
1 Quaternion Analysis

Complex numbersareasubfieldof quaternions.My hypothesisis thatcomplex analysisshouldbeself-evidentwithin
thestructureof quaternionanalysis.

Thechallengeis to definethederivativein anon-singularway, sothata left derivativealwaysequalsaright derivative.
If quaternionswould only commute...Well, thescalarpartof a quaterniondoescommute.If, in the limit, thediffer-
entialelementconvergedto a scalar, thenit would commute.This ideacanbedefinedprecisely. All that is required
is that themagnitudeof thevectorgoesto zerofasterthanthescalar. This might initially appearsasanunreasonable
constraint.However, thereis animportantapplicationin physics.Considera setof quaternionsthat representevents
in spacetime.If the magnitudeof the 3-spacevectoris lessthanthe time scalar, eventsareseparatedby a timelike
interval. It requiresa speedlessthanthespeedof light to connecttheevents.This is trueno matterwhatcoordinate
systemis chosen.

Defining a Quaternion

A quaternionhas4 degreesof freedom,soit needs4 real-valuedvariablesto bedefined:

q ��� a0, a1, a2, a3 �
Imaginewewantto doasimplebinaryoperationsuchassubtraction,withouthaving to specifythecoordinatesystem
chosen. Subtractionwill only work if the coordinatesystemsare the same,whetherit is Cartesian,sphericalor
otherwise.Let e0,e1,e2,ande3betheshared,but unspecified,basis.Now wecandefinethedifferencebetweentwo
quaternionq andq’ thatis independentof thecoordinatesystemusedfor themeasurement.

dq �
q ��� q ����� a0 ��� a0 � e0,

� a1 �	� a1 � e1/3, � a2 �	� a2 � e2/3, � a3 �
� a3 � e3/3 �
Whatis unusualaboutthis definitionarethefactorsof a third. They will benecessarylater in orderto definea holo-
nomicequationlaterin thissection.Hamiltongaveeachelementparitywith theothers,avery reasonableapproach.I
have foundthatit is importantto give thescalarandthesumof the3-vectorparity. Without this ”scale” factoron the
3-vector, changein thescalaris not givenits properweight.

If dq is squared,thescalarpartof theresultingquaternionformsametric.
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����� da0
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Whatshouldtheconnectionbebetweenthesquaresof thebasisvectors?Theamountof intrinsic curvatureshouldbe
equal,so thata transformationbetweentwo basis3-vectorsdoesnot containa hiddenbump. Shouldtime betreated
exactly like space?The Schwarzschildmetric of generalrelativity suggestsotherwise.Let e1, e2, ande3 form an
independent,dimensionless,orthogonalbasisfor the3-vectorsuchthat:

� 1
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� � 1
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2
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2
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2

This unusualrelationshipbetweenthebasisvectorsis consistentwith Hamilton’s choiceof 1, i, j, k if e0ˆ2 � 1. For
thatcase,calculatethesquareof dq:

dq2 �
����� da0
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Thescalarpart is known in physicsastheMinkowski interval betweentwo eventsin flat spacetime.If e0ˆ2doesnot
equalone,thenthemetricwouldapplyto anon-flatspacetime.A metricthathasbeenmeasuredexperimentallyis the
Schwarzchildmetricof generalrelativity. Sete0ˆ2 � (1 - 2 GM/cˆ2 R), andcalculatethesquareof dq:

dq2 �
������� da0

2 1 � 2 GM

c2R
� dA.dA

9 1 � 2 GM
c2R

, 2 da0
da1

3
, 2 da0

da2

3
, 2 da0

da3

3

� �������
This is the Schwarzchildmetric of generalrelativity. Notice that the 3-vectoris unchanged(this may be a defining
characteristic).Therearevery few opportunitiesfor freedomin basicmathematicaldefinitions. I have chosenthis
unusualrelationshipsbetweenthesquaresof thebasisvectorsto make a resultfrom physicseasyto express.Physics
guidesmy choicesin mathematicaldefinitions:-)

