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Gravity by Analogy to EM

m Abstract

A Lagrangeadensityfor gravity is proposedasedn a strictanalogyto the classical.agrangiarfor
electromagnetismFor local covariantcoordinatesvherethe connections zero,thefield equationsare
a four—dimensionaliaveequation. The classicfield equationsontainboththe Maxwell equationsand
Newton’sfield equationsindercertainconditions. Thefour—-dimensionalaveequationhasbeen
guantizedbefore.Thescalarandlongitudinalmodesof emissionareinterpretedasgravitons,sothey
candothework of gravity. If gravitationawavesaredetectedthis proposabpredictsscalaror longitudk
nal polarization. How the proposaintegratesvith the standardnodelLagrangians workedout.

A forceequationis written basedon the samestrict analogyto therelativisticLorentzforce of electre
magnetismFor geodesignotion, the causeof the curvaturas dueentirelyto the gravitationaland
electricpotentialsThisis anewtype of statemenaboutcurvature A specific,normalizedweak-field
potentialis investigatedAnalysisof smallperturbationyieldschangesn the potentialthatdependon
aninversedistancesquaredBYy breakingspacetimesymmetry Newton’slaw of gravity results. By
usingthechainrule, a stable constant—velocityolutionis apparentyhich mayyield insightto the
rotationprofile of galaxiesandearlybig bangcosmology sincebothrequirestable constant—velocity
solutions.If spacetimesymmetryis preservedihe second-ordelifferentialequationsanbe solved
exactly.Eliminatingthe constant@ndrearrangdéermsgeneratean equatiorthathastheform of a
metricequation.The Taylor seriesexpansiorof the metricequations identicalto the Schwarzschild
metricto parameterized—post—NewtoraanuracyThe Taylor seriedfor thetwo metricsdiffer for
higherordertermsandmay betestedexperimentally.

m Introduction

The goalof this paperis to createonemathematicastructurefor gravity andelectromagnetisrthatcan
be quantizedThedifferencebetweergravity andelectromagnetisns the oldestcoreproblemfacing
physics,goingbackto thefirst studiesof electromagnetisnim the seventeentbentury.Gravity wasthe
first inversesquardaw, discoveredy IsaacNewton.After twentyyearsof effort, hewasableto show
thatinsidea hollow massiveshell,the gravitationalfield would be zero.BenFranklin,in his studiesof
electricity, demonstrated similar propertyfor anelectricallychargechollow sphereJosepHPriestly
realizedthis meantthatthe electrostatidorcewasgovernedoy aninversesquardaw justlike gravity.
Coulombgotthecreditfor the electrostatidorce law modeledon Newton’'slaw of gravity.

Overahundredyearslater, Einsteinstartedrom thetensorformalismof electromagnetisran theroad
to generarelativity. Insteadof anantisymmetridield strengthtensor Einsteinuseda symmetric
tensorbecausehe metrictensoris symmetric.Thereis a precedenc#r transformingmathematical
structuresetweergravity andelectromagnetism.

The proces®f transformingmathematicastructuregrom electromagnetisrto gravity will be contin
ued.Specifically,the gravitationalanalogto the classicelectromagnetitagrangedensitywill be
written. Thereareseverakconsequencef this simpleprocedureThe Lagrangiarcontainsbothterms
with a connectiorandthe FermiLagrangiarof electromagnetisni his makest reasonabléo suppose
the Lagrangiarcandescribebotha dynamicgeometryrequiredfor gravity andthe Maxwell equations
for electrodynamicsThegravitationalfield equationsareanalogueso Gauss'andAmpere’slaws,and



containthe Newton’sgravitationalfield equation Thesefield equationsarenot secondanklike those
usedin generarelativity. It mustbe stressedhatthefield strengthtensoris a secondordersymmetric
tensor,sothis doesnot conflict with proofsthatat leasta symmetricsecondanktensoris requiredto
completelydescribespacetimeurvature The Maxwell equationgesultif the gravitationalffield is
zero.Thefield equationhavebeenquantizedbefore but newinterpretationsvill flow from theunifica-
tion effort. A link to thethe Lagrangiarof the standardnodelwill bedetailed.

A weakstaticgravitationalfield in avacuumwill be studiedusingstandardnodernmethodsnormaliz
ing the potentialandlooking at perturbationsThe potentialwill be pluggedinto a gravitationalforce
equationanalogougo the Lorentzforce equationof electromagnetismi.heforce equationeadsto a
geodesiequationrwherethe potentialcauseshe curvature somethingvhich is missingfrom general
relativity. Newton’slaw of gravity is apparentf spacetimesymmetryis broken.A newclassof solu
tionsemergegor thegravitationalsourcewherevelocity is constantput the distributionof massvaries
with distanceThis may providenewwaysto look at problemswith therotationprofilesof disk galax
iesandbig bangcosmologylf spacetimesymmetryis preservedsolvingtheforceequatiorandelimi-
natingthe constantsreates metricequationsimilar to the Schwarzschildnetric. The metricsare
equivalento first—-ordeparameterizegost—NewtoniaaccuracyThereforethe metricwill pastall
weakfield tests.The coefficientsaredifferentto second-ordespthe proposalkanbe verify or rejected
experimentally.

m Lagrangians

The classicelectromagnetitagrangiardensityhasthreeterms:onefor kinetic energy,onefor a
moving changeandacthird for theantisymmetricsecondankfield strengthtensor:
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An analogoud agrangiarfor gravity would alsocontainthesethreecomponentshut threechangesre
required First, gravity dependon masshot charge sowherethereis anelectricalcharge3—g$an
inertial masstms$will be substitutedThe changan signis requiredsothatlike chargesattractfor
gravity. Massdoesnot havethe sameunitsaselectriccharge somasswill haveto be multiplied by the
squareroot of Newton’sgravitationalconstanG$to keepthe unitsidentical. Secondpecausegravity
effectsmetricswhich aresymmetricthe sourceof gravity mustalsobe symmetric.Thereforethe
minussignthatmakeshe electromagneti@ield strengthtensorantisymmetriavill be madepositive.
Third, in orderthatsymmetricobjecttransformdike atensomrequiresareplacementf the standard
derivative(symbolizedby a comma)with a covariantderivative(symbolizedoy a semicolon):
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Thetotal Lagrangiarwill beamergerof thesetwo which only applyif the otherforceis notin effect.
Thekinetic energytermis the sameaseitherLagrangiarseparatelyThe movingchargetermis asum.
Withoutlossof generality theregularderivativesn the electromagnetitagrangianEq.L_EM) can
be written ascovariantderivativesThis leadsto the unified Lagrangiarfor gravity and
electromagnetism:
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Thekinetic energytermis for oneparticleexperiencingpothgravity andelectromagnetisnThe Fermi
Lagrangiarof electromagnetisns a subsetThis establishea link to electromagnetisnThe Christof
fel symbols(or connectiorcoefficients)epresentlerivativesof metrics.Because dynamicmetricis
partof the Lagrangianthis Lagrangiarcoulddescribehe dynamicsof the metric,whichis a central
accomplishmenof generakelativity. The potentialto do both gravity andelectromagnetisis here.

In local covariantcoordinatesthe connectis zero,which leadsto a simplerexpressiorof the
Lagrangian:
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This is almostidenticalto working with the classicaklectromagnetifield equationby choosinghe
Lorenzgaugethedifferencebeingtheinclusionof amasserm.Becausehe gaugewasnotfixed,
thereis morefreedomfor this Lagrangian.

m Classical Field Equations

Thefield equationcanbefoundby applyingthe Euler-Lagrangequationgo the Lagrangedensity
(assuminghe connectionis zerofor simplicity):
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Thefields areexpresseth termsof the potential. The symmetricandantisymmetridield strength
tensorsarevery simpliar,differeingonly in thesignof A*v;u. Theclassicafieldsrequiredto repre
sentthefield strengthtensorsshouldalsobe similar. Thereis asymmetricanalogto theelectricE and
B fields: To makea connectiorto the classicafields of gravity andelectromagnetismysethefollow-
ing substitutions:
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The symmetriccurl asdefinedabovehasall the samedifferentialoperatorsbutall the signsarenega
tive, soit is easieto remember.The symmetricfield strengthtensorhasfour morecomponentshat
lie alongthediagonal. Defineafield g to representhediagonalelements:
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Thediagonalof thefield strengthtensorA”mu ;nuis g. Thefirst row andcolumnof theasymmetric
field strengthtensoris the sumof the electricfield E andits symmetricanaloge. Therestof the off-
diagonaltermsarethe sumof themagnetidield B andits symmetricanalogb. If thetraceof field
strengthtensoris zero,thenthe equationsarein the Lorentzgauge.

Substitutethe classicalfieldsinto thefield equationsstartingwith the scalarfield equation:
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This eqationcombinesGauss’law andanalogougquationfor gravity. Thetwo equationsareunified,
but undercertainphysicalconditions,canbeisolated A relativisticform of the Newtoniangravita
tional field equationcanbe seenwith thefollowing constraints:
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i ff g_f‘ _ ¢cv6

This equationshouldbe consistentvith specialrelativity without modification. TheclassicaNewto
nianfield equationarisesrom thesephysicalconstraints:

5 2

Pm=C°V ¢
: oA o 0g°
i ff W_—cwb and W‘O

Everyaspecbf classicaNewtoniangravity canberepresentedly this proposalundertheseconstraints
Gauss’law appearsinderthefollowing conditions:

62 .2
R
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Repeatheexercisgor thevectorequation.
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This hasAmpere’slaw anda symmetricanalogfor Ampere’slaw for gravity.

This proposafor classicagravitationalandelectromagnetitield equationss expresseavith tensors
of rankone(vectors) Einstein’sfield equationsaresecondank. Thereforethetwo approacheare
fundamentallydifferent. Onemustremembethatalthoughthefield equationsarerankone,thefield
strengthtensoris secondank.

With no gravitationalffield, the Maxwell sourceequationgesult. The homogeneouMaxwell equations
arevectoridentitieswith thesechoicesof mapsto the potentialsandareunaffectedoy the proposal.

m Canonical Quantization

The classicaklectromagnetitagrangiarcannotbe quantizedOneway to realizethisis to consider
thegeneralizedi-momentum:

™ =h+/G 7@@3\” = -F0
O (<o)
Unfortunately the energycomponenbdbf the momentoperatoris zero. The commutatofx”0, pi*0] will
equalzero,andcannotbe quantizedThe momentunfor the unified Lagrangiarof gravity andelectro
magnetisndoesnot sufferfrom this problem:

oo

Whenexpresseavith operatorsthe commutatofx”0, pi*0] will notbezero,sothefield canbequan
tized.If theconnections zero,L_gEM generatethe samefield equationsasthe classicaklectromag
netic Lagrangiarwith the choiceof the Lorenzgauge Thatfield hasbeenquantizedbefore first by
GuptaandBleuler(S.N. Gupta,Proc.Phys.Soc.London,63:681-6911950).Theydeterminedhat
therewerefour modesof transmissiontwo transversepnescalarandonetransversenode.The
interpretatiorof thesemodesappearsnternallyinconsistento this author. Theydiscuss'scalarpho
tons", but photonsasthe quantaof electricandmagnetidields musttransformasa vector,notascalar.
Theyintroducea supplementatonditionsolelyto makethe scalarandlongitudinalmodesvirtual. Yet
thereis no needto makea nonsens@atrticlevirtual.

Thefield in this proposaimustrepresenbothgravity andelectromagnetismi hetwo transversenodes
arephotongthatdo all thework of electromagnetisni he symmetricsecond-ranield strengthtensor
cannotberepresentely a photonbecausg@hotongransformdifferently thana symmetrictensor.
Whateverparticledoesthe work musttravelatthe speedof light like thetransversenodesof transmis
sionsof thefield. Theseconstraintslictatethatthe scalarandtransversenodesof transmissiorfor this
proposalaregravitons.

Thereareeffortsunderwayto detectthetransversgravitationalwavespredictedoy generakelativity.
This proposabredictsthe polarity of a gravitationalwavewill beeitherscalaror longitudinal,not
transversebecausehosearethe modesof transmissionT he detectionof thefirst gravitationalwave
polarizationwill markeithersucces®r failure of this unifiedfield theory.



m Integration with the Standard Model
The standardnodeldoesnotin anobviousway dealwith curvedspacetimeA moreexplicit connee
tion will beattemptedy condensindghe unitaryaspect®f the symmetriedJ(1), SU(2),andSU(3)
with the4—-vectoranda curvedmetric. Startwith the standardnodelLagrangian:

Lsm=3¥y" D, T

where
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TheelectromagnetipotentialA _muis acomplex—valued-vectorTheonly way to form a scalarwith
a 4-vectors to usea metric. Sinceit is complex—-valuedjsethe conjugatdike so:

AAT G, = [P P- A Z- A 2- A l?
Usethe parity operatotto flip the signof the spatialpartof a4—-vector:

AAPG, = [ AP+ AP+ A 24 | A l?
Normalizethe potential:
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Fromthis,it canbe concludedhatthe normalized4d—-vectors anelementof the symmetrygroupU(1) if
the multiplicationoperatoiis the metriccombinedwith the parity andconjugateoperatorsOnedoes
not needtheY in standardnodelLagrangiansothis simplifiesthings.The sameogic appliesto the 4—
vectorpotentialsor the weakandthe strongforceswhich happerto haveinternalsymmetries.

In curvedspacetimethe previousequationwill notequalone.MassbreakdJ(1), SU(2),andSU(3)
symmetry butdoessoin a preciseway (meaningonecancalculatewhatthe previousequationshould
equal).Thereis no needfor the Higgsmechanisnto give particlesmasswhile preservindJ(1)xSU(2)x
SU(3) symmetry sothis proposalpredictsno Higgs particlewill befound.

m Forces

The LorentzForceof electromagnetisnmvolveschargeyelocity andthe anti-symmetritield strength
tensor:

- % (A
Formananalogousorcefor gravity usingthe samesubstitutionsasbefore:
Fy = —/Gmr (A L A

The gravitationaforceandthe electromagnetiforce behavalifferently underchargenversion.If the
masschangesigns,thenbothsideflip signs,sonothinghasreally changedIf electricchangechanges
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signs,thechangen momentumwill not changesigns.Thedifferentbehaviorunderchargenversion
may explainwhy gravitationalforceis unidirectional but electricalforcescanattractor repulse.

Thetotal forceis acombinationof thetwo:
Foem= (0 - V/Gm) %A‘”— (q++/Gm) %AV?“

If g>>G”.5m, theequatiomapproachetheform of the Lorentzforcelaw of electromagnetisnif the
forceis zero,theequatiorhastheform of aKilling’s equationwhichis usedto determingheisome
triesof ametric. Geodesicaredefinedby examiningthe left-hangideof F_gEM:

omW oW
ot _m@t W—t_O

Assumedm/dtau= 0. Apply thechainrule,andthenthe definition of a covariantderivativeto form a
geodesiequation:

2 x* m
52 "¢
This equationsaysthatif thereis noforce,all theacceleratiorseenn spacetimes dueto spacetime

curvature the Christoffelsymbol. The covariantderivativeson theright sideof F_gEMcanalsobe
expanded:

0-m “oU
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This equationsaysthatspacetimeurvatures causedy the changen the potentialif thereis no
externalforce.Thisis anovelstatementln generarelativity, onecompareswo geodesicsandbased
on ananalysisof thetidal forcesbetweerthe geodesicsgetermineshe curvature The unified geode
sic equationassertshatthe curvaturecanbe calculatedirectly from the potential.Notice thatthis
equationcontaingermslinked to a massm anda chargeq, sothe geodesiequationappliesto electre
magnetismaswell asgravity.

m Gravitational Force for a Weak Field

Thetotal unified forcelaw is relevantto physicsbecausét containghe Lorentzforcelaw of electro
magnetismlt mustbe establishedhatthetermscoupledto the massm areconnectedo whatis known
aboutgravity.

