1 Einstein’s vision |: Classicalunified field equationsfor gravity and elec-
tromagnetismusing Riemannian quaternions

Abstract

Theequationgjoverninggravity andelectromagnetismmhaowv both profoundsimilaritiesandunambiguouslifferences.
Albert Einsteinworkedto unify gravity and electromagnetisnmainly by trying to generalizeRiemanniangeome-
try. Hamilton’s quaternionsare a 4-dimensionatopologicalalgebraicfield relatedto the realandcomplex numbers
equippedwith a static Euclidean4-basis. Riemannianquaternionsas definedhereinexplicitly allow for dynamic
changesn thebasisvectors.The equivalenceprinciple of generakelativity which appliesonly to massis generalized
becausdor ary Riemanniarguaterniordifferentialequation the chainrule meansa changecould be causedy the
potentialand/orthe basisvectors. The Maxwell equationsare generatedisinga quaternionpotentialand operators.
Unfortunatelythe algebras complicated The unifiedforcefield proposeds modeledon a simplificationof the elec-
tromagnetidield strengthtensor beingformedby a quaterniondifferentialoperatoractingon a potential,Box* A*.
This generatesn even, antisymmetric-matriXorce field for electricity andanodd, antisymmetric-matriXorcefield
for magnetismwherethe evenfield conseresits signif the orderof the differentialandthe potentialarereversed
unlike the oddfield. Gaugesymmetryis brokenfor massve particlesby the even, symmetric-matrixerm, which is
interpretecasbeingdueto gravity. In tensoranalysisa differentialoperatoractingonthefield strengthtensorcreates
the Maxwell equationsThe unifiedfield equationdor anisolatedsourcearegeneratedby actingon the unifiedforce
field with an additionaldifferential operatoy Box* Box* A* = 4 pi J. This containsa quaternionrepresentatiorof
the Maxwell equationsa classicalink to the quantumAharono/-Bohmeffect, anddynamicfield equationdor grav-
ity. Vacuumandzeronet currentsolutionsto the unifiedfield equationsarediscussedThefield equationsonsere
bothelectricchage densityandmassdensity Undera Lorentztransformationthe gravitationalandelectromagnetic
fieldsareLorentzinvariantandLorentzcovariantrespectiely, but thereareresiduatermswhosemeanings notclear
presently An additionalconstraintis requiredfor gaugetransformation®f a massve field. (PACS:12.10.-qg)

Einstein’s vision using quaternions

Threeof the four known forcesin physicshave beenunified via the standardnodel:theelectromagneticthe weak,
andthe strongforces.The holdoutremainsgravity, thefirst force characterizednathematicallyoy IsaacNewton. The
parallelsbetweengravity andelectromagnetisrareevident. Newton's law of gravity andCoulombs law areinverse
squardlaws. Both forcescanbe attractve, but Coulombs law canalsobe a repulsie force. A longstandinggoal of

modernphysicsis to explain the similaritiesanddifferencedbetweergravity andelectromagnetism.

Albert Einsteinhad a specificideafor how to formulatean acceptableaunified field theory (seeFig. 1, takenfrom
A. Pais,"Subtleis the Lord..” the scienceandlife of Albert Einstein”, ClaredonPres,1982). One unusualaspect
of Einsteins view wasthat he believed the unified field would leadto a new foundationfor quantummechanicsan
ideawhich is not sharedby someof today's thinkers(S. Weinbeg, "Dreamsof afinal theory” PantheorBooks,New
York, 1992). Most of Einsteins efforts over 40 yearsweredirectedin a searchto generalizeRiemanniardifferential
geometryin four dimensions.

To adggreewhich haspleasantlysurprisedheauthor Einsteinsvisionto unify gravity andelectromagnetisrhasbeen
followed. The constructiorof a new 4-dimensionafjeometryis dictatedby insightsgarneredrom physics.Eventsin
spacetimarecomposedf ascalarfor time anda 3-vectorfor space Thefour-dimensionatopologicalalgebraidield
of quaternion$iasthe samestructure soquaternionsvill bethestartingpointof this effort.

Laws of physicsareexpressedn a coordinate-independemtay. The sumor differenceof two quaternionsanonly
be definedif the two quaternionsn questionsharethe same4-basis. Riemannianquaternionanake coordinate-
independencexplicit. In specialrelativity, regionsin spacetimaredelimitedby thelight cone ,wherethenetchange
in 3-spacds equalto the netchangein time. The parity betweerchangesn 3-spaceandtime is constructednto the



definition of a Riemanniarguaternion.In generalrelativity, the field equationamalke the metrica dynamicvariable.
The basisvectorsof Riemanniamuaternionsanbe dynamic,sothe metric canbe dynamic. The dynamicnatureof
thebasisvectorsleadsto the generalequivalenceprinciple, wherebyary law, eventhosein electromagnetisntanbe
theresultof achangen referencdrame.