An Automorphic Basisfor Quaternion Analysis

A quaternionhas4 degreesof freedom.To completelyspecifya quaternionfunction, it mustalsohave four degrees
of freedom. Threeotherlinearly-independentvariablesinvolving q canbe definedusingconjugatescombinedwith
rotations:

q � ��� a0e0, � a1 e1/3, � a2 e2/3, � a3 e3/3 �
q � 1 ��� � a0e0, a1 e1/3, � a2 e2/3, � a3 e3/3 � ��� e1 q e1 � �
q � 2 � � � a0e0, � a1 e1/3, � a2 e2/3, � a3e3/3 � ��� e2 q e2 � �

Theconjugateasit is usuallydefined(q*) flips thesignof all but thescalar. Theq*1 flips thesignsof all but thee1
term,andq*2 all but thee2term. Thesetq, q*, q*1, q*2 form thebasisfor quaternionanalysis.Theconjugateof a
conjugateshouldgivebacktheoriginalquaternion.

� q � � � � q, � q � 1 � � 1 � q, � q � 2 � � 2 � q

Somethingsubtlebut perhapsdirectly relatedto spinhappenslooking athow theconjugateseffectproducts:

� q q � � � � q � � q �
� q q � � � 1 � � q � � 1 q � 1, � q q � � � 2 � � q � � 2 q � 2
� q q � q q � � � 1 � q � � 1 q � 1q � � 1 q � 1

Theconjugateappliedto a productbringsthe resultdirectly backto the reverseorderof theelements.Thefirst and
secondconjugatespoint thingsin exactly theoppositeway. Thepropertyof going”half way around”is reminiscent
of spin.A tighterlink will needto beexamined.

Future Timelike Derivative

Insteadof the standardapproachto quaternionanalysiswhich focuseson left versusright derivatives,I concentrate
on theratio of scalarsto 3-vectors.This is naturalwhenthinking aboutthestructureof Minkowski spacetime,where
the ratio of the changein time to the changein 3-spacedefinesfive separateregions: timelike past,timelike future,
lightlike past,lightlike future,andspacelike. Thereareno continuousLorentztransformationsto link theseregions.
Eachregionwill requirea separatedefinitionof thederivative,andthey will eachhave distinctproperties.I will start
with thesimplestcase,andlook ata seriesof examplesin detail.

Definition: Thefuturetimelikederivative:

Considera covariantquaternionfunction f with a domainof H anda rangeof H. A future timelike derivative to be
defined,the 3-vectormustapproachzerofasterthanthe positive scalar. If this is not the case,then this definition
cannotbeused. Implementingtheserequirementsinvolvestwo limit processesappliedsequentiallyto a differential
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quaternionD. First the limit of the threevectoris takenasit goesto zero,(D - D*)/2 -> 0. Second,the limit of the
scalaris taken,(D � D*)/2 -> � 0 (thepluszeroindicatesthat it mustbeapproachedwith a time greaterthanzero,in
otherwords,from thefuture).Theneteffectof thesetwo limit processesis thatD->0.
�

f � q,q � , q � 1, q � 2 ��
q

�
� limit as d,

�
0 � � 0

limit as d,
�
D � >

d,
�
0 f q � d,

�
D , q � , q � 1, q � 2 � f � q, q � , q � 1, q � 2 � d,

�
D � 1

Thedefinitionis invariantundera passive transformationof thebasis.

The4 realvariablesa0,a1,a2,a3canberepresentedby functionsusingtheconjugatesasabasis.

f � q,q � , q � 1, q � 2 � � a0
� e0

� q � q � �
2

f � a1
� e1

� q � q � 1 �� � 2/3 �
� � q � q � 1 � e1� � 2/3 �

f � a2
� e2

� q � q � 2 �� � 2/3 �
� � q � q � 2 � e2� � 2/3 �

f � a3
� e3

� q � q � � q � 1 � q � 2 �� 2/3 �
� � q � q � � q � 1 � q � 2 � e3� 2/3 �

Begin with a simpleexample:

f � q,q � , q � 1, q � 2 � � a0
� e0

� q � q � �
2�

a0�
q
�

�
a0�
q � � lim lim e0 q � d,

�
D � q � � � q � q � � 2 d,

�
D � 1 � e0

2�
a0�
q � 1 �

�
a0�
q � 2 � 0

Thedefinitiongivestheexpectedresult.