Sincethegoalin this sectionis to studygravity, not electromagnetisnwork with a potentialthatcan
only contributeto gravity, not electromagnetisngincethefirst componenof the potentialdoesnot
appeaiin theantisymmetridield strengthtensorwork with a potentialwith theform: A_mu=(A_0,
0).

The nexttaskis to find a solutionto the unified field equationsThe Poissorfield equationof classical
Newtoniangravity canbe solvedby a 1/R potential. The potentialhasa point singularitywhereR = 0.
Theunified field equationsarerelativistic,sotime mustalsobeincorporatedA 1/distancepotential
doesnot solvethefield equationsn four dimensionsin local covariantcoordinatesvherethe connee
tion is zero,the potentialA_mu = (1/sigm”2,0) solvesthefield equationswheresigmasquareds the
Lorentzinvariantdistancepr the negativeof the squareof the Lorentzinvariantintervaltau. Distance
is usedinsteadof theintervalbecauselassicalgravity depend®n distancenottime. Theideais to
considerthetime contributionto bevery smallrelativeto the distance.Sucha potentialhasasa singu



larity thatis the entirelightcone wheresigma”2 = 0. This singularitymaynot be problematidoecause
masslesgarticlesaredescribedy the Maxwell equationsbut thathopewill requireda detailedstudy.

Gravity is aweakeffect.It is commonin quantummechanicgo normalizeto oneandstudyperturba
tions of weakfields,anapproacthatwill befollowed here.Normalizingmeangherearesmallsteps
will beawayfrom one.Only first ordertermswill be kept.Hereis the normalizedpotentialwith a

linear perturbation:
[ o) 8 2o g2
Gk )

C2
This potentialsolvesthe 4D waveequationbecausehe shift by theoneoverroottwo factorandthe
rescalingby the springconstank oversigmasquaredo not effectthe differentialequation. Oneinter-
estingaspecis the shift of unitsfrom onethatdepend®n h —suggestingjuantummechanics-to the
normalizedperturbatiorwhich appearso be classicabecausé¢hereis no h.

Takethederivativewith respectot, x, y, andz:
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The changean the potentialis afunctionof a springconstank oversigmasquared.Theclassical
Newtoniandependencen distancas aninversesquaresothisis promising. Oneproblemis thata
potentialthatappliexexclusivelyto gravity is saught. The signof the springconstank doesnot effect
the solutionto the 4D wavefield equations.The signof the springconstank doeschangehederiva
tive of the potential. Thereforea potentialthatonly hasderivativesalongthe diagonalof thefield
strengthtensorcanbe constructedrom two potentialghatdiffer by stringconstantshateitherconstrue
tively interfereto createa non—zeralerivativeor destructivelyinterfereto eliminatea derivative.
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Takethe contravariantlerivativeof this potential keepingonly thetermsto first orderin the spring
constank. Thecontravarianterivativeflips thesignfor thethree—vector.
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All thiswork to geta multiple of theidentity matrix! Plugthisinto the gravitationalforce equation:
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Fg_mc

Thisis arelativisticforcelaw for aweakgravitationaffield for theinverseintervalsquaredliagonal
potential. Whenspacetimeymmetryis broken,this equationwill leadto Newton’slaw of gravity in
the nextsectionf spacetimesymmetryis maintainedthensolvingtheforceequationandeliminating
the constantyieldsa metricequatiorfor gravity.

m Newton’s Law of Gravity and More

Severalassumptiongseedto be madeto applythe weakgravitationalforce equationto a classical
gravitationalsystemFirst,assumehatthe springconstanis dueto the sourcemassk = GM. Second,
assumehatthefield is static,sothatsigma”2= R"2 -t"2 =R’"2. In thisway it doesnotdependon
time.

Newtonianspacetimes differentfrom Minkowski spacetimédecausehe speedof light is infinite.
Spacetimesymmetrymustbe broken.A questionarisesabouthow to do thisin aformal mathematical
senseTheMinkowski intervaltauis a consequencef therelationshipbetweertime t andspacer.
Thefunctionalrelationshipbetweertime andspacemustbe severedBy the staticfield approximation,
thereis adistanceR whichis the samemagnitudeastheintervaltau.If theintervaltauis replacedy
the scalardistanceR, thenthatwill severthefunctionalrelationshipbetweertime andspace:

ot oR . ot oR
dt’ CcOt | R|]’ co|R|

= (01 R)

Plug thesethreeassumptiongto force equation:
Gvim
-

This is not quite Newton’sgravitationalforcelaw. Thereasons thatonemustconsidettheleft—hand
sideof theforce equationcarefully. Accordingto thechainrule:

omW oW om
——— =m +
ot ot ot
An openquestions how shouldspacetimesymmetrybe brokenfor the derivativeswith respecto the
intervaltau?An intervalis composedf bothchangesn time andspaceFortheacceleratiorterm, if
theintervalis only abouttime, thenonegetsbackNewtonianaccelerationkor logical consistencyone
might betemptedo alsosubstitutgime in thedm/dtauterm.However the systems presumedo be
static,sothiswould necessarilype zero.If thisderivativeis to haveany chanceat beingnon-zerat

- (0
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would haveto bewith respecto theabsolutevalueof R ashasbeendoneearlierin thederivation.So
the classicaforcelaw shouldlook like so:

mOR OR com _ Gvm,
otz "ot 6 | R| R

For apointsourcethedm/dtautermwill not makea contribution,andonegetsNewton’slaw of graw
ity. It is only if theinertial masss distributedoverspacdike for thebig bangor galaxieswill theterm
comeinto play. If thevelocity is constantthentheacceleratioris zero.The equationdescribeshe
distributionof theinertial massm thatmakesup thetotal gravitationalsourcemassM. Thesolutionto
theforceequationwhenthereis no acceleratioris a stableexponentialBig bangcosmologyhastwo
problems:all matteris travelingat exactlythe samespeedeventhoughit is not possiblefor themto
communicatgthe horizonproblem),andthe modelrequirehigh levelsof precisiononinitial condk
tionsto avoidcollapse(theflatnessproblem).[A. H. Guth,Phys.Rev.D., 23:347-3561981] The
force equatiorhasa stable constanwelocity solutionwhich mayresolveboth problemsof the big
bangwithouttheinflation hypothesisTheiris alsoa problemwith therotationprofile of thin disk
galaxies.[SM. Kent, Astron.J.,91:1301-1327,986;S. M. Kent, Astron.J.,93:816-8321987] Once
the maximumvelocity is reachedthe velocity staysconstantlt hasbeenshownthatgalaxiesshould
not bestableatall.[A. Toomre,Astrophys.J.,139:12171964]|Both problemsmayagainberesolved
witk&stae%econstant/elocity solutions.Numericalapproachesn the aboveequationshouldbe
conducted.

m A Metric Equation

Theweakgravitationalforce equationis two second-ordelifferentialequationsThe equationcanbe
simplified to a setof first—ordedifferentialequationgy substituting(U”0, U) = (c dt/dtau,dR/dtau)

oW k ~
W‘?Z‘UO‘O
o0  k

oc "z V=0

The solutioninvolvesexponentials:
k k
W= (ve =, Ver)

For flat spacetimeU”mu = (v, V). Theconstrainon relativisticvelocitiesin flat spacetimes:

2 4t 2 _
gy, - A AR o 2 yy
dc
Solvefor the constantsandplug backinto the constraintmultiplying throughby dtau”2.
2 -2k 2 2 k dR2
dt =e T dt —ecx C—2

Make the sametwo assumptionasbefore:the springconstanis dueto the gravitationalsourcek =
GM/c"2,andthefield is static,sotau”2= R"2"2 = R'*2. Thereis onemoredegreeof freedom,
becauseheradiusR couldeitherbe positiveor negative.To makethe metricconsistentith expert
ment,choosehenegativeroot:
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dr2 = e2<r dt2 - e? ¢k dR2

This equatiorhastheform of a metricequation Performa Taylor seriesexpansiorto seconcorderin
GM/c"2R:

dc? =
GM aM | 2 QM QM | 2
1-2ET§+2(ET§))dH- 1+2ET§+2(ET§))d#

If onecompareshis metricto the Schwarzschilanetricin isotropiccoordinate$o parameterizegost—
Newtonianaccuracythe coefficientsareidentical.For thatreasonthis metricis consistentvith all
experimentatestsweakfield testsof generarelativity. [C. M. Will, "Theoryandexperimenin gravita
tional physics:Revisededition”, CambridgeJniversity Press;1993.]

For higherordertermsof the Taylor seriesexpansionthe two metricwill predictdifferentcoefficients.
Thevalidity of this proposakanthusbetestedexperimentallylt will requirea greatdealof effort and
skill to conductsuchexperimentssincemanyphysicalphenomenavill haveto beaccountedor (an
examplethe quadrupolenomentof the Sunfor solartests).

m Conclusion

Using a nineteentttenturyapproachaneffort to unify physicsfrom thetwentiethcenturyhasbeen
attemptedThedescriptionof geodesic®y generarelativity is not completebecauseét doesnotexplic
itly showhow the potentialsourcecausesurvature A dynamicmetricequations foundbutit usesa
simplersetof field equationgarankonetensorinsteadof two). In the standardnodelaselsewhere,
combiningtwo 4-vectorsequiresa metric. By normalizingthe 4—vectorghe unitaryaspecbf the
standardnodelcanbe self-evident.

This theorymakeshreetestablepredictionstwo subtle,onenot. First, the polarity of gravitational
waveswill bescalaror longitudinal,nottransversaspredictedby generarelativity. Secondif gravita
tion effectsaremeasuredo secondarypostNewtonianaccuracythe coefficientsfor the metricderived
herearedifferentfrom the Schwarzschilametricin isotropiccoordinatesSuchanexperimenwill be
quitedifficult to do. Thethird testis to seeif the completerelativisticforceequationmatchesll the
datafor athin spiralgalaxy.lt is thistestwhich shouldbeinvestigatedirst.
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Einstein’s Vision |: Classical Unified Field Equations

m Abstract

The equationgjoverninggravity andelectromagnetismmhowboth profoundsimilaritiesandunambigu
ousdifferences.Albert Einsteinworkedto unify gravity andelectromagnetisnmainly by trying to
generalizeRiemanniargeometry. Hamilton’squaternionsirea 4—dimensiondabpologicalalgebraic
field relatedto therealandcomplexnumbersquippedwith a staticEuclideard—basis Riemannian
guaternionssdefinedhereinexplicitly allow for dynamicchangesn the basisvectors. Theequiva
lenceprinciple of generakelativity which appliesonly to masss generalizedecausdor any Rieman
nian quaterniordifferentialequationthe chainrule meansa changecould be causedy the potential
and/orthebasisvectors. The Maxwell equationsaregeneratedisingquaterniorpotentialsandopera
tors. Unfortunately thealgebras complicated.Theunified forcefield proposeds modeledon a
simplification of theelectromagneti@ield strengthtensor beingformedby a quaterniordifferential
operatoractingon a potential,Box* A*. This generateaneven,antisymmetric—matrifteld strength
quaterniorfor electricityandanodd,antisymmetric—matrifteld strengthquaterniorfor magnetism,
wherethe evenfield conserveds signif theorderof thedifferentialandthe potentialarereversed
unlike theoddfield. Gaugesymmetryis brokenfor massiveparticlesby the even,symmetric—matrix
term,whichis interpretedasbeingdueto gravity. In tensoranalysisadifferentialoperatoractingon
thefield strengthtensorcreategshe Maxwell equations.Theunified field equationdor anisolated
sourcearegeneratedby actingon theunified forcefield with anadditionaldifferentialoperator Box*
Box* A* =4 pi J*. Thiscontainsaquaterniorrepresentationf the Maxwell equationsaclassical
link to thequantumAharonov-Bohneffect,anddynamicfield equationgor gravity. Vacuumand
zeronetcurrentsolutionsto the unified field equationsarediscussed.Thefield equationgonserve
both electricchargedensityandmassdensity. Undera Lorentztransformationthe gravitationaland
electromagnetiields areLorentzinvariantandLorentzcovariantrespectivelyputthereareresidual
termswhosemeanings not clearpresently. An additionalconstrainis requiredfor gaugetransforma
tionsof amassivdield. (PACS:12.10.—q)

m Einstein’s vision using quaternions

Threeof thefour knownforcesin physicshavebeenunified via the standardnodel:theelectromag
netic,theweak,andthe strongforces. The holdoutremainsgravity, thefirst force characterizethathe
matically by IsaacNewton. The parallelsbetweergravity andelectromagnetisrareevident. New-
ton’s law of gravity andCoulomb’slaw areinversesquardaws. Both forcescanbe attractive but
Coulomb’slaw canalsobearepulsiveforce. A longstandingyoalof modernphysicsis to explainthe
similaritiesanddifferencedbetweergravity andelectromagnetism.

Albert Einsteinhada specificideafor how to formulateanacceptableinified field theory(seeFig. 1,
takenfrom A. Pais,"Subtleis theLord..." thescienceandlife of Albert Einstein",ClaredonPres,
1982).
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Oneunusuakspecof Einstein’sview wasthathe believedthe unified field would leadto a new
foundationfor quantummechanicsanideawhichis not sharedy someof today’sthinkers(S. Wein-
berg,"Dreamsof afinal theory,"PantheorBooks,New York, 1992). Most of Einstein’seffortsover
40 yearsweredirectedin asearcho generalizeRiemanniardifferentialgeometryin four dimensions.

To adegreewhich haspleasantlysurprisedhe author,Einstein’svision to unify gravity andelectromag
netismhasbeenfollowed. The constructiorof anew4-dimensionaleometryis dictatedby insights
garneredrom physics. Eventsin spacetimarecomposeaf a scalarfor time anda 3—vectofor space.
Thefour—dimensionabpologicalalgebraidield of quaterniondasthe samestructure soquaternions
will bethestartingpointof this effort.

Laws of physicsareexpresseth a coordinate—independematy. The sumor differenceof two quater
nionscanonly bedefinedif thetwo quaternionsn questiorsharethe same4-basisRiemannian
guaternionsnakecoordinate—independereplicit. In specialrelativity, regionsin spacetimere
delimitedby thelight cone,wherethe netchangean 3—spaces equalto thenetchangen time. The
parity betweerchangesn 3—spacandtime is constructednto the definition of a Riemanniarquater
nion. In generarelativity, thefield equationsnakethe metricadynamicvariable. The basisvectors
of Riemanniarquaternionganbe dynamic,sothe metriccanbe dynamic. Thedynamicnatureof the
basisvectorsleadsto the generakquivalencerinciple, wherebyanylaw, eventhosein electromagne
tism, canbetheresultof achangan referencdrame.

Physicallawsaretheresultof simpleRiemanniarquaterniordifferentialequations.First—ordeRieman
nian quaterniordifferentialequationsreateforcefields for gravity, electricity,andmagnetism.See
ond-ordedifferentialequationcreatedynamicfield equationgor gravity, the Maxwell equationgor
electromagnetismgnda classicakounterparto the Aharanov-Bohraffectof quantummechanics.
Third—ordedifferentialequationcreateconservatioriaws. Homogeneousolutionsto the second
orderdifferentialequationsarerelatedto gaugesymmetry.