Physicalawsaretheresultof simpleRiemanniarguaterniordifferentialequationsFirst-orderRiemanniarquaternion
differentialequationscreateforce fields for gravity, electricity, and magnetism.Second-ordedifferentialequations
createdynamicfield equationsfor gravity, the Maxwell equationgfor electromagnetismanda classicalcounterpart
to the Aharanw-Bohm effect of quantummechanics. Third-orderdifferential equationscreateconseration laws.
Homogeneousolutionsto the secondrderdifferentialequationsarerelatedto gaugesymmetry

The secondpaperin this seriesof threeinvestigates unified force law, with a focuson a particularsolutionwhich
may eliminatethe needfor dark matterto explain the massdistribution andvelocity profile for spiral galaxies. The
third paperdevelopsa new approacho quaternioranalysis.The equationf thefirst two papersarerecastwith the
new definitionof a quaterniorderivative, resultingin a quantumunifiedfield andforcetheory

Eventsin spacetimeand quaternions

An eventin spacetimas consideredy the authorasthe fundamentaform of informationin physics. Eventshave
structure.Therearefour degreesof freedomdividedinto two dissimilarparts:timeis a scalar andspaces a 3-vectot
This structureshouldbereflectedn all themathematicsisedto describegpatternof events.For this reasonthis paper
focusesexclusively on quaternionsthe 4-dimensionahumberwherethe termsscalarandvectorwherefirst used.

Hamilton’squaternionsalongwith thefar betterknow realandcomplex numberscanbeadded subtractedmultiplied
and divided. Technically thesethree numbersare the only finite-dimensional,associatie, topological, algebraic
fields,up to anisomorphism(L. S. Pontryagin,"Topologicalgroups,translatedrom the Russiarby EmmaLehmer
PrincetonUniversity Press,1939). Propertieof thesenumbersare summarizedn the tablebelow by dimension if
totally orderedandif multiplicationcommutes:

Number Dimensions Totally  Ordered Commutative
Real 1 Yes Yes
Complex 2 No Yes
Quaternions 4 No No

Hamilton’s quaternion$have a Euclideard-basiscomposef 1, i, j, andk. Therulesof multiplicationwereinspired
by thosefor complex numbers:1™2=1,i"2=j"2=k"2=ijk =-1. Quaternionslsohave areal 4x4 matrix representation:
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Although written in Cartesiancoordinatesguaternionscan be written in ary linearly-independent-basisbecause
matrix algebrgprovidesthenecessaryechniquesor changinghebasis.Thereforelik e tensorsaquaterniorequation
is independentf thechoserbasis.Onecouldview quaternionsastensorgestrictedo a4-dimensionablgebraidield.
Forthesale of consisteny, all transformationgrealsoconstrainedo the samedivision algebra.This constrainimight
first appeatoo restrictive sincefor exampleit eliminatessimplematricesfor row permutationsSincequaternionsare
analgebraidield, therenecessarilexistsa combinationof quaternionghatachievesthe actionof a permutation.The
needfor consisteng will overrulecorvenience.

Laws in physicsareindependenbf coordinatesystems.To make the coordinateindependencexplicit, amplitudes
andbasisvectorswill be separatedisinga new notation. Considera quaternion-function,A_n=(a0,a.1,a 2, a3),
andan arbitrary4-basis,lhat.n=(ihat 0, ihat 1, ihat 2, ihat.3). In spacetimethe line that dividescausalityis define
by the light cone. On the light cone,the total changein 3-spaceover the changein time is equalto one. Physics
thereforeindicategparity betweernthetotal 3-vectorandthe scalar insteadof weighingall four equally A coordinate-
independenRiemanniarquaternioris definedto be A_0 Ihat n=(a_0 ihat 0/3,a_1 ihat 1/3,a 2 ihat 2/3,a.3 ihat.3/3).



Thescalingfactorof athird for the 3-vectorplaysa vital role in the definition of a regularfunctionin the third paper
of this series.

The equivalenceprinciple of generalrelativity assertswith experimentsto backit up, thatthe inertial massequals
the gravitational mass. An acceleratedeferenceframe can be indistinguishablerom the effect of a massdensity
No correspondingrincipleappliesto electromagnetisnwhich depend®nly onthe electromagnetifield tensorbuilt
from the potential. With Riemanniarguaternionsthe 4-unit vectordoesnot have to be static,asillustratedby taking
thetime derivative of thefirst termandusingthechainrule:
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The unit vectorfor time, ihat 0, canchangeover aninfinitely smallamountof time,i_0. Any changen a quaternion
potentialfunction could be dueto contributionsfrom a changen potential,theihat 0 da.0/di_0 term,and/ora change
in the basis,thea 0 dihat.0/di_0 term. Is this mathematicapropertyrelatedto physics?ConsiderGauss’law written
with Riemanniarguaternions:
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The divergenceof the electricfield might equalthe source or equivalently, the divergenceof the basisvectors. The

"generalequivalenceprinciple” asdefinedheremeanshatarny measurementanbe dueto a changen the potential

and/ora changein the basisvectors.The generalequivalenceprincipleis applicableto both gravity andelectromag-
netism.

