
1 A CompleteInner Product Spacewith Dirac’ sBracket Notation

A mathematicalconnectionbetweenthe bracket notationof quantummechanicsandquaternionsis detailed. It will
be arguedthat quaternionshave the propertiesof a completeinner-productspace(a Banachspacefor the field of
quaternions).A centralissueis thedefinitionof thesquareof thenorm.In quantummechanics:��������� 2 � < ����� >
In this notebook,thefollowing assertionwill beexamined(* is theconjugate,sothevectorflips signs):���
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Theinner-productof two quaternionsis definedhereasthetranspose(or conjugate)of thefirst quaternionmultiplied
by thesecond.Theinnerproductof a functionwith itself is thenorm.

The PositiveDefinite Norm of a Quaternion

The squareof the norm of a quaternioncanonly be zeroif every elementis zero,otherwiseit musthave a positive
value.
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This is thestandardEuclideannormfor a real4-dimensionalvectorspace.

The Euclideaninner-productof two quaternionscan take on any value, as is the casein quantummechanicsfor
<phi	 theta>. The adjective ”Euclidean” is usedto distinguishthis productfrom the Grassmaninner-productwhich
playsa centralrole in specialrelativity (seealternativealgebrafor boosts).

Completeness

With thetopologyof aEuclideannormfor a real4-dimensionalvectorspace,quaternionsarecomplete.

Quaternionsarecompletein amannerrequiredto form aBanachspaceif thereexistsaneighborhoodof any quaternion
x suchthatthereis a setof quaternionsy���

x 
 y
��� 2 < � 4

for somefixedvalueof epsilon.

Constructsuchaneighborhood.
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An infinite numberof quaternionsexist in theneighborhood.

Any polynomialequationwith quaternioncoefficientshasa quaternionsolutionin x (a proof doneby Eilenberg and
Nivenin 1944,citedin Birkhoff andMacLane’s ”A Survey of ModernAlgebra.”)
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Identities and Inequalities

Thefollowing identitiesandinequalitiesemanatefrom thepropertiesof a Euclideannorm. They areworkedout for
quaternionsherein detailto solidify theconnectionbetweenthemachineryof quantummechanicsandquaternions.

Theconjugateof thesquareof thenormequalsthesquareof thenormof thetwo termsreversed.

< � ��� > � � < ��� � >
For quaternions,
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Theseareidentical,becausethetermsinvolving thecrossproducewill flip signswhentheir orderchanges.

For productsof squaresof normsin quantummechanics,
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This is alsothecasefor quaternions.
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Thetriangleinequalityin quantummechanics:
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For quaternions,
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If thesignsof eachpair of componentarethesame,thetwo sideswill beequal.If thesignsaredifferent(a t anda -t
for example),thenthecrosstermswill cancelon theleft handsideof the inequality, makingit smallerthantheright
handsidewheretermsnevercancelbecausethereareonly squaredterms.

TheSchwarzinequalityin quantummechanicsis analogousto dot productsandcosinesin Euclideanspace.
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<
��� � > � 2 < � < ����� >< � � � >

Let a third wave function,chi, bethesumof thesetwo with anarbitraryparameterlambda.

��� � ��� �
Thenormof chi will necessarilybegreaterthanzero.

� � ��� ��� � � � ��� ��� � � � � ��� � � � ��� � � � � � � � � � � � > � 0

Choosethevaluefor lambdathathelpscombineall thetermscontaininglambda.
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 > 
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 � � �!� � �� � � > � 0

Multiply throughby thedenominator, separatethetwo resultingtermsanddo someminor rearranging.

� � � ��� � � � � < � � � � � � �
This is now theSchwarzinequality.

Anotherinequality:

2 Re <
��� � > < � < ����� > � < � � � >

Examinethe squareof the norm of the differencebetweentwo quaternionswhich is necessarilyequalto or greater
thanzero.
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Thecrosstermscanbeputontheothersideof inequality, changingthesign,andleaving thesumof two normsbehind.
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Theinequalityholds.

Theparallelogramlaw:

<
� � � � � � � > � <

� 
�� � ��
 � > � 2 <
�����

> � 2 < � � � >
Testthequaternionnorm
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This is twice thesquareof thenormsof thetwo separatecomponents.
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Implications

In thecasefor specialrelativity, it wasnoticedthatby simply squaringa quaternion,the resultingfirst termwasthe
Lorentzinvariantinterval. Fromthatsolitaryobservation,thepowerof a mathematicalfield washarnessedto solve a
wide rangeof problemsin specialrelativity.

In a similar fashion,it is hopedthat becausethe productof a transposeof a quaternionwith a quaternionhasthe
propertiesof a completeinnerproductspace,thepowerof themathematicalfield of quaternionscanbeusedto solve
a wide rangeof problemsin quantummechanics.This is animportantareafor furtherresearch.

Note: this goal is differentfrom theoneStephenAdler setsout in ”QuaternionicQuantumMechanicsandQuantum
Fields.” He triesto substitutequaternionsin theplaceof complex numbersin thestandardHilbert spaceformulation
of quantummechanics.Theanalyticalpropertiesof quaternionsdo not play a critical role. It is thepropertiesof the
Hilbert spaceover thefield of quaternionsthatis harnessedto solve problems.It is my opinionthatsincetheproduct
of a transposeof a quaternionwith a quaternionalreadyhasthe propertiesof a norm in a Hilbert space,thereis no
needto imbedquaternionsagainwithin anotherHilbert space.I like acloseshavewith Occam’s razor.
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2 Multiplying Quaternions in Polar Coordinate Form

Any quaternioncanbewritten in polarcoordinateform, which involvesa scalarmagnitudeandangle,anda 3-vector
I (which in somecasescanbethemorefamiliar i).

q � ��� q ��� Exp # �I � q
�
q Cos $�#�% � �I Sin $�#�%

This representationcanbeusefuldueto thepropertiesof theexponentialfunction,cosinesandsines.