The secondoaperin this seriesof threeinvestigates unified forcelaw, with afocuson aparticular
solutionwhich may eliminatethe needfor dark matterto explainthe massdistributionandvelocity
profile for spiralgalaxies. Thethird paperdevelopsa newapproacho quaternioranalysis. The
equationsf thefirst two papersarerecastwith the newdefinition of a quaterniorderivative resulting
in aquantumunifiedfield andforcetheory.

m Events in spacetime and quaternions

An eventin spacetimes consideredy theauthorasthe fundamentaform of informationin physics.
Eventshavestructure. Therearefour degree®f freedomdividedinto two dissimilarparts:timeis a
scalarandspacds a 3—vector.This structureshouldbereflectedin all the mathematicsisedto
describepatternof events. For this reasonthis paperfocusesxclusivelyon quaternionsthe 4—
dimensionahumberwherethetermsscalarandvectorwherefirst used.
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Hamilton’squaternionsalongwith thefar betterknow realandcomplexnumberscanbe added,
subtractedmultiplied anddivided. Technically thesethreenumbersarethe only finite—dimensional,
associativetopological,algebraidields, up to anisomorphisni(L. S. Pontryagin, Topological
groups" translatedrom the Russiarby EmmalLehmer,PrincetonUniversity Press1939). Properties
of thesenumbersaresummarizedn thetablebelowby dimension|jf totally orderedandif multiplica:
tion commutes:

Nunber Di rensi ons Totally Ordered Commutative
Real 1 Yes Yes
Conpl ex 2 No Yes
Quat er ni ons 4 No No

Hamilton’squaterniondavea Euclideard—basisomposeaf 1, i, j, andk. Therulesof multiplica
tion wereinspiredby thosefor complexnumbers172=1,i"2=j"2=k"2=ijk=—1. Quaternionglsohave
areal4x4 matrix representation:

t -x -y -z

x t -z y
q (t’ X’ y’ Z) - y Z t X
z -y Xx t

Althoughwrittenin Cartesiarcoordinatesguaterniong€anbewrittenin anylinearly—independedt-
basisbecausenatrix algebrgprovidesthe necessaryechniquegor changingthebasis. Thereforejike
tensorsa quaterniorequations independenof the choserbasis. Onecouldview quaternionsgs
tensorgestrictedo a4-dimensionallgebraidield. Forthesakeof consistencyall transformations
arealsoconstrainedo the samedivision algebra. This constrainimight first appeartoo restrictive
sincefor examplet eliminatessimplematricesfor row permutations.Sincequaternionareanalge
braicfield, therenecessarilgxistsa combinationof quaternionghatachieveghe actionof a permuta
tion. Theneedfor consistencyvill overruleconvenience.

Lawsin physicsareindependenof coordinatesystems.To makethe coordinatandependence
explicit, amplitudesandbasisvectorswill be separatedisinga newnotation. Considera quaterniord—
function,A_n=(a_0,a_1,a 2,a 3),andanarbitrary4—basidhat_n=(ihat_Oijhat_1,ihat 2,ihat_3). In
spacetimetheline thatdividescausalityis defineby thelight cone. Onthelight cone thetotal change
in 3—spaceverthechangen timeis equalto one. Physicghereforendicatesparity betweerthetotal
3-vectoandthescalar,nsteadof weighingall four equally. A coordinate—independeRiemannian
guaternions definedto be A _0Olhat_n=(a_Qhat 0,a_lihat 1/3,a 2ihat 2/3,a_3ihat 3/3). The
scalingfactorof athird for the 3—vectoplaysa vital role in thedefinition of aregularfunctionin the
third paperof this series.

Theequivalenceprinciple of generarelativity assertswith experimentso backit up, thattheinertial
massequalghegravitationalmass. An acceleratedeferencdramecanbeindistinguishablérom the
effectof amassdensity. No correspondingrincipleappliesto electromagnetisnwhich depend®only
on theelectromagnetifield tensorbuilt from the potential. With Riemanniamquaternionsthe 4—-unit
Vﬁct(?]rdoeslnot haveto be static,asillustratedby takingthetime derivativeof thefirst termandusing
the chainrule:

dagp ro -7 daop @ro
dio 2 dig 3i o
The unit vectorfor time, ihat_0,canchangeoveraninfinitely smallamountof time,i_0. Any change
in a quaterniorpotentialfunctioncouldbe dueto contributionsrom a changean potential theihat_0

+ dg
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da_0/di_Oterm,and/orachangen thebasisthea Odihat_0/di_Oerm. Is this mathematicaproperty
relatedto physicsZConsidetGausslaw written with Riemanniarquaternions:

| § I ~ B
9 351, 9 oi, A n=1223

Thedivergenceof theelectricfield mightequalthe source pr equivalently thedivergenceof the basis
vectors. The"generalequivalencerinciple” asdefinedheremeanghatany measuremerdanbedue
to achangdn the potentialand/ora changdn the basisvectors. Thegenerakquivalencerincipleis
applicableto bothgravity andelectromagnetism.

m Metrics and quaternion products

Thetheoriesof specialandgenerakelativity dictatethe distancebetweereventan spacetime.
Althoughfundamentallydifferentin their mathematicastructurejnertiais alink betweerthetwo.
Specialrelativity dictateghe transformatiorrulesfor observersvho changeheirinertia,assuminghe
systemobservedioesnot change.Thefield equation®of generarelativity detailthe changesn dis-
tancedueto a systemchangingts inertiafrom thevacuumto anon-zer@nergydensity. A quaternion
productnecessarilgontaingnformationaboutthe metric,but alsohasinformationin the 3-vector.
This additionalinformationaboutquaterniomproductswill suggest provocativdink betweermetrics
andinertiaconsistentvith bothspecialandgenerarelativity.

Most structuresn Naturedo nottransformlike a scalaranda 3—-vector.Quaterniorproductsmultiply
two 4—-basisectors,andthoseproductswill transformdifferently. Therulesof quaterniommultiplica
tion mirror thoseof complexnumbers.Insteadof theimaginarynumberi, thereis a unit 3—vectofor
eachqguaterniomplayingananalogousole. Thedifferenceis thatunit 3—vectorslo notall haveto
pointin thesamedirection. Basedon theanglebetweerthem,two differentunit 3—vectorfiavebotha
dotandcrossproduct. Thedotandcrossproductscompletelycharacterizéhe relationshipbetween
the two unit vectors. Comparehe productof multiplying two complexnumbergqa, bi) and(c, di):

(a, bi) (c, di) = (ac -bd, ad +bc),
with two quaternions(a, B T) and(c, D),
(a, Bl') (¢, DIy = (ac-BDI - I'", aDl"" +Bc [ +BDI xI'")

Complexnumbersommutebecausé¢heydo not havea crossproductin theresult. If the orderof
guaterniommultiplicationis reversedthenonly the crossproductwould changets sign. Quaternion
multiplicationdoesnot commutedueto the behaviorof the crossproduct. If the crossproductis zero,
thenquaterniommultiplicationhasall of the propertieof complexnumbers.If, onthe otherhand,the
only valueof a quaterniorproductis equalto the crossproduct,thenmultiplicationis anti—-commuta
tive. Individually, themathematicapropertiesof commutingandanti—-commutinglgebrasarewell
kPovE/)n. A quaterniorproductis the superpositiorof thesetwo typesof algebraghatformsadivision
algebra.

Severaltepsarerequiredto squareof the differenceof two Riemanniarquaterniongo form ameasure
of distance.First, the basisof thetwo quaternionsnustbe shared. It makesno sensdo subtract
somethingn sphericakoordinatesrom somethingn Cartesiarcoordinates.Thebasisdoesnot have
to beconstantpnly shared.Everyquaterniorcommuteswith itself, sothe crossproductis zero.
Therearesevenuniquepairsof basisvectorsin asquare:

2

dag ro, dA, r?_)—n) = J

dag? (o2 - dA2 10 2dag dA, | 03“

2
n
9
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Thesignswerechoserto be consistentvith Hamilton’squaternioralgebra. Thefour squarebasis

vectorsi_mu”2definethemetric. If thebasisvectorsarenot constantthenthemetricis dynamic.

Definea"3-rope'to bethethreeotherterms,which havetheformi_01_n. Noticethatthe 3—-rope

startsin onetime-spackcationandwill havea non-zerd¢engthif it endsup ata differentlocationand

Ijime. With quaterniomproductsthe 3—ropas a haturalcompaniorto a metricfor informationabout
istance.

In specialrelativity, if theinertiaof the observeibut notthe systems changedthe metricis invariant.
The 3-ropes covariantbecausd is knownhowit changes.Giventheutility of duality,acomplemen
tary hypothesido theinvariantmetricof specialrelativity would proposeheif theinertiaof thesys
tembutnotthe observeiis changedthereexistsa choiceof basisvectorssuchthatthe 3—ropas invari
ar;tbutthe metricchangesn aknownway. This couldbewrittenin algebraicallyusingthefollowing
rule:

(o = =2, |foln|=1

[

If themagnitudeof thetime and3—spackasisvectorsareinverselyrelated the magnitudeof the
productof thetime basisvectorwith each3—spacbkasisvectorwill be constanevenif thebasisvec
torsthemselvesiredynamic. This hypothesisassertshe existenceof sucha basis butthatparticular
basisdoesnot haveto beused.

Hamilton hadthe freedomto usetherule foundin theaboveequationput madethe moreobvious
choiceof i_072=-I_n"2.Theexistenceof a basiswherethe 3-ropas constantespitea changan the
inertia of thesystenwill haveto betreatedasprovisionalin this paper. In the secondoaperof this
seriesametricwith this propertywill befoundanddiscussed.

m Physically relevant differential equations

Is therearationalway to construciphysicallyrelevantquaterniorequationsThe methodusedhere
will beto mimic thetensorequation®f electromagnetismThe electromagnetifield strengthtensoris
formedby a differentialoperatoractingon a potential. The Maxwell equationsareformedby acting
on thefield with anotherifferentialoperator. The Lorentz4—forcas createdoy the productof a
electricchargetheelectromagneti@eld strengthtensoranda4—velocity. This patternwill be
repeatedstartingfrom anasymmetridield to createthe samefield andforce equationsisingquater
nion differentialsandpotentials. The challengdn this exercisds in theinterpretationio seehow
everytermconnectgo establishedaws of physics.

As afirst stepto constructingifferentialequationsexaminehow the differentialoperator(d/dt, Del)
actson a potentialfunction(phi, A):

(2 9 <¢,A>:(@_v7x, OA  9s 4+ UXA

ot ! ot ot

For the sakeof clarity, the notationintroducedfor Riemannquaternionfiasbeensuppresssothe
readeris encouragedb recognizehattherearealsoa parallelsetof termsfor changesn the basis
vectors. Thepreviousequationis a completeassessmemf the changen the 4—dimensional
potential/basisinvolving two time derivativesthe divergencethe gradientandthecurl all in one. A
unified field theoryshouldaccountfor all conceivabldormsof changan a4—dimensional
potential/basisasis the casehere.

Quaternioroperatorsandpotentialshavenot beenusedto expresghe Maxwell equations.Thereason
canbefoundin the previousequationwherethe signof the divergenceof A is oppositeof the curl of
A. In the Maxwell equationsthedivergenceandthe curl involving the electricandmagnetidield are
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all positive. Many others,evenin Maxwell’s time, haveusedcomplex—valueduaterniongor thetask
becausehe extraimaginarynumbercanbe usedto getthesignscorrect. However,complex—valued
guaternionsarenotanalgebraidield. Thenorm,t*2+x"2+y"2+z"2 for anon-zerguaterniorcould
equalzeroif thevaluesof t, x, y, andz werecomplex. This paperinvolvesthe constrainiof working
exclusivelywith 4-dimensionalgebraidields. Therefore no matterhow salutarythework with
complex—valueduaternionsit is notrelevanto this paper.

Thereasorto hopefor unificationusingquaternionganbefoundin ananalysisof symmetryprovided
by Albert Einstein:

"The physicalworld is representedsa four—dimensionalontinuum. If in this| adopta Riemannian
metric,andlook for the simplestawswhich sucha metriccansatisfy,| arriveattherelativisticgravita
tion theoryof emptyspace.If | adoptin this spaceavectorfield, or theantisymmetridensorfield
derivedfromit, andif 1 look for the simplestiawswhich suchafield cansatisfy,| arriveatthe Max-
well equationdor freespace.'[einstein1934]

The"four—dimensionatontinuum”could be viewedasa technicalconstraininvolving topology.
Fortunately guaternionglo haveatopologicalstructuresincetheyhavea norm. Natureis asymmet
ric, containingbotha symmetricmetricfor gravity andanantisymmetridensorfor electromagnetism.
With thisin mind, rewrite out thereal4x4 matrix representatioof a quaternion:

t 0 0O O x -y -z

|10t 0 O x 0 -z vy

A XY 2 =Tg 0t 0o|*|y z 0 x
O 0 Ot z -y x O

Thescalarcomponentt in representatioabove)canberepresentetly a symmetricAx4 matrix, invark
antundertranspositiorandconjugation(thesearethe sameoperationgor quaternions).The 3—vector
componentx, y andz in therepresentatioabove)is off-diagonaindcanberepresentetly anantk
symmetric4x4 matrix, becauseakingthetransposeavill flip thesignsof the 3—vector.Quaternionsre
asymmetridn their matrix representatiorg propertywhichis critical to usingthemfor unifying grawv
ity andelectromagnetism.

m Recreating the Maxwell equations

Maxwell speculatedhathis setof equationsnight be expresseavith quaternionsomedayJ. C.
Maxwell, "Treatiseon Electricity andMagnetism,"Doverreprint,third edition,1954). Thediver-
gence gradientandcurl wereinitially developedy Hamiltonduring his investigationof quaternions.
For the sakeof logical consistencyany systemof differentialequationssuchasthe Maxwell equa
tions, thatdepend®n thesetools musthavea quaterniorrepresentation.

The Maxwell equationsaregaugeinvariant. How canthis propertybe built into a quaterniorexpres
sion?Considera commongaugesuchasthe Lorenzgauge dphi/dt+ div A = 0. In quaterniorpar
lance,thisis aquaternion—scalésrmedfrom a differentialquaternioractingon a potential. To be
invariantunderanarbitrarygaugetransformationthe quaternion—scalanustbe setto zero. This can
be donewith thevectoroperator{(g—q*)/2. Searchor a combinationof quaternioroperatorsand
potentialsthatgeneratehe Maxwell equations:

(o*Vector (o*A*) -oVector (oA))”
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(0, 473).

This is Ampere’slaw andthe no monopolesectoridentity (assuminga simply—connecteipology).
Any choiceof gaugewill notmakea contributiondueto thevectoroperator. If thevectoroperator
wasnotusedthenthe gradientof the symmetric—matriforcefield would belinked to theelectromag
netic sourceequation Ampere’slaw.

Generatahe othertwo Maxwell equations:

- (oVector (o*A*) +o*Vector (oA))*
2

:(v ( v) __@WAWX(_%_w)):
E

ot

(4 7o, 0).

Thisis Gauss'andFaraday’daw. Again,if thevectoroperatohadnotbeenused thetime derivative
of thesymmetric—matriforcefield would be associateavith the electromagnetisourceequation,
Gauss’law. To specifythe Maxwell equationgompletely two quaterniorequationsarerequired just
like the4—vectoapproach.

Although successfulthe quaterniorexpressions unappealindor reason®f simplicity, consistency
andcompletenessA complicatedcollectionof sumsor differencesof differentialoperatorsactingon
potentials—alongwith their conjugates-is required. Thereis no obviousreasorthis combinationof
termsshouldbe centralto the natureof light. Onemotivationfor the searchor a unified potential
field involvessimplifying theaboveexpressions.

Whena quaterniordifferentialactson a function,the divergencealwayshasa signoppositethe curl.
The oppositesituationappliesto the Maxwell equations.Of coursethe signsof the Maxwell equations
cannotbe changed.However,it maybeworth the effort to exploreequationswvith signconventions
consistentvith the quaternioralgebrawherethe operatorgor divergenceandcurl wereconceived.