A simpleapproachto a trickier example:

f � a1
� e1

� q � q � 1 �� � 2/3 ��
a1�
q
� � a1�

q � 1 �
lim lim e1 q � d,

�
D � q � 1 � � q � q � 1 � � � 2/3 � d,

�
D � 1 � � 3 e1

2�
a1�
q � �

�
a1�
q � 2 � 0

Sofar, thefancy doublelimit processhasbeenirrelevantfor theseidentity functions,becausethedifferentialelement
hasbeeneliminated.Thatchangeswith thefollowing example,a tricky approachto thesameresult.

f � q,q � , q � 1, q � 2 � � a1
� � q � q � 1 � e1� � 2/3 ��

a1�
q
� �

a1�
q � 1 �

� lim lim q � d,
�
D � q � 1 � � q � q � 1 � e1

� � 2/3 � d,
�
D � 1 �
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� lim lim d,
�
D e1

� � 2/3 � d,
�
D � 1 �

� lim d,
�
0 e1

� � 2/3 � d,
�
0 � 1 � � 3 e1

2

Becausethe 3-vectorgoesto zerofasterthanthe scalarfor the differentialelement,after the first limit process,the
remainingdifferentialis a scalarsoit commuteswith any quaternion.This is whatis requiredto dancearoundthee1
andleadto thecancellation.

Theinitial hypothesiswasthatcomplex analysisshouldbeaself-evidentsubsetof quaternionanalysis.Sothisquater-
nionderivativeshouldmatchup with thecomplex case,which is:

z � a � b i , b ��� Z � Z � � /2i�
b�
z
� � i

2
� �

�
b�
z �

Thesearethesameresultupto two subedits.Quaternionshavethreeimaginaryaxes,whichcreatesthefactorof three.
Theconjugateof a complex numberis really doingthework of thefirst quaternionconjugateq*1 (whichequals-z*),
becausez* flips thesignof thefirst 3-vectorcomponent,but noothers.

Thederivativeof a quaternionappliesequallywell to polynomials.

let f � q2

�
f�
q
� lim lim q � d,

�
D

2 � q2 d,
�
D � 1 �

� lim lim q2 � q d,
�
D � d,

�
D q � d,

�
D

2 � q2 d,
�
D � 1 �

� lim lim q � d,
�
D q d,

�
D � 1 � d,

�
D �

� lim 2q � d,
�
0 � 2q

This is the expectedresult for this polynomial. It would be straightforward to show that all polynomialsgave the
expectedresults.

Mathematiciansmightbeconcernedby this result,becauseif the3-vectorD goesto -D nothingwill changeaboutthe
quaternionderivative. This is actuallyconsistentwith principlesof specialrelativity. For timelike separatedevents,
right andleft dependon theinertial referenceframe,soa timelikederivativeshouldnot dependon thedirectionof the
3-vector.

Analytic Functions

Thereare4 typesof quaternionderivativesand4 componentfunctions.Thefollowing tabledescribesthe16derivatives
for thisset

a0 a1 a2 a3�
�

q

e0

2

e1� 2/3

e2� 2/3

e3

2/3�
�

q �
e0

2
0 0

e3

2/3�
�

q � 1 0
e1� 2/3

0
e3

2/3�
�

q � 2 0 0
e2� 2/3

e3

2/3

This tablewill beusedextensively to evaluateif a function is analyticusingthe chainrule. Let’s seeif the identity
functionw � q is analytic.

Let w � q � a0 e0, a1
e1

3
, a2

e2

3
, a3

e3

3

Usethechainrule to calculatethederivativewill respectto eachterm:
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�
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q
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q
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3
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3

e2� � 2/3 �
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3
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� � 1

2

Usecombinationsof thesetermsto calculatethefour quaternionderivativesusingthechainrule.�
w�
q
�
�

w�
a0

�
a0�
q
� � w�
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�
a1�
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� � w�

a2
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q
� � w�
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�
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2
� 1

2
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2
� 1

2
� 1

�
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q � �

�
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q � �

�
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�
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q � �

1

2
� 1

2
� 0

�
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q � 1 �
�
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�
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q � 1 �

�
w�
a3

�
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q � 1 �

1

2
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2
� 0

�
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q � 2 �
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q � 2 �

1

2
� 1

2
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Thishasthederivativesexpectedif w � q is analyticin q.