Theabsolutevalueof aquaternionis thesquarerootof thenorm,which is thetransposeof aquaternionmultipliedby
itself.�

q
� � q

�
q

Theangleis thearccosineof theratioof thefirst componentof aquaternionover thenorm.

# � ArcCos
q � q

�
2
�
q
�

Thevectorcomponentis generatedby normalizingthepurequaternion(thefinal threeterms)to thenormof thepure
quaternion.

I � q 
 q
�

2
�
q 
 q

� �
Iˆ2 equals-1 just like iˆ2. Let (0, V) & (q - q*)/2.

I 2 � � 0, V�'� 0, V�� � 0, V� ��� � 0, V� � � ��
 V.V, VxV �� V2, 0 � � 
 1
It shouldbepossibleto doFourieranalysiswith quaternions,andto form aDiracdeltafunction(or distribution). That
is a projectfor thefuture.Thosetoolsarenecessaryfor solvingproblemsin quantummechanics.

Newmethod for multiplying quaternion exponentials

Multiplying two exponentialsis at the heartof modernanalysis,whetheroneworks with Fourier transformsor Lie
groups.GivenaLie algebraof aLie groupin asufficiently smallareatheidentity, theproductof two exponentialscan
bedefinedusingtheCampbell-Hausdorff formula:

Exp $ X% Exp $ y % � � X � Y� � 1

2
$ X, Y%'� X � Y�

� 1

12
��$�$ X, Y% ,Y%(
)$�$ X, Y% ,X%��'� X � Y� � ...

This formulais not easyto use,andis only applicablein a smallareaaroundunity. Quaternionanalysisthatrelieson
this formulawould bevery limited.

I have developed(perhapsfor the first time) a simpler and generalway to expressthe productof two quaternion
exponentialsas the sumof two components.The productof two quaternionssplits into a commutingandan anti-
commutingpart. The rulesfor multiplying commutingquaternionsareidenticalto thosefor complex numbers.The
anticommutingpartneedsto bepurely imaginary. TheGrassmanproduct(q q’) of two quaternionexponentialsand
the Euclideanproduct(q* q’) shouldboth have theseproperties.Togetherthesedefinethe needsfor the productof
two quaternionexponentials.

Let q � Exp $ X% q � � Exp $ Y%
q q � �+* q, q �-, � � Abs $ q, q � % � Exp .

2

$ q, q � % �
Abs $ q, q � % �

where * q, q � , � � q q � � q � � q
�

2
and $ q, q � % � � q q � 
 q � � q

�
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q
�
q � � same as above

where * q, q � , � q
�

q � � q � � q and $ q, q � % � q
�

q � 
 q � � q

I call theseoperators”conjugators”becausethey involve taking the conjugateof the two elements.Andrew Millard
madethesuggestionfor theGrassmanproductthatunifiestheseapproachesnicely. Whatis happeninghereis thatboth
commutingandanticommutingpartsscalethemselvesappropriately. By usinganexponentialthathaspi/2 multiplied
by anormalizedquaternion,this alwayshasa zeroscalar, asit mustto accuratelyrepresentananticommutingpart.
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3 Commutators and the Uncertainty Principle

Commutatorsandthe uncertaintyprinciple arecentralto quantummechanics.Using quaternionsin theseroleshas
alreadybeenestablishedby others(Horwitz andBiedenharn,Annalsof Physics,157:432,1984).Thefirst proofof the
uncertaintyprincipleI saw reliedsolelyon thepropertiesof complex numbers,not onphysics!In this notebookI will
repeatthatanalysis,showing how commutatorsandanuncertaintyprinciplearisefrom thepropertiesof quaternions
(or theirsubfieldthecomplex numbers).

Commutators

Any quaternioncanbewritten in apolarform.

q � � s, V� � q
�

q Exp
s

q
�

q

V

V
�

V

This is identicalto Euler’s formulaexceptthattheimaginaryunit vectori is replacedby thenormalized3-vector. The
two areequivalentif j & k & 0. Any quaternioncouldbethelimit of thesumof aninfinite numberof otherquaternions
expressedin a polar form. I hopeto show that sucha quaternionmathematicallybehaveslike the wave function of
quantummechanics,evenif thenotationis different.

To simplify things,usea normalizedquaternion,sothatq* q & 1. Collect thenormalized3-vectortogetherwith I &
V/(V* V)ˆ.5.

Theangles/(q* q)ˆ.5 is a realnumber. Any realnumbercanbeviewedastheproductof two otherrealnumbers.This
seeminglyirrelevantobservationlendsmuchof theflexibility seenin quantummechanics:-) Hereis therewrite of q.

q � Exp $ a b I %
where q

�
q � 1, a b � s

q
�

q
, I � V

V
�

V

Theunit vectorI couldalsobeviewedastheproductof two quaternions.For classicalquantummechanics,this addi-
tional complicationis unnecessary. It may berequiredfor relativistic quantummechanics,so this shouldbe kept in
mind.