Informationaboutthe changen the potentialis explicitly discardedy the vectoroperator. Justifica
tion comesfrom the pleafor gaugesymmetry essentiafor the Maxwell equations.The Maxwell
equationsapplyto masslesparticles. Gaugesymmetryis brokenfor massivdields. Moreinforma
tion aboutthe potentialmight be usedin unificationof electromagnetiswith gravity. A gaugeis also
matrix symmetric soit could providea completepictureconcerningsymmetry.
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m One unified force field from one potential field

For masslesgarticles the Maxwell equationsaresufficientto explainclassicaendquantumelectrody
namicphenomen agauge-invariantay. To unify electromagnetiswith gravity, thegaugesym
metry mustbe broken,openingthe doorto massiveparticles. Becausef the constraintsmposedoy
guaternioralgebrathereis little freedomto choosethe gaugewith a simplequaterniorexpression.In
the standarcapproacho the electromagnetifield, a differential4—vectoactson a 4-vectopotentialin
suchaway asto createanantisymmetricsecond-raniensor. The unified field hypothesigproposed
involvesa quaterniordifferentialoperatoractingon a quaterniorpotential:

A [0 _oa _O9A oy,
o* A* = T V. A T Vo + VXA

Thisis anaturalsuggestiomwith this algebra. The antisymmetric-matrisomponenbf the unified

field hasthe sameelementsasthe standardelectromagnetifield tensor. Definetheelectricfield E as
the eventerms,the onesthatwill notchangesignsif the orderof the differentialoperatorandthe
potentialarereversed.Themagnetidield B is thecurl of A, theoddterm. Thejustificationfor propos
Ing theunified forcefield hypothesigestson the presencef the electricandmagnetidields.

In someways,theaboveequationlooksjustlike the old ideaof combininga scalargaugefield with
the electromagneti@ield strengthtensorasGuptadid in 1950in orderto quantizethe Maxwell equa
tions. He concludedhatalthoughusefulbecausdt is writtenin manifestlyrelativisticform, no new
resultsbeyondthe Maxwell equationareobtained. Examinegjustthe gaugecontributionto the
Lagrangiarfor this unifiedfield:

1 (09 1 oA 1 oAy 1 oA\

L = -5 y T A y T A T 3., ' &~
2 |\ ot 3 OX 3 9y 3 oz
Takethederivativeof the Lagrangiarwith respecto the gaugevariables:
oL
= -0
B
o aﬁi

By Noether’stheoremthis conserveaurrentindicatesa symmetryof the Lagrangian.This is why the
proposalnvolvesnewphysics. Thegaugeis adynamicvariableconstrainedy the Lagrangian.

A quaterniompotentialfunctionhasfour degree®f freedomrepresentetly the scalarfunctionphiand
the 3—vectofunctionA. Acting onthiswith one[ormore]differentialoperatorsioesnot changehe
degree®f freedom. Insteadthetangentspace®f the potentialwill offer moresubtleviewsonthe
rulesfor how potentialschange.

Thethreeclassicaforcefields, g, E, andB, dependon the samequaterniompotential, sothereareonly
four degree®f freedom. With sevencomponentso thethreeclassicaforcefields, theremustbethree
constraintdetweerthefields. Two constraintsarealreadyfamiliar. Theelectricandmagnetidield
form avectoridentity via Faraday’daw. Assumingspacetimas simply connectedtheno monopoles
equationis anotherdentity. A newconstraintarisesbecausdoththeforcefieldsfor gravity and
electricityareeven. It will beshownsubsequenthiow the evenforcefields canpartially construe
tively or destructivelyinterferewith eachother.
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m Unified Field equations
In thestandardapproachio generatinghe Maxwell equationsa differentialoperatoractson theelectre

magnetidfield strengthtensor. A unifiedfield hypothesidor anisolatedsources proposedvhich
involvesadifferentialquaternioroperatoractingon the unified field:

4r (o, 1= (2 9) (2 9] (o A=

at at
[ 8%¢ o OA o o, o o
- | 52 _2v.a_—V-Vd)+V- (V xA),
L0 o - FZA .
—ZVW+V(V’A)—(}[—2—VX(VXA>+

-~ O0A L
+ZVXW+VXV¢).

This secondbrdersetof four partialdifferentialequationshasfour unknownssothisis acompleteset
of field equations.Rewritethe equationsabovein termsof the classicaforcefields:

47 (p, I = (g—? +V.E+ V. B,

- oE o oB o~
—vg+6—t—va+@—t—vxE’.

Theunifiedfield equationsontainthreeof the four Maxwell equationgexplicitly: Gauss’law, theno
magnetiomonopoledaw, andAmpere’slaw. Faraday’'daw is avectoridentity, soit is still trueimplic-
itly. Thereforea subsebf theunifiedfield equationgontainsa quaterniorrepresentatioof the
Maxwell equations.The presencef the Maxwell equationgustifiestheinvestigationof the unified
field equations.

Thereis asimplerelationshipbetweerFaraday’daw andthe equationabove. All thatneedgo be
doneis to subtractwice thetime derivativeof the magnetidield from both sides. Whatdoesthis do
to the4—-vectocurrentdensityJ?Now thereis a currentthattransformdike a pseudo—curredensity.
Theinclusionof a pseudo—curreatongwith a currentmakingthe proposaimorecomplete. The
volumeintegralof this pseudo—curredensityis the total magnetidlux:

oB e
kJJJETdV‘EE@B

Theunifiedfield equationpostulates pseudd-vectocurrentcomposeaf the differencebetweerthe
time derivativeof themagnetidield andthe curl of theelectricfield. The Aharonov—-Bohreffect(Y
AharonovandD. Bohm,"Significanceof electromagnetipotentialsn thequantuntheory,"Phys.
Rev,115:485-4911959)depend®n thetotal magnetidlux to createchangeseenn theenergy
spectrum. Thevolumeintegralof thetime derivativeof the magnetidield is a measuref thetotal
magneticflux. Thepseudo—curredensityis quite unusualtransformingdifferently underspace
inversionthanthe electriccurrentdensity. Onemightimaginethata Lorentztransformatiorwould
shift this pseudo—curredensityinto a pseudo—chargkensity. This doesnot happerhowever because
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the vectoridentity involving the divergenceof a curl still applies. The Aharonov—-Bohrmphenomenon,
first viewedasa purely quantumeffect,may havea classicaknaloguen the unified field equations.

Thefield equationsnvolving the gravitationalforcefield aredynamicanddependon four dimensions.
This makeshemlikely to be consistentvith specialrelativity. Sincetheyaregeneratedlongsidethe
Maxwell equationspnecanreasonablgxpectthe differentialequationswill sharemanyproperties,
with the onesinvolving the symmetric-matrigravitationaforcefield beingmoresymmetricthan
thoseof the electromagneticounterpart.

The unified sourcecanbe definedin termsof morefamiliar chargeandcurrentdensitiedy separately
settingthe gravity or electromagneti@eld equalto zero. In thesecasesthe sources dueonly to
electricity or massrespectively.Thisleadsto connectiondbetweerthe unified sourcemassand
charge:

J=J, iff E=B=0
JZJe+jAB I ff g:O

It would beincorrect—but almosttrue —to saythatthe unified chargeandcurrentaresimply the sumof
thethree:massglectriccharge andthe Aharanov-Bohmseudo—curreor total magnetidlux over
thevolume). Thesetermsconstructivelyinterferewith eachother,sotheymaynot beviewedasbeing
linearly independent.

Up to four linearly independentinified field equationcanbeformulated. A differentsetcouldbe
createdby usingthe differentialoperatomwithout takingits conjugate:

4 1) =oo* A" =

2 2
:(gt@fw.w_v (¥ xA), - TR _PA-VxT0
:<@_?_7E_vs,
Y -
Vg+—t+VXB+6—t+VXE

This is anelliptic equation. Sincethe goal of thiswork is a completesystemof field equationsthis
may turn outto beanadvantage An elliptic equationcombinedwith a hyperboliconemight more
fully describggravitationalandelectromagnetievavesfrom sources.Unlike thefirst setof field equa
tions,the crosstermsdestructivelyinterferewith eachother.

Theelliptic field equationagaincontainghreeof four Maxwell equationsexplicitly:Gausslaw, theno
magneticmonopolewectoridentity andFaraday’daw. Thistime, Ampere’slaw looksdifferent. To
be consistentvith Ampere’slaw, againa pseudo—curremustbeincluded. This maybethedifferen
tial form of a classicalAharonov-Bohnreffect.

Theonly termthatdoesnot changebetweerthetwo field equationss the oneinvolving the dynamic
gravitationalforce. This mightbea cluefor why thisforceis only attractive.
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m Solutions to the unified field equations

All the solutionsthathavebeenworkedoutfor the Maxwell equationswill work with the unified field
equations.Forexamplejf the potentialis static,the scalarequationfor hyperbolicfield equations the
Poissorequation. Theunified equationsaremoreinformative,sinceany potentialwhichis a solution
to thescalarPoissorequatiorwill alsocharacterizéhe correspondingurrent.

Thefield equation®f generakelativity andthe Maxwell equation$othhavevacuumsolutions,such
asplanewavesolutions.Theunified field equationslo not havesucha solution,otherthana constant.
Givenhistoricaltradition,this mayseemlike adeadlyflaw. However,it maybe somethinghatis
requiredfor afinal andcompletetheory. In aunifiedfield theory,thegravitationalpartmaybezero
while theelectricalpartis not, andvisaversa. Non-zersolutionsareworth exploring

An inversesquarepotentialplaysanimportantrole in bothgravity andelectromagnetisnExaminethe
scalarfield involving theinverseintervalsquared:

DD*( 1 )_ 4 (3t2+x2+y24+22) 0
t2 —x2_-y2_z2’ N (t2 - x2 _y2 _z2)3

This potentialsolvesthe Maxwell equationsn the Lorentzgauge:

Dz(tz_xz}yz_zzi O) =0

Thenon-zerpartmayhaveeverythingto do with gravity.

A planewavesolutiondoesexist,butnot for a purevacuum.Instead planewavesolutionexistswith
the constrairthatthe netcurrentis zerofor theelliptical field equations

Thefield equation®f generarelativity andthe Maxwell equation$othhavevacuumsolutions. A
vacuumsolutionfor theunified field equations apparentor theelliptical field equations:

A - <(DO eK-wat ﬁo eK-wat )
Theunifiedfield equationwill evaluateo zeroif
2
Scal ar ((ﬂ K) ) -0
C

Thedispersiorrelationis aninverteddistancesoit will dependonthe metric. The samepotentialcan
alsosolvethehyperbolicfield equationsinderdifferentconstraintsandresultingdispersiorequation
(not shown). Thereweretwo reasongor notincludingthe customarymaginarynumber'i" in the
exponentiabf the potential. First, it wasnot necessarySecondjt would havecreateda complex—
valuedquaternionandtherefores outsidethe domainof this paper. Theimportantthing to realizeis
thatvacuumsolutionsto the unified field equationgexistwhosedispersiorequationglepencnthe
metric. Thisis anindicationthatunifying gravity andelectromagnetisrnis anappropriategoal.

m Conservation Laws

Conservatiorof electriccharges implicit in the Maxwell equations.ls therealsoa conservedjuantity
for the gravitationalfield? Examinehow the differentialoperatoractson the unified field equation:
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Noticethatthe gravitationalforcefield only appearsn thequaterniorscalar. The electromagnetic
fields only appeaiin the 3—vector.This generateswo typesof constrainton the sources.No change
in theelectricsourceappliesto the quaterniorscalar. No changen thegravitationalsourceappliesto
the 3—vector.

Scal ar (0Je*) = %‘ie +V -Je =0

Scal ar (DJAB*) =V . jAB* =0

OJm
ot

Thefirst equationis knownasthe continuityequationandis thereasorthatelectriccharges con
served. Foradifferentinertial observerthiswill appeamlasa conservatiorof electriccurrentdensity.
Thereis no sourcetermfor the Aharanov—-Bohmurrent,andsubsequentiypo conservatioiaw. The 3-
vectorequationis a constrainion the masscurrentdensity,andis thereasormasscurrentdensityis
conserved.Foradifferentinertial observerthe massdensityis conserved.

Vect or (DJm*> = - +va—vij:0

m Transformations of the unified force field

Thetransformatiorpropertiesof the unified field promiseto be moreintricatethaneithergravity or
electromagnetisrmeeparately. Whatmight be expectedo happerundera Lorentztransformation?
Gravity involvesmasshatis Lorentzinvariant,sothefield thatgenerateg shouldbe Lorentzinvari-
ant. Theelectromagneti@eld is Lorentzcovariant. However,a transformatiorcannotdo both per
fectly. Thereasons thata Lorentztransformatiomrmixesa quaterniorscalarwith a 3—vector.If a
transformationieft the quaterniorscalarinvariantandthe 3—vectocovariant the two would effectively
not mix. Theeffectof unificationmustbe subtle sincethetransformatiorpropertiesarewell known
experimentally.

Considera boostalongthe x—axis. The gravitationalforcefield is Lorentzinvariant. All theterms
requiredto maketheelectromagnetitield covariantundera Lorentztransformatiorarepresentput
covarianceof theelectromagnetitields requireghefollowing residuaterms:

Tx A% ’ @A G(b
(0 "A") Resi dual = (O’ (Yz /32 -1) Gtx + (YZ -1) X’
oA, OA oA, A
298 (G ) 298 (S - T ) )

At thistime, the correctinterpretatiorof theresiduatermis unclear. Mostimportantly,it wasshown
earlierthatcharges conserved.Thesetermscouldbea velocity—dependephasdactor. If so, it
might provideatestfor thetheory.

The mechanic®f the Lorentztransformationtself might requirecarefulre—examinatiowhenso
strictly confinedto quaternioralgebra.Foraboostalongthe x—axisjf only the differentialtransforma
tion is in the oppositedirection,thenthe electromagneti@ield is Lorentzcovariantwith theresidual
termresidingwith the gravitationalfield. The meaningof this observations evenlessclear. Only
relativelyrecentlyhasDelLeobeenableto representhe LorentzgroupusingrealquaterniongS. De



gi26b

Leo, "Quaternionsandspecialrelativity,” J. Math. Phys.,37(6):2955-2968,996). Thedelayappears
oddsincetheintervalof specialrelativity is the scalarof the squareof the differencebetweerntwo
events. In thereal4x4 matrix representatiortheintervalis a quarterof thetraceof thesquare.There
fore, anymatrix with atraceof onethatdoesnot distortthelengthof the scalarand3-vectocanmulti-
ply aquaterniorwithout effectingtheinterval. Onesuchclassis 3—dimensionagpatialrotations. An
operatorthataddsnothingto thetracebut distortsthe lengthsof the scalarand3-vectowith the con
straintthatthedifferencein lengthsis constantvill alsosuffice. Theseareboostsn aninertial refer
enceframe. Boostsplusrotationsform the Lorentzgroup.

Threetypesof gaugetransformationsvill beinvestigateda scalara 3—vectoranda quaterniorgauge
field. Consideranarbitraryscalarfield transformatiorof the potential:

As>A =A-o*

The electromagneti@ields areinvariantunderthis transformation.An additionalconstrainon the

gaugefield is requiredto leavethe gravitationalforcefield invariant,namelythatthe scalargaugefield

solvesa homogeneouslliptical equation. Fromthe perspectivef this proposalthefreedomto

]cc:_kéodosea scalargaugefield for the Maxwell equationss dueto the omissionof the gravitationalforce
ield.

Transformthe potentialwith anarbitrary3—-vectofield:
A>A =A-0*R,

This time thegravitationalforcefield is invariantundera 3—vectogaugefield transformation.Addi-
tional constraintcanbe placedon the 3—vectogaugefield to preservea choserelectromagneticvark
ant. Forexamplejf thedifferencebetweerthetwo electromagnetifieldsis to remaininvariant,then
the 3—vectogaugefield mustbethe solutionto anelliptical equation. Otherclasse®f invariantscould
be examined.