AnothertestinvolvestheCauchy-Riemannequations.Thepresenceof thethreebasisvectorschangesthingsslightly.

Let u ��� a0e0, 0, 0, 0 � ,
�
V � 0, a1

e1

3
, a2

e2

3
, a3

e3

3

�
u�
a0

e1

3
� � �

V�
a1

e0,
�

u�
a0

e2

3
� � �

V�
a2

e0,
�

u�
a0
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3
� � �

V�
a3

e0

Thisalsosolvesa holonomicequation.

Scalar

�����
�����
�

u�
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,
� �
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,
� �
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,
� �
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� ����� �

e0 e0
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3
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3
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� e3

3
e3
� 0

Thereareno off diagonaltermsto compare.

Thisexercisecanberepeatedfor theotheridentity functions.Onenoticeablechangeis thattherole thattheconjugate
mustplay. Considertheidentity functionw � q*1. To show thatthis is analyticin q*1 requiresthatonealwaysworks
with basisvectorsof theq*1 variety.

Let u ��� � a0e0, 0,0, 0 � ,
�
V � 0, a1
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3
, � a2
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3
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e3

3

�
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� � �
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�

u�
a0

e2

3
� � �
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e0,
�
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3
� � �

V�
a3
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Thisalsosolvesa first conjugateholonomicequation.

Scalar

�����
�����
�

u�
a0

,
� �

V�
a1

,
� �

V�
a2

,
� �

V�
a3

� ����� � e0, e1, e2, e3 � � 1
� ����� �

� e0
� � e0 � � e1

3
e1 � � e2

3
e2 � � e3

3
e3
� 0

Power functionscanbeanalyzedin exactly thesameway:
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Let w � q2 �
����� a0

2e0
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2

9
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u �
����� a0

2e0
2 � a1

2 e1
2

9
� a2
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2

9
� a3

2 e3
2

9
,0, 0, 0

� �����
�
V � 0, 2 a0a1e0
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3
, 2 a0a2e0
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3
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e3

3

�
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e1

3
� 2 a0e0

2e1

3
� �

�
V�
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e0

�
u�
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e2

3
� 2 a0e0

2e2

3
� � �

V�
a2
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�
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e3

3
� 2 a0e3

2

3
� �

�
V�
a3

This time therearecrosstermsinvolved.
�

u�
a1

e0
� 2 a1e0e1

2

9
� �

�
V

1�
a0

e1

3

�
u�
a2

e0
� 2 a2e0e2

2

9
� �

�
V

2�
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e2

3

�
u�
a3

e0
� 2 a3e0e3

2

9
� �

�
V

3�
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e3

3

At first glance,one might think theseare incorrect,sincethe signsof the derivativesare supposeto be opposite.
Actually they are,but it is hiddenin an accountingtrick :-) For example,the derivative of u with respectto a1 has
a factorof e1ˆ2,which makesit negative. The derivative of the first componentof V with respectto a0 is positive.
Keepingall theinformationaboutsignsin thee’smakesthingslook non-standard,but they arenot.

Notethatthesearethreescalarequalities.TheotherCauchy-Riemannequationsevaluateto asingle3-vectorequation.
This representsfour constraintson thefour degreesof freedomfoundin quaternionsto find out if a functionhappens
to beanalytic.

Thisalsosolvesa holonomicequation.

Scalar

�����
�����
�

u�
a0

,
� �

V�
a1

,
� �

V�
a2

,
� �

V�
a3

� ����� � e0, e1, e2, e3 �
� ����� �

� 2 a0e0
3 � 2 a0e0e1

3
e1
� 2 a0e0e2

3
e2
� 2 a0e0e3

3
e3
� 0

Sincepower seriescanbe analytic,this shouldopenthe door to all formsof analysis.(I have donethe casefor the
cubeof q, andit too is analyticin q).

