinetic energy K of a systemin the lab frameis relatedto thekinetic energy K* in thecenterof massframe
in thenonrelativistic caseby theexpressionK # K* ^ MVˆ2/2, whereM is thetotal massof thesystemandV is the
velocity of thecenterof mass.What is theanalogousexpressionfor therelativistic case?Show that it reducesto the
aboveresultif all speedsaremuchlessthanc.

A: Boostthequaternionfor thecenter-of-massframeto thelab,whereMo is thesumof therestmassesof theparticles
in thesystem.

qlab
� q (	�)( 
�*0+ , 
�*1�)( 
�*0+ ,0, 0 + .q ( Moc2 � KCM, 0, 0,0 + $

Energy is conserved,soe ¯±°u²�B K ¯³°u²Mk Moc
2.

Solve ( qlab ("( 1,1 +"+ �"� Klab � MoC2, Klab +
Klab NP< C2 Mo S KCM S C2 Mo

1 <3= 2
Thekinetic energy in thelab frameis K ¯±°u²�BiDIj K ��� k Mo c

2 m/F Mo c
2.

Look at thenonrelativistic limit.

Series (	�)(	*0+�� KCM � Mo C2 �I
 Mo C2,
� * , 0, 2

� +
KCM S 1

2
R KCM S C2 Mo T3= 2 S O �	=0� 3

Note that (K ^ Mo cˆ2) is the total massof thesystem.In thenonrelativistic limit, the lab kinetic energy equalsthe
kineticenergy within thecenterof massframeplusthekineticenergy of all theindividualmassesin thecenterof mass
frame.



Post ramble: Initialization functions

Thereare a few tools requiredto solve problemsin specialrelativity using quaternionsto characterizeeventsin
spacetime.Themostbasicarea roundvaluefor c andgamma.

c � 3 108 m/s $
�)(	* +-, � 1

1 
�* 2

Definea functionfor quaternionsusingits matrix representation.

q ( t , x , y , z +/, �
��������
t 
 x 
 y 
 z
x t 
 z y
y z t 
 x
z 
 y x t

� �������
A quaternionL that transformsa quaternion(L q[x] # q[x’ ]) identical to how the Lorentz transformationactson
4-vectors

(Lambdax # x’ ) shouldexist. Thesearedescribedin detail in the notebook”A differentalgebrafor boosts.” For
boostsalongthex axiswith y # z # 0, thegeneralfunctionfor L is

L ( t , x , * +/, �
1

t 2 � x2 q (	�)(	*0+ t 2 
 2 �)(	*0+�* t x ���)(	*0+ x2, 
�*2�)(	*0+:� t 2 
 x2 � , 0, 0 +
Mostof theproblemshereinvolvemuchsimplercasesfor L, wheret or x is zero,or t is equalto x.

If t # 0, then

L ( 0, x, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 ,
=
1 <3= 2 ,0,0

If x # 0, then

L ( t , 0, *0+ . �
1, 0,0, 0

�
1

1 <3= 2 , < =
1 <3= 2 ,0,0

If t # x, then

Simplify ( L ( t , t , *0+ . �
1,0, 0, 0

� +
1 <3=
1 <3= 2 ,0,0,0

Note: this is for blueshifts.Redshiftshavea plusinsteadof theminus.

Theproblemsarefrom ”Basic Conceptsin Relativity” by ResnickandHalliday, c
>

1992by Macmillian Publishing,
”SpecialRelativity” by A. P. French, c

>
1966,1968by MIT, andProf. M. Barangerof MIT.
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