The scalarand3-vectogaugefields could be combinedo form a quaterniorgaugefield. This gauge
transformatiorwould havethe sameconstraintasthoseaboveto leavethefields invariant. Is there
any suchgaugefield? The quaterniorgaugefield canberepresentethe following way:

AsA =A-o" A,

If aforcefield is createdy hitting this gaugetransformatiorwith a differentialoperatorthenthe
gaugefield becomes unifiedfield equation. Sincevacuumsolutionshavebeentoundfor those
equationsa quaterniorgaugetransformatiorcanleavethefield invariant.

m Future directions

Thefields of gravity andelectromagnetisiwereunified in away consistentvith Einstein’svision, not
his technique.Theguiding principlesweresimplebut unusual:generatxpressiongamiliar from
electromagnetisrasingquaternionsstriving to interpretany extratermsasbeingdueto gravity. The
first hypothesisaboutthe unifiedfield involvedonly a quaterniordifferentialoperatoractingon a
potential,no extratermsaddedby hand. It containedhetypical potentialrepresentationf the electroe
magnetidfield, alongwith a symmetric—-matriforcefield for gravity. Theseconchypothesison
cerneda unified field equationformedby actingon the unified field with onemoredifferentialopera
tor. All the Maxwell equationsareincludedexplicitly or implicitly. Additionaltermssuggestethe
inclusionof aclassicarepresentationf the Aharanov—-Bohreffect. Fourlinearly independentinified
field equationgexist,but only the hyperbolicandelliptic casesverediscussed A largefamily of
vacuumsolutionsexists,andwill requirefutureanalysiso appreciate.To work within theguidelines
of this paper,oneshouldavoidsolutionsrepresentedy complex—valueduaternions.
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Why did this approachwork? The hypothesighatinitiatedthis line of researclwasthatall eventsn
spacetimecouldberepresentetly quaternionsno matterhow theeventsweregenerated.Thisis a
broadhypothesisattemptingo reachall areascoveredoy physics. Basedon theequationgpresented
in this paper alogical structurecanbe constructedstartingfrom eventgseefigure below). A setof
eventsformsa patternthatcanbe describedy a potential. Thechangen a potentialcreatesafield.
Thechangen field createsfield equation. Thetermsthatdo not changeunderdifferentiationof a
field equationform conservatiortaws.
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Einstein’s vision II: A unified force equation with constant velocity
solutions

m Abstract

In quantumelectrodynamicgphotonshavefour modesof transmissionat leastmathematicallytwo
transversenodedor electrodynamicsa longitudinal,anda scalarmode.The probabilitiesof thelast
two modescanceleachotheroutfor photonsn avacuum butthatdoesnot haveto bethe casefor a
nonhomogeneousquation Onepotentialsolutionto thefield equationss foundwhich dependonthe
inverseof anintervalbetweerntwo eventssquaredTheforcefield createdoy the potentialis con
structedby comparisorwith the classicaNewtoniangravitationalfield. The LagrangedensityL=
scalar(—(&*) —1/2Box* A Box A*) cancontributeto a scalarmode,but still hasthefield equationof
Maxwell with the choiceof theLorenzgaugeA relativisticforce equations proposedgreatedy the
productof charge normalizedforcefield, and4-velocitydmU/dtau= kq Box* A/|A| U*. Thesolution
to theforceequatiorusingtheinversesquaranterval potentialis found. Eliminatingthe constants
generatea metricequation(dtau)"2= e"-(2GM/c"2au) dt"2 —e(2GM/c"2tau) dR"2,wheretau is
alightlike intervalwith almostthe samemagnitudeastheradiusR of separatiorbetweernsourceand
testmassesi-or aweakgravitationalfield, the metricwill passhe sametestsasthe Schwarzschild
metric of generakelativity. Thetwo metricsdiffer for higherorderterms,which makesthe proposed
metric distinctandtestableexperimentallyA constant—velocityolutionexistsfor the gravitational
force equationfor a systemwith anexponentially—decayirmgasddistribution. The dark matterhypothe
sisis not neededo explainthe constant-velocitgrofilesseenfor somegalaxies Gravity is a metric
theory,electromagnetisns not. By usingRiemanniarguaternionsvhich canhavedynamicbasis
vectors,t becomegpossibleto mergemetrictheorywith thelinearMaxwell equations.The proposal
may alsohaveimplicationsfor classicabig bangtheory.

m An opportunity for classical gravity?

The electrodynamidield canbe quantizedn a manifestlycovariantform by fixing the gauge(K.
Bleuler,Helv. Phys.Acta, 23:567,1950,andS. N. Gupta,"Theoryof longitudinalphotonsn quantum
electrodynamics'Proc.Phys.Soc.,63:681-691)[he startingpointis the4—potentiah*mu. Thereare
four modesof transmissiorior photonscorrespondingo the four degree®f freedom:two transverse,
onescalarandonelongitudinal.Guptacalculatedhat"the probability of the emissionof areallongitu-
dinal photonis canceledy the’negativeprobability’ of the emissionof a correspondingcalampho
ton." He notesthatthis doesnot alwayshaveto bethe casefor the nonhomogeneoudaxwell equa
tions,whichis thefocusof thiswork. A scalamphotonwould not changesignsundera spaceor time
reversal soits symmetryis differentfrom the electric3—-vectofield andthe magnetic3—pseudo-vectol
field, andthusdoesnot haveanobviousrole to playin electrodynamics.

My hypothesiss thatthe scalarandlongitudinalphotonsfor the electromagnetifield constitutegraw
ity. Thehypothesisnakesseverabpredictionsevenatthis preliminarystage First,the mathof gravity
andelectromagnetismmhouldbe similar but notidentical. Theinversesquargorm of Newton’slaw of
gravity wasadirectinspirationfor Coulomb’slaw. Gravity shouldbe moresymmetricthanelectromag
netismbecausehe modeis scalarjnsteadof transverseThe secondankfield strengthtensonn gen
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eralrelativity is symmetricwhile theanalogougensorfor the electromagnetifield is antisymmetric.
Sincethe modeof gravity is orthogonalo electromagnetisnithe chargesanbelikewise,sotherewill
be no simplerelationshipbetweergravitationalcharge(mass)andelectriccharge Gravitationalwaves
in generarelativity aretransversesothis proposals distinctfrom generakelativity. Natureexploits
all themathavailable soit is unreasonabl&o supposehatscalarandlongitudinalphotonsarenever
usedfor anything.Whatevemphenomenomexploitsthe scalarandlongitudinalphotonsmustbe similar,
but justasimportantaselectromagnetisnGravity is a naturalcandidate.

m A gravitational field inside Maxwell

Newton’sclassicalgravitationallaw arisesrom a scalampotential.Heres the scalarfield equation:
v2 ¢ = 4 nGo

Forthecaseof avacuumwhenrho = 0, thisis knownasthe LaplaceequationFor a sphericallysym
metricsource pnesolutionis:

GV
¢ = -
VX2 +y2 4 72
The problemwith thefield equationis thatthe Laplaceoperatordoesnot haveatime differential
operator Any changdn in the massdensitypropagateatinfinite speedjn conflict with specialrelativ

ity (MTW, chapter7). Oneway to derivethefield equation®f generarelativity involvesmaking
Newton’slaw of gravity consistentvith thefinite speedf light.

A wayto repairthefield equationss to usethe D’Alembertianoperatorwhichis four dimensional.
Thatexpressioris identicalto the A*0 componenbf the Maxwell equationswith the choiceof the
Lorenzgauge. The sourcesareof coursedifferent. Yet theargumenbeingmadehereis thatthereare
degree®f freedomwhich haveyetto beexploited. Forthetwo degree®f freedomwe canhavea
differentsourceterm, mass:

DZA: 4 5t (chharge + GJrraSS)

If oneis studyingscalaror longitudinalmodesthe sources J_massthe masscurrentdensity. If one
is working with transversenodesthe sources J_charge™mutheelectricchargedensity.Sincethe
modesareorthogonalthe sourcesanbealso.

To beconsistentvith the classicscalamotentialyet still berelativistic,the potentialmusthavex”2,
y"2,z"2,andt"2. This suggests particularsolutionto thefield equations:

1 1 U)

A= 02t2_x2_y2_22’0):(t_2’

This potentialis interestingfor severareasonslt is theinverseof the Lorentz—-invariannterval
squaredLike massthe4—potentialvill notbealteredby a changen aninertial referencdrame.The
interval betweeranytwo eventswill contributeto the potential.Generakelativity appliesto anyform
of energy,ncludinggravitationalfield energy A potentialthatembracegveryintervalmayhavea
broadenoughscopeto do thework of gravity.

The potentialalsohasseriousproblems Classicabravity depend®n aninversesquareorcefield, not
aninversesquarepotential. Takingthe derivativeof the potentialputsa forth powerof theintervalin
the denominatorAt this point, | couldstopandsaythatthis potentialhasnothingto do with gravity
becauseat hasthewrongdependencen distance An alternatives to look for analgebraiovay to
repairtheproblem.Thisis thetypeof approactusedby the earlyworkersin quantummechanicdike
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deBroglie,andwill beadoptechere.The equationsf motioncanbenormalizedo the magnitudeof
the 4—potential:

02 A
m =4 (chharge + Gl ass )
Sincethe magnitudeof the potentialis theinverseintervalsquaredtheresultingequatiorhasonly an
interval squaredn thedenominatorAn intervalis not necessarilghe sameasthe distanceR between
the sourceandtestmassusedin theclassicatheory.However,| canimposeaselectiorrule thatin the
classicalimit, the only eventshatcontributeto the potentialarethosethataretimelike separated
betweerthe sourceandthetestmasseslt takesatimelike intervalto knowthatthe sources adistance
R away.Action—at—a—distanespectshe speedf light asit must.

m Search for the source mass

Whereis the sourcemassn the potential ?All thathasbeendiscussedofar is aninterval,adistance,
nothingaboutmass An ideafrom generakelativity will beborrowed thatmasscanbetreatedyeometr
cally if multiplied by the constant$s/c"2. Thedistancebetweerthe Earthandthe Sunis approxi
mately1.5x10711m, while the Sun’smassexpresseth unitsof distanceGM_Sun/c"2js 1.5x10"3

m, eightordersof magnitudesmaller.The overalllengthof theintervalwill notbe changedoticeably
If thespatialseparatiorandthe Sun’smassexpressedsa distancearesummedHowever theforce
field is thederivativeof the potential,andanychangdn positionin spacetimeavill havea far greater
effectproportionallyon the smallergeometrianassthanthe spatialseparationMake the following
changeof variables:

GM

t—>t :A+2C—2At
GV

R>R -Bsy _ M

g +202|B|

whereA andB arelocally constantsuchthattau”2~= A2 -B*2. The changeof variabless valid
locally, butnotglobally, sinceit breaksdownfor arbitrarily long time or distanceaway.Generarelativ-
ity is alsovalid locally andnotglobally.

Whatis the physicalinterpretatiorof the inversesquarepotentialandthe abovesubstitution™Newton
observedhatmotionin anellipsecouldbe causedy eitheralinearcentralforceor aninversesquare
law. With theabovesubstitutionthereis alineardisplacemenéquationnsideaninfuserssquare
potential.lt is like a simpleharmonicoscillatorinsidea simpleharmonicoscillator! This oscillator
workswith four dimensionsAlthoughit is confusingto confronttheideaof oscillationsin time, there
IS no needworry aboultit, sincethe equationsarequite simpleandtheir mathematicatonsequences
canbeworkedout. If all thetermswhereincluded,the equationwould benonlinear.

Thefield is thederivativeof the potential. To be correcttechnically,it is the contravarianterivative.
This requiresbothametricanda connection.In effect,all thework presentedvith quaternionsises
the Minkowski metricwith Cartesiarcoordinates.For sucha choiceof metricandcoordinatesthe
contravariantlerivativeequalshe normalderivative. The derivativeof the potentialunderstudy,a
normalizedintervalsquaredvith thelineardisplacemensubstitutionjs approximately:

1 0% GM

| 5] ot c2r?
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1 0% GM

| = | oR c2rt?

This shouldlook familiar, rememberinghatemployingthe eventselectiorrule from above the magnt
tudeof tau”2 is almostthe sameasR”"2, differing only by thegeometrionassof the source.

m A Lagrangian for four modes

Despiteits formulationusingquaternionsthis unificationproposais strikingly similarto earlierwork.
Guptawantedto quantizetheradiationfield usingaform thatwasmanifestlycovariantin its explicit
treatmenbf time andspaceHe fixed the gaugewith this Lagrangedensity:

1 1
L=-JA - 5 (6HA,)? - 7 (0“AY - 9"AY) (BuA, -0, A)
The equationf motionfor this Lagrangiararethe sameaschoosingthe Lorenzgauge:

02 A = JH

The problemwith the Lagrangiarnis thatthefield strengthtensoris antisymmetricDueto the zeros
alongthediagonal,it cannotcontributedirectly to a scalatmode.Whatis neededs a Lagrangedensity
thatcould contributedirectly to the scalatmodebut still havethe samefield equationsHereis sucha
Lagrangian:
* 1 * *
L =scal ar (-JA" - 5 D"ADA )

Thisis notasmiraculousasit mightfirst appearlt is thefirst of four termsgeneratedn thecontrae
tion of theelectromagnetifield strengthtensor.In essencenformationis notdiscardedwhichis
whathappensn makingthefield strengthtensorantisymmetricThe oneremainingmodificationis to
normalizeboththe Lagrangiarandequation®f motionto the sizeof the potential.

m From a relativistic 4—force to a metric

A relativistic4—forcds the changan momentunwith respecto theinterval. The covariantforcelaw
is similarin form to theonefor electromagnetisraxceptthatthe second-anktensors asymmetriand
normalized:

op o3
F_@t rrt:@— BC—t kg

*A*
TAT

If this equationis to transformlike the Lorentz4—forceof electromagnetisnihe normalizedpotential
mustbeinvariantundera Lorentztransformation.Thatis the caseof the potentialunderstudy.

B*

In thefirst applicationof theforcelaw, assumehe derivativeof the masswith respecto theintervalis
zero.Forthescalamphotonsassumehe chargeq is the gravitationatestmass Experimentdave
demonstratethatgravitationalandinertial massesireequal. Assumingphericasymmetry the
inverseintervalsquaregotentialleadsto the following equationsof motion:

6t ~GM ot o°R__GM OR
o2 c2t?2 ot’' Or? c2t?2 Ot

= (0, 0)
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Solvethesesecond-ordelifferentialequationgor the spacetimgoosition:
GV GV

t:C]_<tefG2lf—C—2Ei(Czt)>+C2
- GM . GM
R=Ci (re @ + F E (-5—))+C

wherekEi is the exponentialntegral,Ei(t)=theintegralfrom negativeinfinity tot of e*/tdt. Theexpo
nentialintegralplaysotherrolesin quantummechanicssoits presences interesting.

Eight constantsieedto beeliminated:(c_1C 1)and(c_2,C_2). Takethederivativeof thespacetime
positionwith respecto tau. Thiseliminatesfour constants(c_2,C_2). Theresultis a4-velocity:

ot _GM_

— =(Cq1 €c?:

ot !

oOR __GM_
- :Cj_e c2t
ot

In flat spacetimebeta_mubeta”mu=1providingfour moreconstraints.Spacetimas flat if M goesto
0 or taugoesto infinity, leadingto e*(GM/c"2|tay) goesto 1:

2
87 [88) (28] -ort -

Solvefor c_1"2andC_1.C 1:

2 _ gt Ot
ot

otT

Substitutebackinto theflat spacetimeonstraint. Rearrangénto a metric:

GM GM
02 e 2w 9t2 _e2wi oK

If thegravitationalfield is zero,this generatethe Minkowski metricof flat spacetime.Converselyif
the gravitationalfield is non—zerospacetimes curved

As expectedthis becomehe Minkowski metricfor flat spacetimef M goesto O or taugoesto infinity.