4 Other Derivatives

Sofar, thiswork hasonly involvedfuturetimelikederivatives.Therearefiveotherregionsof spacetimeto cover. The
simplestnext caseis for pasttimelike derivatives. Theonly changeis in the limit, wherethescalarapproacheszero
from below. Thiswill makemany derivativeslook timesymmetric,which is thecasefor mostlawsof physics.

A morecomplicatedcaseinvolvesspacelike derivatives. In the spacelike region, changesin time go to zerofaster
thanthe absolutevalueof the 3-vector. Thereforethe orderof the limit processesis reversed.This time the scalar
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approacheszero,thenthe3-vector. Thiscreatesaproblem,becauseafterthefirst limit process,thedifferentialelement
is (0, D), whichwill notcommutewith mostquaternions.Thatwill leadto thedifferentialelementnotcancelling.The
wayaroundthis is to take its norm,which is ascalar.

A spacelikedifferentialelementis definedby takingtheratioof adifferentialquaternionelementD to its 3-vector, D -
D*. Let thenormof D approachzero.To bedefined,thethreevectormustapproachzerofasterthanits corresponding
scalar. To make thedefinitionnon-singulareverywhere,multiply by theconjugate.In the limit D D*/((D - D*)(D -
D*))* approaches(1, 0), ascalar.
�

f � q,q � , q � 1, q � 2 ��
q

�
f � q,q � , q � 1, q � 2 � ��

q
�

� limit as 0,
�
D � > 0 limit as d,

�
D � > 0,

�
D

f q � d,
�
D , q � , q � 1, q � 2 � f � q, q � , q � 1, q � 2 � d,

�
D � 1

f q � d,
�
D , q � , q � 1, q � 2 � f � q, q � , q � 1, q � 2 � � d,

�
D � 1 �

To make this concrete,considerasimpleexample,f � qˆ2. Apply thedefinition:

Norm

�����
�

q2�
q

� ����� � limit 0,
�
D � > 0 limit as d,

�
D � > 0,

�
D

a,
�
B � d,

�
D

2 � a,
�
B

2

d,
�
D � 1 a,

�
B � d,

�
D

2 � a,
�
B

2 �
d,
�
D � 1 � �

� lim a,
�
B � 0,

�
D a,

�
B 0, � �D norm 0,

�
D � 0,

�
D

a,
�
B � 0,

�
D a,

�
B 0, � �D norm 0,

�
D � 0,

�
D � �

Thesecondandfifth termsareunitary rotationsof the3-vectorB. SincethedifferentialelementD couldbepointed
anywhere,this is anarbitraryrotation.Define:

a,
�
B� � 0,

�
D a,

�
B 0, � �D norm 0,

�
D

Substitute,andcontinue:

� lim a,
�
B � a,

�
B� � 0,

�
D a,

�
B � a,

�
B� � 0,

�
D � �

� lim 4aˆ2 � 2
�
B.
�
B � 2

�
B.
�
B� � 2

�
D.
�
B � 2

�
D.
�
B� , �0

� 4aˆ2 � 2
�
B.
�
B � 2

�
B.
�
B� , �0 < � 2q � 2

Look athow wonderfullystrangethis is! Thearbitraryrotationof the3-vectorB meansthatthisderivativeis boundby
aninequality. If D is in directionof B, thenit will beanequality, but D couldalsobein theoppositedirection,leading
to a destructionof a contribution from the3-vector. Thespacelike derivative canthereforeinterferewith itself. This
is quitea naturalthing to do in quantummechanics.Thespacelikederivative is positivedefinite,andcouldbeusedto
defineaBanachspace.

Defining the lightlike derivative, wherethe changein time is equalto the changein space,will requiremorestudy.
It may turn out that this derivative is singulareverywhere,but it will requiresomeskill to find a technicallyviable
compromisebetweenthespacelikeandtimelikederivative to synthesisthelightlikederivative.
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