Metrics and quaternion products

Thetheorief specialbbndgeneratelatiity dictatethedistanceébetweereventsin spacetimeAlthoughfundamentally
differentin theirmathematicastructurejnertiais alink betweerthetwo. Specialrelatiity dictateshetransformation
rulesfor obsenerswho changetheir inertia, assuminghe systemobsened doesnot change.The field equationsof
generalrelativity detail the changesn distancedueto a systemchangingits inertiafrom the vacuumto a non-zero
enegy density A quaternionproductnecessarilycontainsinformationaboutthe metric, but alsohasinformationin
the 3-vector This additionalinformationaboutquaternionproductswill suggest provocatie link betweenmetrics
andinertiaconsistentvith bothspecialandgenerarelatiity.

Most structuresin Naturedo not transformlike a scalarand a 3-vector Quaternionproductsmultiply two 4-basis
vectors,andthoseproductswill transformdifferently. The rulesof quaterniormultiplication mirror thoseof complex
numbers.Insteadof the imaginarynumberi, thereis a unit 3-vectorfor eachquaternionplaying an analogousole.
Thedifferenceis thatunit 3-vectorsdo not all have to pointin the samedirection. Basedon the anglebetweerthem,
two differentunit 3-vectorshave bothadotandcrossproduct. Thedotandcrossproductscompletelycharacterizéhe
relationshipbetweerthe two unit vectors. Comparethe productof multiplying two complex numberga, bi) and(c,
di):

(a, bi)(c, di) = (ac -hd, ad +bc),
with two quaternions(a,B i) and(c,D i),

(a, BI) (c, DI) = (ac —BIJA . I aDI’+BcI +Blﬁ xi)
Complex numberscommutebecausehey do not have a crossproductin theresult. If the orderof quaternionmulti-
plicationis reversedthenonly the crossproductwould changéts sign. Quaterniomrmultiplicationdoesnot commute
dueto thebehavior of thecrossproduct.If thecrossproductis zero,thenquaterniomultiplicationhasall of theprop-

ertiesof complex numbers.f, onthe otherhand,the only valueof a quaterniorproductis equalto the crossproduct,
thenmultiplicationis anti-commutatre. Individually, the mathematicapropertiesof commutingandanti-commuting



algebrasrewell known. A quaterniorproductis thesuperpositiorof thesetwo typesof algebraghatformsadivision
algebra.

Several stepsarerequiredto squareof the differenceof two Riemanniamuaterniongo form a measureof distance.
First,thebasisof thetwo quaternionsnustbesharedIt makesno sensdo subtracsomethingn sphericatoordinates
from somethingin Cartesiancoordinates.The basisdoesnot have to be constant,only shared. Every quaternion
commuteswith itself, sothe crossproductis zero. Therearesesenuniquepairsof basisvectorsin asquare:
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The signswere chosento be consistentvith Hamilton’s quaternionalgebra. The four squarebasisvectorsi_mu"2
definethe metric. If the basisvectorsarenot constantthenthe metricis dynamic. Definea "3-rope” to be the three
otherterms,which have theform i_0 I_n. Noticethatthe 3-ropestartsin onetime-spacdocationandwill have anon-
zerolengthif it endsup at a differentlocationandtime. With quaterniorproductsthe 3-ropeis a naturalcompanion
to ametricfor informationaboutdistance.

In specialrelatiity, if theinertiaof the obsenrer but not the systemis changedthe metricis invariant. The 3-ropeis
covariant,becausd is known how it changesGiventheutility of duality, acomplementarjrypothesigo theinvariant
metricof specialrelativity would proposeheif theinertiaof the systembut nottheobseneris changedthereexistsa
choiceof basisvectorssuchthatthe 3-ropeis invariantbut the metricchangesn a known way. This could bewritten
in algebraicallyusingthefollowing rule:
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If the magnitudeof thetime and3-spacébasisvectorsareinverselyrelated,the magnitudeof the productof thetime
basisvectorwith each3-spacebasisvectorwill be constantevenif the basisvectorsthemselesaredynamic. This
hypothesisassertdéhe existenceof sucha basis but that particularbasisdoesnot have to be used.

Hamilton hadthe freedomto usethe rule foundin the above equation but madethe moreobvious choiceof i_0°2 =
-1_n"2. The existenceof a basiswherethe 3-ropeis constantespitea changein theinertia of the systemwill haveto
betreatedasprovisionalin this paper In the secondpaperof this seriesa metricwith this propertywill befoundand
discussed.