No formal connectiorbetweerthis proposalindcurvaturehasbeenestablished Insteada path
betweenra proposedjravitationalforce equationranda metricfunctionwassketched.Thereis a histort
cal precedencéor theline of logic followed. SirIsaacNewtonin the Principiashowedanimportant
link betweerforceslinearin positionandinversesquargorcelaws. More moderneffortshaveshown
thatthereasorfor the connectionis dueto the conformalmappingof z goesto z*2 (T. Needham,
"Newtonandthetransmutatiorof force,” Amer. Math. Mon., 100:119-137,993). This methodwas
adaptedo a quaterniorforcelaw linearin therelativisticvelocity to generatea metric.

Foraweakfield, write the Taylor seriesexpansiorin termsof thetotal massovertheintervalto see
ond-ordem M/|taul:
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Contrastthis with the Schwarzschilgolutionin isotropiccoordinate@xpandedo secondrderin
M/R (MTW, eq.31.22):

ot 1oz G2 (gl | ot
ez @gezs (@Rl R o[ (ER))

Themagnitudeof thelightlike intervaltauin theunified field metricis nearlyidenticalto theradiusR
in the Schwarzschilanetric,the differencebeingthe geometriomassof the sourceincludedin the
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interval\tau. Themetricfor the scalampotentialwill passhe sameweakfield testsof generakelativity

asthe Schwarzschildnetricto post—-Newtoniaaccuracywhich doesnot usethe secondrderspatial
term. Thedifferencein the higherordertermscanbethebasisof anexperimentatestto distinguish
this proposafrom generarelativity. Sincethe effectis secondrderin thefield strengthsuchatest
will challengeexperimentatechniques.

Thetwo metricsarenumericallyvery similar for weakfields, but mathematicallydistinct. Forexam
ple, the Schwarzschilanetricis static,but the unified metriccontainsa dependencentime sois
dynamic. The Schwarzschildnetrichasa singularityat R=0. Theunified gravitationalforce metric
becomesundefinedfor lightlike intervals. This might poselessof a conceptuaproblem sincelight
hasno restmass.

m The constant velocity profile solution

In the previoussection the systemhada constanpoint—sourcenasswith a velocity profile that
decayedvith distance.Herethe oppositesituationis examinedwherethe velocity profile is acon
stant,butthe masddistributiondecayswith distance.Expandthe definition of therelativisticforce
usingthechainrule:

omB  _ op om
C 57 =MC a7 +BC 52

Thefirst termof theforceis the onethatleadsto anapproximatiorof the Schwarzschilanetric,and
by extensionNewton’slaw of gravity. Foraregionof spacetimavherethevelocityis constantthis
termis zero. In thatregion,gravity’s effectis on thedistributionof massoverspacetime.This new
gravitationaltermis notdueto theunifiedfield proposaberse. It is morein keepingwith the princi
plesunderlyingrelativity, looking for changesn all componentsin this casemassdistributionwith
respecto spacetime.

Startwith thegravitationafforcein aregionof spacetimevith no velocity change:

BcC %—ng =k my Scal ar (o*A*) B~
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Make the sameassumptionasbefore:the gravitationalmasdss equalto theinertial massandthe
gravitationalfield employstheintervalbetweertheworldlinesof thetestandgravitationalmasses.
This generateanequatiorfor thedistributionof mass:

om vy GM » om v B GM ~
@t+C2|t|2mY/3@t C2|t|2m_(0,0)
Solvefor themassflow:

(ym yBm = (ce@: , Ce @ |

As in the previousexamplefor a classicalweakfield, assumeéhe magnitudeof theintervalis anexcet
lent approximatiorto theradiusdivided by the speedof light. Thevelocityis aconstantsoit is the
massdistributionthatshowsanexponentiablecaywith respecto theinterval,which is numericallyno
differentfrom theradiusoverthespeedf light. Thisis astablesolution. If the masskeepsdropping
of exponentiallythevelocity profile will remainconstant

Look atthe problemin reverse.Thedistributionof matterhasanexponentiatlecaywith distance
from the center. It mustsolvea differentialequationwith the velocity constanbverthatregionof
spacetimdike theoneproposed.

The exponentiaecayof the massof a disk galaxyis only onesolutionto this expandedjravitational
force equation. The behaviorof largersystemssuchasgravitationalensingcausedy clusterscan
not be explainedby the Newtonianterm(A. G. Bergmann)/. PetrosianandR. Lynds,"Gravitational
lensimagesof arcsin clusters,"Astrophys.J.,350:23,1990.S. A. GrossmarandR. Narayan,'Gravita
tionally lensedmagesn abell370," Astrophys.J.,344-637-644989.J. A. Tyson,F. Valdes,andR.
A. Wenk, "Detectionof systematigravitationallensgalaxyimagealignmentsMappingdark matterin
galaxyclusters,"Astrophys.J. Let., 349:L1,1990). It will remainto be seenif this proposals suffi-
cientto work onthatscale.

m Metrics and forces

Gravity wasfirst describedasaforceby IsaacNewton. In generakelativity, Albert Einsteinargued
thatgravitywasnotaforceatall. Rathergravity wasRiemanniargeometrycurvatureof spacetime
causeduy the presenc®f amass—energdensity. Electromagnetisrwasfirst describedasaforce,
modeledon gravity. Thatremainsavalid choicetoday. However electromagnetisroannotbe
depictedin purelygeometriderms. A conceptuabapexistsbetweemurelygeometricabndforce
laws.

The generakquivalencerinciple,introducedn thefirst paperof this seriesplacesgeometryand
force potentialson equalfooting. Riemanniarquaternions(a_0i_0,a_1i 1/3,a_2 2/3,a_3_3/3),
haspairsof (possibly)dynamictermsfor the4—potentiah andthe4-basi$. Gauss’law writtenwith
Riemanniamuaterniorpotentialsandoperatordeadsto this expression:

/\2 el
In OEn  InEx OlIn _ B
9 Bi, 5 oi, 7 n=123

If thedivergenceof theelectricfield E waszero,thenGausslaw would bedueentirelyto thediver
genceof thebasisvectors. Thereversecasecouldalsohold. Any law of electrodynamicsvritten with
Riemanniamuaternionss a combinationof changesn potentialsand/orbasisvectors.
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m Future directions

An algebraigathbetweera solutionto the Maxwell equationsanda classicaimetricgravitational
theoryhasbeenshown.No effort hasbeenextended/etto quantizethe unificationproposallLike the
earlywork in quantummechanicsa collectionof hunchess usedto connectequationsOneis left
with the questionof why this mightwork? The actionof a gaugeinvarianttheorycannotbe invertedto
generatdghe propagatoneededor quantummechanicsFixing the gaugemakesheactioninvertible,
but the additionalconstraindecreasethe degree®f freedom By usingquaternionsadivision alge
bra,theequations necessarilynvertiblewithoutimposinga constraintlf the operationof multiplica
tion surpassewhatcanbedonewith division, thenNaturecannotharnesshe mostrobustmathemati
cal structureatopologicalalgebraidield, thefoundationfor doing calculus Naturedoescalculusin
four dimensionsandit is this requirementhatfixes the gaugeIn thefuture,whenwe understandhow
to do calculuswith four—dimensionalutomorphidunctions,we may havea deepappreciatiorof
Nature’smethods.

Thereis aphysicalexplanatiorfor gravity —it is alocal, nonlinear four—dimensionaimpleharmonic
oscillator. Gravityis all aboutoscillations. The Earthreturnsto approximatelythe sameplaceafter
oneyearof travel. If therewerenointerferingmatterin theway, anappledroppedwouldfall to the
centerof the Earth,reachthe otherside,andreturnin alittle overeightyminutes. The metricequation
thatresultsfrom this analysigs within the experimentatonstraintof currenttestsof generarelativ
ity. ThatmakestheproposareasonableForhigherordertermsof a weakfield, the proposals differ-
entthanthe Schwarzschildnetricof generakelativity. Thatmakest testable.Therearevery few
Ir.easofnableki;estableclassicaunified field theoriesn physics sothis aloneshouldsparkinterestin this
ine of work.

For a spiralgalaxywith anexponentiamassdistribution,dark matteris nolongerneededo explain
the flat velocity profile observedr thelong termstability of thedisk. Massdistributedoverlarge
distance®f spacehasaneffecton themassdistributionitself. Thisraisesaninterestingquestionis
therealsoaneffectof masddistributedoverlargeamountsof time?If theanswets yes,thenthis might
solvetwo analogousiddlesinvolving largetime scalesflat velocity profilesandthe stability of solu
tions. Classicabig bangcosmologytheoryspanghelargestiime framepossibleandfacestwo such
issues. The horizonprobleminvolvesthe extremelyconsistentelocity profile acrosgartsof the
Universethatarenot casuallylinked (MTW, p. 815). Theflathessproblemindicateshow unstablethe
classicabig bangtheoryis, requiringexceptionafine tuningto avoid collapse. Considerableffort
will berequiredto substantiatéhis tenuoushypothesis.Any insightinto the origin of the unified
enginedriving the Universeof gravity andlight is worthwhile.
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Strings and Quantum Gravity

In this sectiona quaterniorB—stringvill bedefined. By makingthis quantitydimensionlesd, will
arguethatit my beinvolvedin arelativisticquantumgravity theory,atleastoneconsistentvith cur
rentexperimentatests. At the currenttime, thisis anideain progressnotatheory,sincetheequa
tionsof motionhavenotbeendetermined.It is hopedthatthework in the previoussectionon unified
fields will providethatsomeday.

m Strings

Let usrevisitthedifferencebetweertwo quaternionsquaredasworkedoutin the sectionof analysis.
A quaterniorhas4 degree®f freedomsoit canberepresentetly 4 realnumbers:

g = (ap, a1, az, as)

Takingthedifferencebetweenwo quaternionss only avalid operationf theysharethe samebasis.
Work with definingthederivativewith respecto a quaterniorhasrequiredthata changdan the scalar
be equalin magnitudeto the sumof changesn the 3—vectofinsteadof the usualparity with compe
nents). Theseconcerngeadto the definition of the differencebetweertwo quaternions:

dg = (dagep, daj 63_1 das 93_2 das 63—3)

Whattypeof informationmuste0,el,e2,ande3sharein orderto makesubtractioravalid operation?
Thereis only onebasis sothetwo eventsghatmakeup the differencemustnecessarilype expresseth
the samebasis. If not, thenthe standarctoordinatéransformatiomeeddso be donefirst. A more
subtleissueis thatthe differencemusthavethe sameamountof intrinsic curvaturefor all threespatial
basisvectors. If thisis notthe casethenit would notlongerbe possibleto do a coordinateransforma
tion usingthetypical methods. Therewould be a hiddenbumpin anotherwisesmoothtransformation!
At this point, | do notyetunderstandhetechnicalink betweerbasisvectorsandintrinsic curvature.|
will proposethefollowing relationshipbetweerbasisvectorsbecauséts form suggestsi link to intrin-
sic curvature:

1 1 1 2
— = — 5 = — —2 = eo
SD) €3

If e0= 1, thisis consistentith Hamilton'ssystenfor 1, i, j, andk. Thedimensiondor thespatial
partarel/distance”2the sameasintrinsic curvature. Thisis aflat spaceso—1/e1*3s somethindike
1 + k. In effect,| amtrying to mergethe basisvectorsof quaternionsvith toolsfrom topology. In
math,l amfreeto definethingsasl chooseandif lucky, it will proveusefullateron:-)

Formthesquareof thedifferencebetweerntwo quaternioreventsasdefinedabove:
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2 2
dq2 - (dag? ep? + daj? eé + day? % + dag? %’
2 dap daj eg %—, 2 dag day eg 83_2’ 2 dag daz eg 93_3 -

= (interval?, 3-string)
Thescalars the Lorentzinvariantinterval of specialrelativity if e0= 1.

Why useawork with a powerfulmeaningn the currentphysicslexiconfor thevectordt dX? A string
transformdifferently thana spatial3—vectortheformerflipping signswith time, thelatterinert. A
stringwill alsotransformdifferently undera Lorentztransformation.

Theunitsfor astringaretime*distance.For a stringbetweertwo eventshathavethe samespatial
location,dX = 0, sothestringdt dX is zero. For a stringbetweertwo eventshataresimultaneousgt
= 0 sothestringis againof zerolength. Only if two eventshappermtdifferenttimesin different
locationswill the stringbenon—-zeroSincea stringis notinvariantundera Lorentztransformationthe
valueof astringis

We all appreciatehecritical role playedby the 3—velocitywhichis theratio of dX by dt. Hopefully
we canimagineanotherole asimportantfor the productof thesesametwo numbers.

m Dimensionless Strings

Imaginesomesystenmthathappendgo createa periodicpatternof intervalsandstrings(a seriesof
eventsthatwhenyou took the differencebetweemeighboringeventsandsquaredhem,theresultshad
aperiodicpattern). It couldhappen-) Onemightbeableto usea collectionof sinesandcosinego
regeneratéhe pattern sincesinesandcosinescando thatsortof work. However thedifferences
would haveto first be madedimensionlesssincetheinfinite seriesexpansiorfor suchtranscendental
functionswould not makesense.Thefirst stepis to getall theunitsto bethesameusingc. Leta0l
haveunitsof time,andal,a2,a3haveunitsof space.Makeall componentfaveunitsof time:

2 2 2
e1 2 €2 2 €3
dg? = (dag? eg? + da;? +da + dag?® =2,
q 0 0 1 902 2 9C2 3 902

2dao dal €o 3?—](':, 2dao daz €0 ;—i, Zdao da3 €0 3?—?(’:

Now theunitsaretime squared.Usea combinationof 3 constant$o do thework of makingthis
dimensionless.

1 mass t i me? 1 time 5 di st ance®
G 7 Aeian 3 TH : - :
G di st ance h mass di st ance® time

Theunitsfor the productof thesethreenumbersarethereciprocalof time squared.Thisis the sameas
thereciprocalof the Plancktime squaredandin unitsof secondss 5.5x10"85s"-2The symbols
neededo makethedifferencebetweertwo eventsdimensionlesaresimple:

cS e12 €52 es?
do? = p (dao? eo? + dar® gty +daz? 525 +das® 535,
2 dao dal €o 3?—](':, 2 dao dag €o ??—i, 2 dao da3 €0 38_;(3:
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As far astheunitsareconcernedthisis relativistic(c) quantum(h) gravity (G). Takethis constantgo
zeroor infinity, andthedifferenceof a quaterniorblowsup or disappears.

m Behaving Like a Relativistic Quantum Gravity Theory

Althoughtheunitssuggesh possiblerelativisticquantumgravity, it is moreimportantto seethatit
behavedike one. Sincethis unicornof physicshasneverbeenseen will presen# casesvhichwill
showthatthis equatiorbehavedike thatmysteriousheast!

Considera generatransformationT thatbringsthe differencebetweerntwo eventsdqinto dqg’. There
arefour casedor whatcanhapperto theintervalandthe stringbetweerthesetwo eventsunderthis
generalransformation.

Case 1: Constant Intervals and Strings

T: dg ->dq’ suchthat scal ar (dg?) =
scal ar (dq’?) andvector (dg?) =vector (dq’?)

This lookssimple,butthereis no handleon the overallsign of the4—dimensionajuaterniona smoke
signalof O(4). Quantummechanicss constructegrounddealingwith phaseambiguityin arigorous
way. Thisissueof ambiguougphasess truefor all four of thesecases.

Case 2: Constant Intervals

T: dg ->dq’ suchthat scal ar (dg?) =
scal ar (dq’?) and vector (dg?) !=vector (dq’?)

Case2 involvesconservinghe Lorentzinvariantinterval,or specialrelativity. Stringschangeunder
suchatransformationandthis canbe usedasa measuref theamountof changebetweerninertial
referencdrames.

Case 3: Constant Strings

T: dg ->dqg’ suchthat scal ar (dg?) !-=
scal ar (dq’?) andvector (dg?) = vector (dq’?)