A point of clarificationon notation:thesameletterwill beused4 distinctways.Thereareoperators,A hat,which act
on a quaternionwave functionby multiplying by a quaternion,capitalA. If theoperatorA hat is anobservable,then
it generatesa realnumber, (a,0), which commuteswith all quaternions,whatever their form. Thereis alsoa variable
with respectto acomponentof aquaternion,a i, thatcanbeusedto form a differentialoperator.

Definea linearoperatorA hatthatmultipliesq by thequaternionA.

ˆ
A q � A q

If the operatorA hat is an observable,thenthe quaternionA is a real number, (a, 0). This will commutewith any
quaternion. This equationis functionally equivalent to an eigenvalueequation,with A hat asan eigenvectorof q
and(a, 0) astheeigenvalue.However, all of thecomponentsof this equationarequaternions,not separatestructures
suchasan operatorbelongingto a groupanda vector. This might make a subtlebut significantdifferencefor the
mathematicalstructureof thetheory, apoint thatwill not beinvestigatedhere.

Definea linearoperatorB hatthatmultipliesq by thequaternionB. If B hatis anobservable,thenthisoperatorcanbe
definedin termsof thescalarvariablea.

Let
ˆ
B � 
 I d

d a

ˆ
B q � 
 I d Exp $ a b I %

d a
� b q

OperatorsA andB arelinear.

7



ˆ
A � ˆ

B q � ˆ
A q � ˆ

B q � a q � b q � � a � b � q
ˆ
A � q � q �/� � ˆ

A q � ˆ
A q � � a q � a � q �

Calculatethecommutator[A, B], which involvesthescalara andthederivativewith respectto a.

ˆ
A,

ˆ
B q � ˆ

A
ˆ
B 
 ˆ

B
ˆ
A q � 
 a I

d q

d a
� I

d a q

d a

� 
 a I
d q

d a
� a I

d q

d a
� I q

d a

d a
� I q

Thecommutatoractingona quaternionis equivalentto multiplying thatquaternionby thenormalized3-vectorI.

The Uncertainty Principle

Usetheseoperatorsto constructthingsthatbehave like averages(expectationvalues)andstandarddeviations.

The scalara–generatedby the observable operatorA hat acting on the normalizedq–canbe calculatedusing the
Euclideanproduct.

q
� � A q � � q

�
a q � a q

�
q � a

It is hardto shuffle quaternionsor theiroperatorsaround.Realscalarscommutewith any quaternionandaretheirown
conjugates.Operatorsthatgeneratesuchscalarscanmove around.Look at waysto expresstheexpectationvalueof
A.

q
� ˆ

A q � q
�

a q � a q
�

q � a
�
q
�

q � ˆ
A q

�
q � a

Definea new operatorA’ basedon A whoseexpectationvalueis alwayszero.

Let A� � A 
 q
� � A q �

q
� � A� q � � q

� � A 
 q
� � A q ��� q � � a 
 a � 0

Definethesquareof theoperatorin awaydesignedto link upwith thestandarddeviation.

Let DA� 2 � q
� � A0 2 q �!
1� q � � A0 q ��� 2 � q

� � A0 2 q �
An identicalsetof toolscanbedefinedfor B.

In thesectionon bracketnotation,theSchwarzinequalityfor quaternionswasshown.

A0 � B0 � B0 � A0
2

< � A0 B0
TheSchwarzinequalityappliesto quaternions,notquaternionoperators.If theoperatorsA’ andB’ aresurroundedon
bothsidesby q andq*, thenthey will behavelike scalars.

Theleft-handsideof theSchwarzinequalitycanberearrangedto form acommutator.

q
� � A0 � B0 � B0 � A0 � q �
q
�
A0 � B0 q � q

�
B0 � A0 q � q

�
a 0 � B0 q � q

� ��
 I � � d

d a
A0 q �

� q
�

a 0 B0 q 
 q
� ��
 I � d

d a
A0 q � q

� � A0 B0 
 B0 A0 � q � q
� $ A0 , B0 % q

Theright-handsideof theSchwarzinequalitycanberearrangedto form thesquareof thestandarddeviationoperators.

q
� �

A0 �!� B0 � q � q
�
A
� 0 A0 B� 0 B0 q � q

�
A0 2 B0 2q � q

�
DA� 2 DB� 2 q

Plugbothof thesebackinto theSchwarzinequality, strippingtheprimesandtheq’swhichappearonbothsidesalong
theway.
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$ A, B%
2

< � DA2 DB2

This is theuncertaintyprinciplefor complementaryobservableoperators.

Connectionsto Standard Notation

Thisquaternionexercisecanbemappedto thestandardnotationusedin physics

bra 2 ��3 > 4 q

ket 2 < 3'� 4 q
�

operator 2 A 4 A

imaginary 2 i 4 I

commutator 25$ A, B%64 $ A, B%
norm 2 < 3'��3 > 4 q

�
q

expectation of A 2 < 3'� A 3 > maps to q
�

A q

A is Hermitian 4 0,
�
A is anti 
 Hermitian q

�
0,
�
A q � 0, 
 �A q

�
q

The square of the standard deviation 287 A2 � < 3'� A2 3 > 
 < 3'� A 3 >2 4 DA2

Onesubtletyto noteis thata quaternionoperatoris anti-Hermitianonly if thescalaris zero.This is probablythecase
for classicalquantummechanics,but quantumfield theorymay requirefull quaternionoperators.The proof of the
uncertaintyprincipleshown hereis independentof this issue.I donot yetunderstandtheconsequenceof this point.