Case3 involvesconservinghe quaterniorstring,or generakelativity. Intervalschangeundersucha
transformationandthis canbe usedasa measuref theamountof changebetweemon-inertiatefer
enceframes. All thatis requiredto makethis simplebut radicalproposakonsistentvith experimental
testsof generakelativity is thefollowing:

GM 1 i 1 2
l-20R "7 " " ez T %0

Thestring,becausét is the productof eOel,e0e2,ande0e3,will notbechangedy this. Thephase
of thestringmay changehere,sincethis involvestheroot of the squaredasisvectors. Theinterval
dependdlirectly onthe square®f the basisvectors(l think of this asbeingl+/-theintrinsic curvature,
but do notknow f thatis anaccuratdechnicalassessment)This particularvalueregeneratethe
Schwarzschildolutionof generarelativity.




39

Case 4: No Constants

T: dg ->dqg’ suchthat scal ar (dg?) !-=
scal ar (dq’?) andvector (dg?) !=vector (dq’?)

In this proposalchangesn thereferencdrameof aninertial observemrelogically independentrom
changingthemassdensity. Thetwo effectscanbe measuredeparately.The changean thelength—
time of the stringwill involve theinertial referencdrame,andthe changdan theintervalwill involve
changesn themassdensity.

m The Missing Link

At thistime | do notknow how to usethe proposedinified field equationsliscusse@arlierto generate
the basisvectorsshown. Thiswill involve determininghe preciserelationshipbetweenntrinsic
curvatureandthe quaterniorbasisvectors.
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Answering Prima Facie Questions in Quantum Gravity Using Quaternions

(Note:thiswasa postsentto the newsgrousci.physics.researclune28, 1998)

ChrisIsham’spaper'PrimaFacieQuestionsn QuantumGravity" (gr—qc/93100310ctober,1993)
detailsthe structurerequiredof anyapproacho quantumgravity. | will usethatpaperasatemplate
for this post,notingthe highlights(but pleasereferto this well-writtenpaperfor details). Wherever
appropriate| will pointouthow usingquaternionsn quantumgravity fits within this superstructurel
will arguethatall thetechnicalpartsrequiredareall readypartof quaterniormathematics.Thesetools
arerequiredto calculatethe smallesnormbetweertwo worldlines,which mayform anewroadto
guantumgravity.

m What Is Quantum Gravity?

Ishamsortsthe approachet quantumgravity into four groups. First, thereis the classicalpproach.
This beginswith Einstein’sgenerarelativity. Systematicallysubstituteself-adjoinbperatorgor
classicakermslike energyandmomentum.This getsfurthersubdividednto the’canonical’scheme
wherespacetimas splitinto time andspace——Ashtekavi®rk——and covariantformulation,whichis
believedto be perturbativelynon—-renormalizable.

The secondapproachakesquantummechanicandtransformst into generakelativity. Muchless
effort hasgonein this direction,buttherehasbeenwork doneby Haag.

Thethird anglehasgenerarelativity asthelow energylimit of ideasbasedn conventionabjuantum
mechanics.Quantumgravity dominategheworld on the scaleof Planktime, length,or energya
placewhereonly calculationango. Thisis wheresuperstringheorylives.

Thefourth possibilityinvolvesaradicalnewperspectivewheregenerarelativity andquantummechan
ics areonly differentapplicationf the samemathematicastructure. This would requirea major
"retooling”. Peoplewith the patienceo havereadmanyof my post(evenif notfollowed :—)know this
Is thetaskfacingwork with quaternions.Replacehetoolsfor doingspecialrelativity——4-vectors,
metrics,tensorsandgroups——withuaternionsghatpreservehe scalarof a squaredjuaternion.
Replacehetoolsfor derivingthe Maxwell equations——4-potentiaigtrics,tensorsandgroups——by
quaternioroperatorsctingon quaterniorpotentialsusingcombination®f commutatorandanticom
mutators. It remaingo be shownin this postwhetherquaternionglsohavethe structurerequiredfor a
guantumgravity theory.

m Why Do We Study Quantum Gravity?

Ishamgivessix reasonstheinability to calculateusingperturbatiortheorya correctionfor general
relativity, singularitiesguantumcosmology(particularlythe Big Bang),Hawkingradiation,unifica-
tion of particles,andthe possibility of radicalchange.Thislastreasorcouldbealot of fun, andit is
thereasorto readthis post:-)
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m What Are Prima Facie Questions?

Thefirst questiorraisedby Ishamis therelationbetweerclassicandquantumphysics. Physicswith
guaterniondasa generalguide. Considertwo arbitraryquaternionsg andq’. Theclassicaldistance
betweerthemis theinterval.

((t, X)-(t, X))% = (@dt2-dX dX 2dt dX)

Thisinvolvesretooling,becaus¢hedistancealsoincludesa 3—-vector.Thereis nothinginherently
wrongwith this vector,andit certainlycould be computedwith standardools. To becompletemea
surethedifferencebetweertwo quaternionsvith a quaterniorcontainingthe usualinvariantscalar
intervalanda covariant3—vector.To distinguishingcollectionsof eventsthatarelightlike separated
wheretheintervalis zero,usethe 3—-vectowhich canbe unique. Neverdiscardusefulinformation!

Quantummechanicsnvolvesa Hilbert space.Quaternionganbeusedto form aninner—product
space.Thenormof thedifferencebetweerg andq’ is

((t, X) - (t, X)) ((t, X) - (t, X)) =(dt?+dX dX 0)

Thenormcanbeusedto build all theequipmenexpectedf a Hilbert spacejncludingthe Schwarz
andtriangleinequalities. Theuncertaintyprinciple canbe derivedin the sameway asis donewith the
complex—valuedavefunction.

I call g’ aGrassmamroduct(it hasthe crossproductin it) andg* g’ the Euclideanproduct(it is a
Euclideannormif g=q’). In generalclassicaphysicsinvolvesGrassmamproductsandquantum
mechanicsnvolvesEuclideanproductsof quaternions.

Ishammovesfrom big questiongo onesfocusedon quantumgravity.Whichclassicakpacetimeon
ceptsareneededWhich standargartsof quantummechanicareneeded?Shouldparticlesbe
united? With quaternionsall theseconceptsarerequired butthetoolsusedto build themmorphand
becomeunified underonealgebraicumbrella.

Ishampointsout thedifficulty of clearlymarkinga boundarybetweertheoriesandfact. He writes:

"...whatwe call a’fact’ doesnot existwithout sometheoreticaschemdor organizingexperimental
andexperientiadata;and,converselyjn constructingatheorywe inevitablyimposesomeprior idea
of whatwe meanby afact."

My structurds this: the descriptionof eventsn spacetimeaisingthetopologicalalgebraidield of
guaternionss physics.

m Current Research Programs in Quantum Gravity

Thereis alist of currentapproaches quantumgravity. Thisis solid adescriptionof thefamily of
approachebeingusedcircal993. Seethetextfor details.

m Prima Facie Questions in Quantum Gravity

Ishamis concernedvith theform of theseapproachesHe writes:

"I mean(by backgroundstructurehe entireconceptuahndstructuraframeworkwithin whoselan
guageany particularapproachs couchedDifferentapproacheso quantumgravity differ significantly
in theframeworkgheyadopt,which causes o harm—-indeedtle selectionof sucha frameworkis an
essentiapre-requisitéor theoreticaresearch——providdte choiceis madeconsciously."
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My frameworkwasstatedexplicitly above butit literally doesnotappearwon theradarscreerof this
discussiorof quantumgravity. Momentslatercomesthis comment:

“In usingrealor complexnumbersn quantumtheorywe arearguablymakinga prior assumption
aboutthe continuumnatureof space."”

This statementnakesa hiddenassumptionthatquaternionglo not belongon alist thatincludesreal
andcomplexnumbers.Quaternionhavethe samecontinuumpropertiesastherealandcomplex
numbers. Theimportantdistinctionis thatquaternionslo not commute. This propertyis sharedy
guantummechanicsoit shouldnot banishquaterniongrom thelist. Theomissionreflectsthe history
of work in thefield, notthelogic of the mathematicastatement.

Generakelativity mayforce non-linearitynto quantunmtheory,which requirea changean theformal
ism. It is easyto write non-lineaquaterniorfunctions. Nearthe endof this postl will dothatin an
attemptto find the shorteshormin spacetimavhich happengo benon-linear.

Now we cometo the partof the paperthatgot mereally excited! Ishamdescribedall the machinery
neededor classicalgenerakelativity. The propertieof quaternionslovetailthe needgerfectly. |
will quoteatlength,sincethisis helpful for anyonetrying to geta handleon the natureof general
relativity.

"The mathematicamodelof spacetimaisedin classicalgenerarelativity is a differentiablemanifold
equippedwith aLorentzian metric. Someof the mostimportantpiecesof substructur@inderlyingthis
pictureareillustratedin Figurel.

The bottomlevelis asetM whoseelementsreto beidentifiedwith spacetimépoints’ or 'events’.
This setis formlesswith its only generalmathematicapropertybeingthe cardinalnumber. In particu
lar, thereareno relationsbetweerthe elementof M andno specialway of labelingany suchelement.

The nextstepis to imposeatopologyon M sothateachpointacquiresafamily of neighborhoodslt
now becomepossibleo talk aboutrelationshipbetweerpoint, albeitin arathernon—physicalay.
This defectis overcomeby addingthe key of all standardrziewsof spacetimethetopologyof M must
be compatiblewith thatof a differentiablemanifold. A pointcanthenbelabeleduniquelyin M (at
leastlocally) by giving the valuesof four realnumbers.Sucha coordinatesystemalsoprovidesa
morespecificway of describingelationshipsetweemointsof M, albeitnotintrinsicallyin sofar as
thesedependon which coordinatesystemsarechoserto coverM.

In thefinal stepa Lorentzianmetricg is placedon M, therebyintroducingtheideasof thelengthof a
pathjoining two spacetimgpoints,paralleltransporwith respecto a Riemanniarconnectioncausal
relationsbetweerpairsof pointsetc. Therearealsoa varietyof possiblentermediatestepshetween
the manifoldandLorentzianpictures;for example assignifiedin Figurel, theideaof causalktructure
Is moreprimitive thanthatof a Lorentzianmetric."

My hypothesigo treateventsasquaternionsendsmorestructurethanis foundin thesetM. Specifi
cally, Pontryaginprovedthatquaternionsreatopologicalalgebraidield. Eachpointhasaneighbor
hood,andlimit processesequiredfor a differentiablemanifold makesense.Labeleveryquaternion
eventwith four realnumberspsingwhichevercoordinatesystemonechooses.Earlierin this postl
showedhowto calculatethe Lorentzinterval,sothe notionof lengthof a pathjoining two eventss
alwaysthere. As describedy Isham,spacetimestructurds built up with carefrom four unrelatedeal
numbers.With quaterniongsevents spacetimestructures the observedgropertieof the mathemat
ics, inheritedby all quaterniorfunctions.

Much work in quantumgravity hasgoneinto viewing how flexible the spacetimestructuremightbe.
The mostcommonexamplenvolveshow quantumfluctuationsmight effectthe Lorentzianmetric.
Physicistshavetried to investigatehow suchfluctuationwould effecteverylevel of spacetimestruc
ture,from causality to the manifoldto thetopology,eventhe setM somehow.
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Noneof theseavenuesreopenfor quaternionwvork. Everyquaterniorequationnheritsthis wealthof
spacetimestructure. It is thefamily quaterniorfunctionsarebornin. Thereis nothingto stopcombin
ing GrassmarmandEuclidearnproductswhich atanabstractevel, is theway to mergeclassicalnd
guantumdescription®f collectionsof events. If anon-lineaquaterniorfunctioncanbe definedthat
is relzlitedto the shortespaththroughspacetimethe castrequiredfor quantumgravity would be
complete.

Accordingto Isham,causaktructures particularlyimportant. With quaternionsthatissueis particu
larly straightforward.Couldeventq havecausedy? Takethedifferenceandsquarat. If thescalaris
positive,thentherelationships timelike, soit is possible.Is it probable?Thatmightdependnthe 3—
vector,which couldbe morelikely if thevectoris small(l don’t understandhe detailsof this sugges
tion yet). If thescalars zero,thetwo haveallightlike relationship.If the scalaris negative thenit is
spacelikeandonecouldnot havecausedhe other.

This causaktructurealsoappliesto quaterniompotentialfunctions. For concretenesset q(t) = cos(pit
(2i + 3j + 4k)) andq’(t) = sin(pi t (5i —.1j + 2k). Calculatethe squareof the differencebetweerg and
gq’. Dependingontheparticularvalueof t, thiswill be positive,negativeor zero. Thedistancevectors
couldbeanywhereonthemap. Eventhoughl don’t know whattheseparticularpotentialfunctions
representthe causarelationships easyto calculate putis complexandnottrivial.

m The Role of the Spacetime Diffeomorphism Group Diff(M)

Ishamletsme off thehook,saying"...[for type 3 and4 theories] thereis no strongreasorto suppose
that Diff(M) will play any fundamentatole in [such]quantuntheory.” Heis right andwrong. My
simpletool collectiondoesnotincludethis group. Yet theconcepthatrequireshisideais essential.
This groupis partof the machinerythatmakespossiblecausaimeasurementsf lengthsin various
topologeigs. Metricschangedueto local conditions. The concepof aflexible, causaimetricmustbe
preserved.

With quaternionsgausalityis alwaysfoundin the scalarof the squareof the difference. Fortwo
eventsin flat spacetimethatis theinterval. In curvedspacetimethe scalarof the squards different,
butit still is eitherpositive,negativeor zero.

m The Problem of Time

Time playsadifferentrole in quantuntheoryandin generarelativity. In quantumftimeis treatedasa
backgroundparametesinceit is notrepresentetly anoperator. Measurementaremadeat a particu
lar time. In classicalgenerakelativity in curvedspacetimetherearemanypossiblemetricswhich
might work, butnoway to pick the appropriateone. Without a cleardefinition of measurementhe
definition is non—physicalFixing the metriccannotbe doneif the metricis subjectto quantum
fluctuations.

Ishamraiseshreequestions:
"How is the notion of time to beincorporatedn a quantumtheoryof gravity?

Doesit play afundamentatole in the constructiorof thetheoryor is it a’phenomenologicaltoncept
thatapplies for exampleponly in somecoarse—grainedemi—classicaense?

In thelattercase how reliableis theuseat a basiclevel of techniqueslrawnfrom standardjuantum
theory?'

Threesolutionsarenoted:fix thebackgroundcausaktructurejocateeventswithin functionalsof
fields, or makenoreferencdo time.
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With quaternionstime playsa centralrole, andis in factthe centerof the matrix representationTime
Is isomorphicto therealnumberssoit formsatotally orderedsub—fieldbf the quaternions.It is not
time perse,butthelocationof time within the eventquaternion(t, x i, y j, z k) thatgivestime its
significance. The scalarslot canbeheldby energy(E, px i, pyj, pzk), thetangenif spacetimeby
theintervalof classicaphysics(t"2 —x"2 -y"2 —z"2,2 tx i, 2ty j, 2 tz k) or thenormof quantum
mechanicgt"2 + x"2 + y"2 + 22,0, 0, 0). Time, energy jntervals,norms,...thewll cantakethesame
throneisomorphicto therealnumberstakingon the propertiesof atotally orderedsetwithin alarger,
unorderedramework. Eventsarenottotally orderedputtimeis. Energy/momentarenottotally
orderedputenergyis. Square®f eventsarenottotally orderedputintervalsare. Normsaretotally
orderedandboundedelowby zero.

Time is theonly elemenin the scalarof anevent. Time appearsn differentguisesfor the scalarsof
energy,intervalsandnorms. Therichnesf timeis in theway it weaveghroughtheseotherscalars,
sharingthe centerin differentwayswith space.

m Approaches to Quantum Gravity

Ishamsurveyshefield. At thispointl think I'll justexplainmy approach.lt is basedn aconcept
from generakelativity. A painterfalling from aladdertravelsalongthe shortespaththroughspace
time. How doesonego aboutfinding theshortespath? In Euclidean3—spacehatinvolvesthetrian
gleinequality. A proof canbedoneusingquaternionsf thescalars setto zero. Thatproofcanbe
repeatedvith the scalarsetfree. Theresultis the shortestlistancehroughspacetimeor gravity,
accordingto generarelativity.

Whatis the shortestlistancebetweerntwo pointsA andB in Euclidean3—space?
A= (0, ax, ay, az)
B (0, bx, by, bz)

Whatis the shortestistancebetweertwo worldlinesA(t) andB(t) in spacetime?
A() = (t, ax (t), ay (t), az (1))
B(t) = (t, bx (t), by (t), bz (t))

The Euclidean3—spacequestions a specialcaseof theworldline question. The sameproof of the
triangleinequalityanswersothquestions.Parameterizéhe normN(Kk) of thesumof A(t) andB(t).

N (k) = (A+ kB)* (A + kB)
- AA+k (AB+ B*A +k"2B*B

Find the extremumof the parameterizedorm.

dN 5 _ A*B:+BA: 2kB B
dk
The extremumis aminimum
d2 N .
d? = 2 B B >= O

The minimumof aquaterniomormis zero. Plugthe extremumbackinto thefirst equation.
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0 <- A" A (A* B + B* A)? (A* B + B* A)?

2B B ’ 4B B
Rearrange.
(A*B + B*A)2 <=4 A* AB* B
Takethesquareoot.

A"B + BA<=2+A-AB* B
Add thenormof A andB to bothsides.
AxA+ A B+B"A+B*"B<«<=AA+2~A*AB B+ B*B

Factor.

N(A+B)=(A+B)" (A+B) <= (VAA++/BB|

The normof theworldline of A plusB is lessthanthenormof A plusthenormof B.

List themathematicastructuresequired. To movethetriangleinequalityfrom Euclidean3—space
worldlinesrequiredtheinclusionof the scalartime componenbdf quaternions.The proofrequired
differentiationto find theminimum. Thenormis a Euclideanproduct,which playsa centralrolein
guaterniomquantummechanics.DoublingA or B doesnotdoublethe normoft the sumdueto cross
terms,sothe minimalfunctionis notlinear.

To address questiorraisedby generarelativity with quaternionsequiredall the structurelsham
suggesteexceptcausalityusingthe Grassmamroduct. Theaboveproof couldberepeatedising
Grassmarmroducts. Theonly differencewould bethatthe extremumwould beanintervalwhich can
be positive,negativeor zero(a minimum,amaximumor aninflection point).

m Certainty Is Seven for Seven

| thoughtl’d endthislong postwith a personaktory. At theendof my collegedays,| starteddrinking
heavily. Not alcohol,soda. I'd buy a Mellow Yellow andsuckit downin undertenseconds.See|
wasthirsty. Guzzlethatmuchsoda,and,well, | alsohadto go to thebathroomgvenin the middle of
thenight. | wastrappedn astrangecycle. Thenl noticedmy tonguewaskind of foamy. Bizarre. |
askeda friend with diabetesvhatthe symptomsof thatdiseasavere. Sherattledoff six: excessive
thirst, excessivairination,foamytongue badbreath weightloss,andlow energy. | concludecdnthe
spotl haddiabetes.Shesaidthatl couldn’tbe certain. Six for six is too stringenta match,and| felt
very confidentl hadthis chroniciliness. | gotthe seventhaterwhenshetestedmy bloodglucoseon
hermeterandit wasoff-scale.Shegavemesympathyputl didn’t feelatall sorryfor myself. |
wantedfacts:how doesthis diseasavork andhowdo | cope?

Nothingwasmadeofficial until | visitedthe doctorandheransometests. Thedoctor’'sprescription
gotmeaccesdo theinsulinl couldnolongerproduce. It was,andstill is today,a lot of work to man
agethedisease.

Whenl look atIsham’spaper,| seesix constraintson the structureof anyapproacho quantumgraw
ity: eventsaresetsof 4 numbersgventshavetopologicalneighborhoodsheylive ondifferential
manifolds,thereis oneof thethreetypesof causakelationshipdetweerall eventsthedistance
betweereventss theintervalwhoseform canvary anda Hilbert spaces requiredfor guantummechan
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ics. Quaternionaresix for six. Theseventhmatchis thenon-lineashortesnhormof spacetime.l
haveno doubtin the diagnosighatthe questionsn quantumgravity will beansweredvith quater
nions. Nothinghereis official. Therearemanytestthatmustbe passed.l don’t knowwhenthe
doctorwill showup andmakeit official. It will takealot of work to managethis solution.
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Length in Curved Spacetime

m The Affine Parameter of General Relativity

The affine parameters definedin Misner, ThorneandWheelerasa multiple of the propertime plusa
displacement.

A =at+Db

The affine parameters usedto determindengthin curvedspacetime.ln this notebookthelengthof a
guaternionn curvedspacetimavill beanalyzed.Undercertainapproximationsthis lengthwill
dependonthesquareof the affine parameterbut the two measureareslightly different.

m Length in Flat Spacetime

Calculatingthe squareof theintervalbetweertwo eventsn flat spacetimavasstraightforwardtake
the differencebetweertwo quaterniongndsquaret.

Litat = (4 - q)2 = (dt? - dX°, 2dt dX)

Thefirst termis the squareof theinterval. Spacetimas flat in the sensahatthefirst termis exactly
like the Minkowski metricin spacetimeTherearequaternionsvhich preserveheinterval,andthose
guaternionsvereusedto solveproblemsn specialrelativity.

Although notimportantin this context,it is significantthatthe valueof the vectorportiondepends
uponthe observer.This givesaway to distinguishbetweervariousfrequencie®f light for example.

m Length in Curved Spacetime

Considerf theorigin is locatedattwo differentlocationsin spacetime.Characterizeachorigin asa
quaterniongallingtheo ando’. In flat spacetimethetwo originswould beidentical. Calculatethe
intervalasdoneabove butaccountor thechangan theorigin.

Leurved = ((4+0) ~ (9 +0))?

- (d (t +t0)% - d (X+Xo)?, 2d (t +to) d (R+Xo))
Examinethefirst termmorecloselyby expandingt.

(dt2 -dX°) + (dto?-dX ) + 2dt dto -2d X d X,

Thelengthin curvedspacetimes the squareof theinterval (invariantundera boost)betweerthetwo
origins, plusthe squareof theintervalbetweerthetwo eventsplusacrossterm,which will notbe
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invariantundera boost. Thelengthis symmetricunderexchangef the eventwith the origin
trand ation.

L curvedlookssimilarto the squareof the affine parameter:
A2 =b%2+2abr+a??

In thiscasep”2is theorigin intervalsquarecanda= 1. Thereis adifferencein thecrossterms.
However,in thesmallcurvaturdimit, deltato >> deltaXo, sotau~ deltato. Underthisapproxima
tion, the squareof the affine parameteandL curvedarethesame.

For astronggravitationalfield, L curvedwill bedifferentthanthe squareof the affine parameter.The
differencewill besolelyin the natureof thecrossterm. In generarelativity, b andtauareinvariant
underaboost. ForL curved thecrosstermshouldbe covariant. Whetherthis hasany effectsthatcan
be measurecheeddo beexplored.

Thereexistquaternionsvhich preserve. curvedbecausguaternionsreafield (I haven’'tfoundthem
yet becauseéhe mathis gettingtoughatthis point!) It is my hopethatthosequaternionsvill help
solveproblemsn generakelativity, aswasthe casein specialrelativity.

m Implications

A connectiorto the curvedgeometryof generarelativity wassketched.It shouldbe possibleto solve
problemswith this "curved"measure As always,all the objectsemployedwerequaternions.There
fore anyof the previouslyoutlinetechniqueshouldbeapplicable.In particular,it will befunin the
futureto think aboutthingslike

((Q+0) - (Q"+0"))" ((q+0) - (q"+0"))
(d(t +t0)2 + d (X+Xo)%, 2d (t +to) d (X+Xo)]

((dt2-dX°) + (dto?-dX,) + 2dt dto +2dX d X, ...)

which couldopenthedoorto a quantumapproacho curvature.
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A New ldea for Metrics

In specialrelativity, the Minkowski metricis usedto calculatethe intervalbetweertwo spacetime
intervalsfor inertial observers Einstein recognizedhatinertial observesvere"special”,a unique
class. Thereforehesetoutto understanadvhatwasthe mostgenerahotionfor transformationsnd
metrics. This leadto his studyof Riemanniargeometry andeventuallyto generakelativity. In this
postl shallstartfrom the Lorentzinvariantintervalusingquaternionsthentry to generalizehis
approactusingadifferentway which might provecompatiblewith quantummechanics.

Forthe physicsof gravity, generakelativity (GR) makegheright predictionsof all experimentatests
conductedo date. Forthe physics of atoms,quantummechanicfQM) makesheright predictionso
aneven high degreeof precision. The problemof building a qguantumtheoryof gravity (QG) hides
betweergenerakelativity andquantummechanics.Generakelativity dealswith the measurementsf
intervalsin curved spacetimespecialrelativity (SR) beingadaptedo work in flat space.Quantum
mechanicss usedto calculatethe normsof wavefunctionsin aflat linearspace.A quantumgravity
theorywill beusedto calculate normsof wavefunctionsin curvedspace.

measurement

interval norm
diff. flat SR QM
geo. curved GR QG

This chartsuggestshatthe form of measuremer{interval/norm)should be independenof differen
tial geometry(flat/curved). Thatwill betheexplicit goalof this post.

Quaternioncomewith ametric,a meansof taking4 numbersandreturninga scalar. Hamilton
definedtheroleslike so:

- =K -1 K- -1

The scalarresultof squaringa differentialquaterniorin theintervalof specialrelativity:
scalar ((dt, dX)*) = dt?- dX dX

How canthis begeneralizeddt might seemnaturalto explorevariations on Hamilton’srulesshown
above. Riemanniargeometryuseshatstrategy. Whenworking with afield like quaternionsthat
approachbhothersame becauséiamilton’srulesarefundamentato thevery definition of a quaternion.
Changetheserulesandit maynotbevalid to comparegohysics donewith differentmetrics. It may
causea compatibilityproblem.

Hereis adifferentapproactwhich generalizeshe scalarof the squarewhile beingconsistentvith
Hamilton’srules.

interval 2 = scal ar (gdqgdq)
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if g= (1, 0),
then interval?=dt?2- dX dX

If gistheidentity matrix. Thenthenresultis theflat Minkowski interval. The quaterniorg couldbe
anything. Whatif g =i? (what would you guess] wassurprised-)

scalar (((0, 1, 0, 0) (t, X, Vy, z))?) =
= (-t2+x%2-y2_-272 0)

Now thespecialdirectionx playsthesamerole astime! Doesthis make sensehysically? Hereis
oneinterpretation.Wheng=1, atime-likeintervalis beingmeasureavith a wristwatch. Wheng=i, a
space-likentervalalongthex axisis beingmeasuredvith a meterstick alongthe x axis.

Examinethe mostgenerakasewheresmalllettersarescalarandcapitallettersare3—-vectors:

interval 2 =scalar ((g, G) (dt, dX) (g, G (dt, dX)) =
= g2 (dt?2-dX. dX)-4gdt GdX+
(G dX)°-dt2d G dG - (GxdX). (Gxd X) =
In componentform...
= (+0% - &% - Oy - &%) dt? +
+ (-0g% + &% - Gy% - Gz?) dx? +
s (-07 - G+ Gy - G2%) dy?
+ (-g% - &% - &% + Gz?) dz? +
-4 g&xdtdx - 4 gG/dtdy - 4 g&zdt dz
+4&XG/dsdy + 4&xx&dxdz + 4Gy Gz dydz

This hasthe samecombinationof tendifferentialtermsfoundin the Riemanniarapproach.The
differenceis thatHamilton’srule imposean additionalstructure.

| havenotyetfiguredouthowto representhe stresdensor,so therearenofield equationgo be
solved. We canfigure out someof the propertiesof a static,spherically-symmetrioetric. Sinceit is
static, therewill benotermswith thedeferentiaklementdt dx, dt dy, or dt dz. Sinceit is spherically
symmetric therewill be notermsof the form dx dy, dx dz, or dy dz. Theseconstraintanbothbe
achievedf Gx = Gy =Gz=0. Thisleavedour differentialequations.

Herel will haveto stop. In time, | shouldbeableto figure out quaterniorfield equationghatdo the
samework asEinstein’sfield equationsl betit will containthe Schwarzschilégolutiontoo :-) Thenit
will beeasyto createa Hilbert spacewith anon—Euclideanorm, anormthatis determinedy the
distributionof mass—energyWhatsort of calculationto do is a mysteryto me,butsomeonavill get
to that bridge...
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The Gravitational Redshift

Gravitationalredshiftexperimentsretestsof conservatiorof energyin a gravitationalpotential. A
photonlowerin agravitationalpotentialexpendsenergyto climb out, andthis energycostis seemasa
redshift. In this notebookthe differencebetweenveakgravitationalpotentialswill be calculatecand
shownto be consistentvith experiment.Quaterniongrenot of muchuseherebecaus&nergyis a
scalar thefirst termof a quaterniorthatis a scalamultiple of theidentity matrix.

m The Pound and Rebka Experiment

The PoundandRebkaexperimenusedthe Mossbaueeffectto measurea redshiftbetweerthebase
andthetop of atowerat HarvardUniversity. Therelevantpotentialsare

GM
Ot over = . h;

GM.

Cbbase = I‘_’

The equivalencerincipleis usedto transformthe gravitationalpotentialto a speedthis only involves
dividing phi by the constant”2).

— GM .
tower — C2 (r N h> )

GM .

Bbase Cz—l‘ )

Now the problemcanbeviewedasarelativisticDopplereffectproblem. A redshiftin afrequencyis
givenby

v == (y[B] + B¥I[B]) vo
For smallvelocities,the Dopplereffectis
Series[y[B] + BYy[B], {B 0, 1}]

-1+ p+0[B]2
The experimenmmeasuredhe differencebetweerthetwo Dopplershifts.
Series[((1 + Btower) - (1 + PBbase)) Vo, {h, 0, 1}]

GMv, h
- —Cz% +Orh12
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Or equivalently,

v = ghyvg

This wasthe measurea@ffect.

m Escape From a Gravitational Potential

A photoncanescapdrom a starandtravelto infinity ( or to us,whichis agoodapproximation).The
only partof the previouscalculationthatchangess thelimit in thefinal step.

Limt[((1 + Btower) - (1 + Bpase)) Vo, h—>1Infinity]

~ GMyv,
c2r

This shift hasbeenobservedn the spectralinesof stars.

m Clocks at different heights in a gravitational field

C. O. Alley conductecanexperimentvhichinvolvedflying anatomicclock at high altitudeandcom:
paringit with anatomicclock ontheground. Thisis like integratingthe redshiftoverthetime of the
flight.

' GMh t Gh Mt
o czrz =gz

This wasthe measure@ffect.

m Implications

Conservatiorof energyinvolvesthe conservatiorof a scalar. Consequentlynothingnewwill happen
by treatingit asa quaternion.Theapproactusedherewasnotthe standardbneemployed. Theequiva
lenceprinciplewasusedto transformthe probleminto arelativisticDopplershift effect. Yetthe
resultsareno different. Thisis justpartof thework to connectguaterniongo measurableffectsof
gravity.
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Forthe PoundandRebkaexperimentandescape:
Misner, Thorne,andWheeler,Gravitation,1970.

Fortheclocksatdifferentheights:

Quantumoptics,experimentagravitationandmeasuremertheory,Ed. P. Meystre,1983(alsomen
tionedin TaylorandWheeler,Spacetimdhysicssectior4.10)