To getto theposition-momentumuncertaintyequation,make thesespecificmaps

A 4 X

B 4 P � i 9 d

dx

I � $ A,B%84 i 9:$ X, P%$ A, B%
2

� I

2
< � DA2 DB2 4 $ X, P%

2
� i 9

2
< � 7 X2 7 P2

Theproductof thesquaresof thestandarddeviation for positionandmomentumin thex-directionhasa lowerbound
equalto half theexpectationvalueof thecommutatorof thoseoperators.Theproof is in thestructureof quaternions.

Implications

Therearemany interpretationsof the uncertaintyprinciple. I comeaway with two strangeobservations. First, the
uncertaintyprincipleis aboutquaternionsof theform q & Exp[ab I]. With this insight,onecanseeby inspectionthata
planewaveExp[((Et - P.X)/hbarI], or wavepacketsthataresuperpositionsof planewaves,will havefour uncertainty
relations,one for the scalarEt andanotherthreefor the three-partscalarP.X. This perspective shouldbe easyto
generalize.

Second,the uncertaintyprinciple and gravity are relatedto the samemathematicalproperties. This proof of the
uncertaintyrelation involved the Schwarz inequality. It is fairly straightforward to convert that inequality to the
triangleinequality. Findinggeodesicswith quaternionsinvolvesthetriangleinequality. If acompletetheoryof gravity
canbebuilt from thesegeodesics(it hasn’t yet beendone:-) thentheinequalitiesmayopenconnectionswherenone
appearedbefore.
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4 Unifying the Representationof Spin and Angular Momentum

I will show how to representboth integral andhalf-integral spin within the samequaternionalgebraicfield. This
involvesusingquaternionautomorphisms.First a sketchof why this might work will be provided. Second,small
rotationsin aplanearoundtwo axeswill beusedto show how theresultingvectorpointsin anoppositeway, depending
on which involution is usedto constructthe infinitesimalrotation. Finally, a generalidentity will beusedto look at
whathappensunderexchangeof two quaternionsin acommutator.

Automorphism, Rotations,and Commutators

Quaternionsareformedfrom the direct productof a scalaranda 3-vector. Rotationaloperatorsthat act on eachof
the 3 componentsof the 3-vectoract like integral angularmomentum.I will show that a rotationoperatorthat acts
differentlyon two of thethreecomponentsof the3-vectoractslike half-integral spin. Whathappenswith thescalar
is irrelevantto this dimensionalcounting.Thesamerotationmatrixactingon thesamequaternionbehavesdifferently
dependingdirectlyon whatinvolutionsareinvolved.

Quaternionshave 4 degreesof freedom. If we want to representquaternionswith automorphisms,4 arerequired:
They aretheidentityautomorphism,theconjugateanti-automorphism,thefirst conjugateanti-automorphism,andthe
secondconjugateanti-automorphism:

I 2 q 
 > q� 2 q 
 > q
�

� 1 2 q 
 > q
� 1

� 2 2 q 
 > q
� 2

where

q
� 1 � � e1 q e1 � �

q
� 2 � � e2 q e2 � �

e1,e2,e3areorthogonalbasisvectors

The most importantautomorphismis the identity. Life is stablearoundsmall permutationsof the identity:-) The
conjugateflips the signsof the eachcomponentin the 3-vector. Thesetwo automorphisms,the identity and the
conjugate,treatthe3-vectorasaunit. Thefirst andsecondconjugateflip thesignsof all termsbut thefirst andsecond
terms,respectively. Thereforetheseoperatorsacton only thetwo of thethreecomponentsin the3-vector. By acting
on only two of threecomponents,a commutatorwill behave differently. This small differencein behavior insidea
commutatoris whatcreatestheability to representintegralandhalf-integralspins.

Small Rotations

Small rotationsaboutthe origin will now be calculated.Thesewill thenbe expressedin termsof the four automor-
phismsdiscussedabove.

I will be following the approachusedin J. J. Sakurai’s book ”Modern QuantumMechanics”,chapter3, making
modificationsnecessaryto accommodatequaternions.First,considerrotationsabouttheorigin in thez axis.Define:

Re3 ; 0 ��#�� � cos ��#�� e0, 0,0, sin ��#�� e3

3

if q � 0, a1
e1

3
, a2

e2

3
,0
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Re3 ; 0 ��#�� q �
q � � 0, � a1 cos ��#��!
 a2 sin ��#���� e0

e1

3
, � a2 cos ��#�� � a1 sin ��#���� e0

e2

3
, 0

Two technicalpoints.First, Sakuraiconsideredrotationsaroundany point alongthez axis. This analysisis confined
to the z axis at the origin, a significantbut not unreasonableconstraint. Second,theserotationsare written with
generalizedcoordinatesinsteadof the very familiar andcomfortablex, y, z. This extra effort will be usefulwhen
consideringhow rotationsareeffectedbycurvedspacetime.Thismachineryis alsonecessaryto doquaternionanalysis
(pleaseseethatsection,it’sgreat:-)

Therearesimilar rotationsaroundthefirst andsecondaxesat theorigin;

Re1 ; 0 ��#�� � cos ��#�� e0, sin ��#�� e1

3
, 0, 0

Re2 ; 0 ��#�� � cos ��#�� e0, 0, sin ��#�� e2

3
, 0

Consideraninfinitesimalrotationfor thesethreerotationoperators.To secondorderin theta,

sin ��#�� � # � O ��# 3 � , cos ��#�� �
��
1 
 # 2

2

� ����� � O ��# 3 �
Re1 ; 0 ��# << 1 � �

�� ��
1 
 # 2

2

� ����� e0, # e1

3
, 0,0

� ����� � O ��# 3 �
Re2 ; 0 ��# << 1 � �

�� ��
1 
 # 2

2

� ����� e0, 0, # e2

3
, 0

� ����� � O ��# 3 �
Re3 ; 0 ��# << 1 � �

�� ��
1 
 # 2

2

� ����� e0, 0, 0, # e3

3

� ����� � O ��# 3 �
Calculatethecommutatorof thefirst two infinitesimalrotationoperatorsto secondorderin theta:

$ Re1 ; 0,Re2 ; 0 % �
�� ��

1 
 # 2

2

� ����� e0, # e1

3
, 0, 0

� �����
�� ��

1 
 # 2

2

� ����� e0, 0, # e2

3
, 0

� ����� 



�� ��

1 
 # 2

2

� ����� e0, 0, # e2

3
, 0

� �����
�� ��

1 
 # 2

2

� ����� e0, # e1

3
, 0, 0

� ����� �
� � 1 
�# 2 � e0

2, # e0e1

3
, # e0e2

3
, # 2 e1e2
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� 1 
�# 2 � e0
2, # e0e1

3
, # e0e2

3
, 
�# 2 e1e2

9
�

� 2 0, 0, 0, # 2 e1e2

9
� 2 � Re3 ; 0 ��# 2 �'
 R � 0 ���

To secondorder, the commutatorof infinitesimal rotationsof rotationsabout the first two axes equalstwice one
rotationaboutthethird axisgiventhesquaredangleminusa zerorotationaboutanarbitraryaxis(a fancy way to say
theidentity). Now I wantto write this resultusinganti-automorphicinvolutionsfor thesmallrotationoperators.

$ R� e1 ; 0,R
�

e2 ; 0 % �
�� ��

1 
 # 2

2

� ����� e0, 
�# e1

3
, 0, 0

� �����
�� ��

1 
 # 2

2

� ����� e0, 0, 
�# e2

3
, 0

� ����� 



�� ��

1 
 # 2

2

� ����� e0, 0, 
�# e2

3
, 0

� �����
�� ��

1 
 # 2

2

� ����� e0, 
�# e1

3
, 0,0

� ����� �
� � 1 
�# 2 � e0

2, 
�# e0e1

3
, 
�# e0e2

3
, # 2 e1e2

9



� 1 
�# 2 � e0
2, 
�# e0e1

3
, 
�# e0e2

3
, 
�# 2 e1e2

9
�

� 2 0, 0, 0, # 2 e1e2

9
� 2 � Re3 ; 0 ��# 2 �'
 R � 0 ���

Nothinghaschanged.Repeatthisexerciseonelasttime for thefirst conjugate:
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$ R� 1e1 ; 0,R
� 1

e2 ; 0 % ��� 

��
1 
 # 2

2

� ����� e0, # e1

3
, 0, 0

� �����
�� 

��
1 
 # 2

2

� ����� e0, 0, 
�# e2

3
, 0

� ����� 



�� 

��
1 
 # 2

2

� ����� e0, 0, 
�# e2

3
, 0

� �����
�� 

��
1 
 # 2

2

� ����� e0, # e1

3
,0, 0

� ����� �
� � 1 
�# 2 � e0

2, 
�# e0e1

3
, 
�# e0e2

3
, # 2 e1e2

9



� 1 
�# 2 � e0
2, 
�# e0e1

3
, 
�# e0e2

3
, 
�# 2 e1e2

9
�

� 2 0, 0, 0, # 2 e1e2

9
� 
 2 � Re3 ; 0 ��# 2 �!
 R � 0 ���

Thispointsexactly theoppositeway,evenfor aninfinitesimalangle!

This is the kernel requiredto form a unified representationof integral andhalf integral spin. Imagineaddingup a
seriesof thesesmall rotations,say2 pi of these.No doubtthe identity andconjugateswill bring you backexactly
whereyoustarted.Thefirst andsecondconjugatesin thecommutatorwill point in theoppositedirection.To getback
on coursewill requireanother2 pi, becausetheminusof aminuswill generateaplus.

Automorphic Commutator Identities

This is a veryspecificexample.Is therea generalidentity behindthis work?Hereit is:

$ q, q �"% � $ q � , q � � % � $ q � 1, q � � 1 % � 1 � $ q � 2, q � � 2 % � 2
It is usuallya goodsignif a proposalgetsmoresubtleby generalization:-) In this case,thenegativesignseenon the
z axis for thefirst conjugatecommutatoris dueto theactionof anadditionalfirst conjugate.For thefirst conjugate,
thefirst termwill have thecorrectsignaftera2 pi journey, but thescalar, third andforth termswill point theopposite
way. A similar, but not identicalstoryappliesfor thesecondconjugate.

With theidentity, we canseeexactly whathappensif q changesplaceswith q’ with a commutator. Notice,I stopped
right at thecommutator(not includingany additionalconjugator).In thatcase:

$ q, q � % � 
'$ q � , q % � $ q � ,q � � % � 
'$ q � � , q
� % �

� 0, a2a3
e2e3

9
� a3a2

e3e2

9
,

a3a1
e3e1

9
� a1a3

e1e3

9
, a1a2

e1e2

9
� a2a1

e2e1

9

$ q � 1, q � � 1 % � 
'$ q � � 1, q
� 1 % �

� 0, a2a3
e2e3

9
� a3a2

e3e2

9
,


 a3a1
e3e1

9

 a1a3

e1e3

9
, 
 a1a2

e1e2

9

 a2a1

e2e1

9

$ q � 2, q � � 2 % � 
'$ q � � 2, q
� 2 % �

� 0, 
 a2a3
e2e3

9

 a3a2

e3e2

9
,

a3a1
e3e1

9
� a1a3

e1e3

9
, 
 a1a2

e1e2

9

 a2a1

e2e1

9

Underanexchange,theidentityandconjugatecommutatorsform adistinctgroupfrom thecommutatorsformedwith
thefirst andsecondconjugates.Thebehavior in a commutatorunderexchangeof theidentity automorphismandthe
anti-automorphicconjugateareidentical.Thefirst andsecondconjugatesaresimilar, but not identical.

Therearealsocorrespondingidentitiesfor theanti-commutator:

* q, q � , �<* q � , q � � , � � 
 * q � 1,q � � 1 , � 1 � 
 * q � 2, q � � 2 , � 2
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At this point, I don’t know how to usethem,but again,the identity andfirst conjugatesappearto behave differently
thatthefirst andsecondconjugates.

Implications

This is not a super-symmetricproposal.For thatwork, thereis a super-partnerparticlefor every currentlydetected
particle.At this time,not oneof thoseparticleshasbeendetected,aseriousomission.

Threedifferent operatorshad to be blendedtogetherto perform this feat: commutators,conjugatesand rotations.
Theseinvolve issueof even/oddness,mirrors, androtations. In a commutatorunderexchangeof two quaternions,
the identity andthe conjugatebehave in a unitedway, while the first andsecondconjugatesform a similar, but not
identicalset.Becausethis is ageneralquaternionidentity of automorphisms,this shouldbeverywidely applicable.
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5 Deriving A Quaternion Analog to the Schrödinger Equation

TheSchr̈odingerequationgivesthekinetic energy plusthepotential(a sumalsoknown astheHamiltonianH) of the
wavefunctionpsi,whichcontainsall thedynamicalinformationaboutasystem.Psiis ascalarfunctionwith complex
values.

H
3 � 
 i 9 =�3=

t
� 
>9 2

2 m ? 2 3 � V � 0,X� 3
For the time-independentcase,energy is written at theoperator-i hbard/dt, andkinetic energy asthe squareof the
momentumoperator, i hbarDel, over2m. GiventhepotentialV(0, X) andsuitableboundaryconditions,solvingthis
differentialequationgeneratesa wave functionpsiwhich containsall thepropertiesof thesystem.

In this section,the quaternionanalogto the Schr̈odingerequationwill be derived from first principles. What is
interestingaretheconstraintthatarerequiredfor thequaternionanalog.For example,thereis a factorwhich might
serve to damprunaway terms.

The Quaternion WaveFunction

Thederivationstartsfrom a curiousplace:-) Write out classicalangularmomentumwith quaternions.

0,
�
L � 0,

�
Rx
�
P � odd 0,

�
R 0,

�
P

Whatmakesthis ”classical”arethezeroesin thescalars.Maketheseinto completequaternionsby bringingin timeto
go alongwith thespace3-vectorR, andE with the3-vectorP.

t ,
�
R e,

�
P � Et 
 �R. �P,e

�
R � �Pt � �Rx

�
P

Definea dimensionlessquaternionpsi thatis this productoverh bar.

3 � t ,
�
R e,

�
P9 � Et 
 �R. �P, e

�
R � �Pt � �Rx

�
P 9

Thescalarpartof psi is alsoseenin planewave solutionsof quantummechanics.Thecomplicated3-vectoris a new
animal,but noticeit is composedof all thepartsseenin thescalar, justdifferentpermutationsthatevaluateto 3-vectors.
Onemightarguethatfor completeness,all combinationsof E, t, R andPshouldbeinvolvedin psi,asis thecasehere.

Any quaternioncanbeexpressedin polarform:

q � q e
arccos s@

q
@ �

V@ �V @
Expresspsi in polarform. To make thingssimpler, assumethatpsi is normalized,so 	 psi	A& 1. The3-vectorof psi is
quitecomplicated,sodefineonesymbolto captureit:

I � e
�
R � �Pt � �Rx

�
P

e
�
R � �Pt � �Rx

�
P

Now rewrite psi in polarform with thesesimplifications:

3 � e
Et B �R.

�
P I / C

This is whatI call thequaternionwave function. Unlike previouswork with quaternionicquantummechanics(seeS.
Adler’s book ”QuaternionicQuantumMechanics”),I seeno needto definea vectorspacewith right-handoperator
multiplication. As wasshown in thesectionon bracket notation,theEuclideanproductof psi (psi* psi) will have all
the propertiesrequiredto form a Hilbert space.The advantageof keepingboth operatorsandthe wave function as
quaternionsis that it will make senseto form an interactingfield directly usinga productsuchaspsi psi’. Thatwill
not bedonehere.Anotheradvantageis thatall theequationswill necessarilybeinvertible.
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Changesin the Quaternion WaveFunction

We cannotderive theSchr̈odingerequationperse,sincethat involvesHermitianoperatorsthatactingon a complex
vectorspace.Instead,the operatorsherewill be anti-Hermitianquaternionsactingon quaternions.Still it will look
very similar, down to the last h bar :-) All that needsto be doneis to studyhow the quaternionwave function psi
changes.Make thefollowing assumptions.

1. Energy andMomentumareconserved.=
e=
t
� 0 and

= �
P=
t
� 0

2. Energy is evenlydistributedin space�
? e � 0

3. Thesystemis isolated�
? x
�
P � 0

4. Theposition3-vectorX is in thesamedirectionasthemomentum3-vectorP

X.P�
X
���

P
� � 1 which implies

de

�
I

dt
� 0 and

�
? xe

�
I � 0

The implicationsof this last assumptionare not obvious but can be computeddirectly by taking the appropriate
derivative. Hereis a verbalexplanation.If energy andmomentumareconserved,they will not changein time. If the
position3-vectorwhich doeschangeis alwaysin the samedirectionasthe momentum3-vector, thenI will remain
constantin time. SinceI is in thedirectionof X, its curl will bezero.

This last constraintmay initially appeartoo confining. Contrastthis with the typical classicalquantummechanics.
In thatcase,thereis an imaginaryfactori which containsno informationaboutthesystem.It is a mathematicaltool
tossedin sothattheequationhasthecorrectproperties.With quaternions,I is determineddirectly from E, t, P andX.
It mustbericherin informationcontent.This particularconstraintis a reflectionof that.

Now take thetimederivativeof psi.=�3=
t
� e I9

3
1 � Et B �R.

�
PC 2

Thedenominatormustbeat least1, andcanbegreaterthatthat. It canserveasadamper, agoodthingto tamerunaway
terms.Unfortunately, it alsomakessolvingexplicitly for energy impossibleunlessEt - P.X equalszero.Sincethegoal
is to makea directconnectionto theSchr̈odingerequation,makeonefinal assumption:

5. Et - R.P & 0

Et 
 �R. �P � 0

Thereareseveralimportantcaseswhenthiswill betrue.In avacuum,E andParezero.If this is usedto studyphotons,
thent &:	R	 andE &:	P	 . If this numberhappensto beconstantin time, thenthis equationwill applyto thewave front.

if
=

Et 
 �R. �P=
t

� 0, e � =
�
R=
t
.
�
P or

= �
R=
t
� e�

P

Now with these5 assumptionsin hand,energy canbedefinedwith anoperator.=�3=
t
� e I9 3


 I 9 =�3=
t
� e

3
or e � 
 I 9 ==

t

Theequivalenceof theenergy E andthis operatoris calledthefirst quantization.
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Take thespatialderivativeof psi usingtheunderthesameassumptions:

�
? 3 � 


�
P I9

3
1 � Et B �R.

�
PC 2

�
I 9 �? 3 �

�
P
3

or
�
P � I 9 �?

Squarethis operator.�
P

2 � � mv� 2 � 2m
mv2

2
� 2mKE � 
>9 2

�
? 2

TheHamiltonianequalsthekinetic energy plusthepotentialenergy.�
H
3 � 
 �I 9 =�3=

t
� 
>9 2

�
? 2 3 � V

3
Typographically, this looksvery similar to the Schr̈odingerequation.CapitalI is a normalized3-vector, anda very
complicatedoneat that if you review theassumptionsthatgot ushere. phi is not a vector, but is a quaternion.This
give theequationmore,not less,analyticalpower. With all of theconstraintsin place,I expectthatthis equationwill
behaveexactly like theSchrodingerequation.As theconstraintsareremoved,thisproposalbecomesricher. Thereis a
damperto quenchrunaway terms.The3-vectorI becomesquitethenightmareto dealwith, but it shouldbepossible,
givenwearedealingwith a topologicalalgebraicfield.

Implications

Any attemptto shift the meaningof an equationascentralto modernphysicshadfirst be ableto regenerateall of
its results. I believe that thequaternionanalogto Schr̈odingerequationunderthe listedconstraintswill do the task.
Theseis animmenseamountof work neededto seeastheconstraintsarerelaxed,whetherthequaterniondifferential
equationswill behave better. My senseat this time is thatfirst quaternionanalysisasdiscussedearliermustbemade
asmathematicallysolid ascomplex analysis.At thatpoint, it will beworth pushingtheenvelopewith this quaternion
equation. If it standson a foundationasrobust ascomplex analysis,the profoundproblemsseenin quantumfield
theorystanda chanceof fadingaway into thebackground.
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6 Intr oduction to Relativistic Quantum Mechanics

Therelativistic quantummechanicequationfor a freeparticleis theKlein-Gordonequation(h& c& 1)�� = 2=
t 2 
 ? 2 � m2

� ������D � 0

TheSchr̈odingerequationresultsfrom thenon-relativistic limit of this equation.In this section,themachineryof the
Klein-Gordonequationwill beportedto quaternions.

The WaveFunction

The wave function is the superpositionof all possiblestatesof a system. The productof the conjugateof a wave
functionwith anotherwave functionformsa completeinnerproductspace.In theenergy/momentumrepresentation,
this would involveall possibleenergy levelsandmomenta.

D � the sum from n � 0 to infinity of en,
�
P

n

This infinite sumof quaternionsshouldcontainall theinformationabouta system.Thequaternionwave functioncan
benormalized.E

n ; 0 en,
�
P

n

�
en,

�
P

n

�
E

n ; 0 e2
n
� �P2

n, 0 � 1

The first quaternionis the conjugateor transposeof the second.Sincethe transposeof a quaternionwave function
timesawavefunctioncreatesaEuclideannorm,thisrepresentationof wavefunctionsasaninfinite sumof quaternions
canform a complete,normedproductspace.

The Klein-Gordon Equation

TheKlein-Gordonequationcanbedivided into two operatorsthatacton thewave function: theD’Alembertianand
thescalarmˆ2. Thequaternionoperatorrequiredto createtheD’Alembertian,alongwith vectoridentities,hasalready
beenworkedout for theMaxwell equationsin theLorenzgauge.E

n ; 0
==
t
,
�
?

2 � ==
t
, 
 �?

2

en,
�
P

n
2 �

�
E

n ; 0
�� = 2en=

t 2 
 �?GF
�
? en 
 �?HF

�
? X

�
P

n
,

= 2
�
P

n=
t 2 
 �?

�
?HF

�
P

n

� �? X
�
? X

�
P

n

� �? X
�
? en

� �����
Thefirst termof thescalar, andthesecondtermof thevector, arebothequalto zero.Whatis left is theD’Alembertian
operatoractingon thequaternionwave function.

To generatethescalarmultiplier mˆ2,substituteEnandPnfor theoperatorsd/dtanddelrespectively, andrepeat.Since
the structureof the operatoris identicalto the previousone,insteadof the D’Alembertiantimesthe wave function,
thereis Enˆ2-Pnˆ2.Thesumof all thesetermsbecomesmˆ2.

Setthesumof thesetwo operatorsequalto zeroto form theKlein-Gordonequation.E
n ; 0

==
t
,
�
?

2 � ==
t
, 
 �?

2 � en,
�
P

n

2 � en, 
 �P n

2
en,

�
P

n
2 �

�
E

n ; 0
�� 
 �?HF

�
? X

�
P

n

 �?GF

�
? en 
 �P n F

�
P

n
X
�
P

n

 �

P
n F

�
P

n
en
� en

3 � = 2en=
t 2 ,
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�
? X

�
? X

�
P

n

� �? X
�
? en

� �P
n
X
�
P

n
X
�
P

n

� �
P

n
X
�
P

n
en 
 �?�

?GF
�
P

n

� �P
n
en

2 
 �P
n

�
P

n F
�
P

n

� = 2
�
P

n=
t 2

� �����
It takessomeskilled staringto assurethat this equationcontainstheKlein-Gordonequationalongwith vectoridenti-
ties.

Connectionto the Maxwell Equations

If m& 0, thequaternionoperatorsof theKlein-Gordonequationsimplifiesto theoperatorsusedto generatetheMaxwell
equationsin theLorenzgauge.In thehomogeneouscase,thesameoperatoractingontwo differentquaternionsequals
thesameresult.This impliesthat

�
,
�
A �

E
n ; 0 en,

�
P

n

Underthis interpretation,a nonzeromasschangesthe wave equationinto a simpleharmonicoscillator. The simple
relationshipbetweenthequaternionpotentialandthewave functionmayhold for thenonhomogeneouscaseaswell.

Implications

The Klein-Gordonequationis customarilyviewed asa scalarequation(due to the scalarD’Alembertianoperator)
andtheMaxwell equationsarea vectorequation(dueto thepotentialfour vector). In this notebook,thequaternion
operatorthat generatedthe Maxwell equationswasusedto generatethe Klein-Gordonequation. This alsocreated
severalvectoridentitieswhich areusuallynot mentionedin this context. A quaterniondifferentialequationis needed
to performthe work of the Dirac equation,but sincequaternionoperatorsarea field, an operatorthat doesthe task
mustexist.
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7 Time ReversalTransformations for Inter vals

Thefollowing transformationR for quaternionsreversestime:

t ,
�
X 
 > 
 t ,

�
X � R t ,

�
X

ThequaternionR exist becausequaternionsarea field.

R will equal(-t, X )(t, X IKJ 1. Theinverseof quaternionis thetransposeoverthesquareof thenorm,which is thescalar
termof thetransposeof a quaterniontimesitself.

R � 
 t ,
�
X t ,

�
X
B 1 � 
 t 2 � �X. �X, 2 t

�
X t 2 � �X. �X

For any giventime,R canbedefinedbasedon theabove.

ClassicalTime Reversal

Examinetheform of thequaternionwhich reversestime undertwo conditions.A interval normalizedto the interval
takes the form (1, beta),a scalaroneanda 3-vector relativistic velocity beta. In the classicalregion, beta<<<1.
CalculateR in this limit to oneorderof magnitudein beta.

R � 
 t ,
�L

t ,
�L B 1 � 
 t 2 � �L . �L , 2 t

�L
t 2 � �L . �L , 0

if
L
<< 1 then R M 
 1, 2 t

�L
TheoperatorR is almostthenegative identity, but thevectoris non-zero,soit would not commute.

Relativistic Time Reversal

For a relativistic interval involving oneaxis,theinterval couldbecharacterizedby thefollowing:

� T � � ,T, 0, 0 �
Findout whatquaternionis requiredto reversetime for this relativistic interval to first orderin epsilon.

R �
�� T2 
(� T � ��� 2

T2 � � T � ��� 2 ,
2 T � T � ���

T2 � � T � ��� 2 , 0, 0

� ����� � 
 �
T
� O $���% 2, 1 � O $���% 2, 0, 0

Thisapproachesq[-e/T, 1, 0, 0], almosta purevector, a resultdistinctfrom theclassicalcase.

Implications

In specialrelativity, theinterval betweeneventsis consideredto be4 vectorareoperatedonby elementsof theLorentz
group.Theelementof thisgroupthatreversestime hasalongits diagonalN
-1, 1, 1, 1 O , zeroeselsewhere. Thereis no dependenceon relative velocity. Thereforespecialrelativity predicts

theoperationof time reversalshouldbe indistinguishablefor classicalandrelativistic intervals. Yet classically, time
reversalappearsto involveentropy, andrelativistically, time reversalinvolvesantiparticles.

In this notebook,a time reversalquaternionhasbeenderived andshown to work. Time reversalfor classicaland
relativistic intervals have distinct limits, but thesetransformationshave not yet beentied explicitly to the laws of
physics.
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