Physically relevant differ ential equations

Is therearationalway to constructphysicallyrelevantquaterniorequations?lT'he methodusedherewill beto mimic
thetensorequation®f electromagnetismlheelectromagnetitield strengthtensoris formedby a differentialoperator
actingon a potential. The Maxwell equationsareformedby actingon thefield with anothedifferentialoperator The
Lorentz 4-forceis createdby the productof a electric chage, the electromagnetidield strengthtensor and a 4-
velocity. This patternwill be repeatedstartingfrom anasymmetridield to createthe samefield andforce equations
usingquaterniondifferentialsand potentials. The challengein this exerciseis in the interpretationfo seehow every
termconnectgo establishediaws of physics.

As afirst stepto constructinglifferentialequationsexaminehow thedifferentialoperatord/dt, Del) actsonapotential
function(phi, A):
a = N T T
(g, v) (d:, A) = ka - V. A o t Vo + vaJ
For the sale of clarity, the notationintroducedor Riemanmjuaterniondiasbeensuppresssothereadeiis encouraged

to recognizethat thereare also a parallel setof termsfor changesn the basisvectors. The previous equationis a
completeassessmertf thechangen the4-dimensionapotential/basisnvolving two time derivatives thedivergence,



the gradientandthe curl all in one. A unifiedfield theoryshouldaccountfor all concevableformsof changen a 4-
dimensionapotential/basisasis thecasehere.

Quaternioroperatorsandpotentialshave notbeenusedto expresshe Maxwell equationsThereasorcanbefoundin

thepreviousequationwherethesignof thedivergenceof A is oppositeof thecurl of A. In theMaxwell equationsthe
divergenceandthe curl involving theelectricandmagnetidield areall positive. Many others gvenin Maxwell’stime,

have usedcomple-valuedquaterniondor the taskbecausehe extra imaginarynumbercanbe usedto getthe signs
correct.However, complex-valuedquaternionsarenotanalgebraidield. Thenorm,t"2+x"2+y"2+z"2,for anon-zero
guaterniorcouldequalzeroif thevaluesof t, x, y, andz werecomple. This paperinvolvesthe constraintof working

exclusively with 4-dimensionaklgebraicfields. Therefore,no matterhow salutarythe work with complex-valued
guaternionsit is not relevantto this paper

The reasonto hopefor unification using quaternionscan be found in an analysisof symmetryprovided by Albert
Einstein:

"The physicalworld is representedsa four-dimensionatontinuum.If in this| adopta Riemanniamrmetric,andlook
for the simplestlaws which sucha metric cansatisfy | arrive at therelatiistic gravitation theoryof emptyspacelf |
adoptin this spacea vectorfield, or the antisymmetridensorfield derivedfrom it, andif | look for the simplestlaws
which suchafield cansatisfy | arrive atthe Maxwell equationdor free spac€. [einstein1934]

The"four-dimensionatontinuum”could be viewed asa technicalconstraininvolving topology Fortunately quater
nionsdo have a topologicalstructuresincethey have a norm. Natureis asymmetric,containingboth a symmetric
metric for gravity and an antisymmetrictensorfor electromagnetismWith this in mind, rewrite out the real 4x4
matrix representationf aquaternion:
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The scalarcomponent(t in representatiombove) can be representedy a symmetric4x4 matrix, invariantunder
transpositiorand conjugation(theseare the sameoperationdor quaternions).The 3-vectorcomponen{x, y andz
in the representatiombove) is off-diagonaland canbe representetby an antisymmetricAx4 matrix, becauseaking
thetransposevill flip the signsof the 3-vector Quaternionsareasymmetrian their matrix representatiorg property
whichis critical to usingthemfor unifying gravity andelectromagnetism.

Recreating the Maxwell equations

Maxwell speculatedhathis setof equationsnight be expressedvith quaternionsomeday(J. C. Maxwell, "Treatise
on Electricity and Magnetisni, Dover reprint, third edition, 1954). The divergence gradient,and curl wereinitially
developedby Hamiltonduringhis investigatiorof quaternionsFor the sale of logical consistenyg, ary systemof dif-
ferentialequationssuchasthe Maxwell equationsthatdepend®n thesetoolsmusthave a quaterniorrepresentation.

The Maxwell equationsare gaugeinvariant. How canthis propertybe built into a quaternionexpression?Consider
a commongaugesuchasthe Lorenzgauge dphi/dt + div A = 0. In quaternionparlancethis is a quaternion-scalar
formedfrom adifferentialquaterniomactingon a potential. To be invariantunderan arbitrarygaugetransformation,
thequaternion-scalanustbesetto zero. This canbedonewith thevectoroperatoy(g-g*)/2. SearcHor acombination
of quaternioroperatorandpotentialshatgeneratehe Maxwell equations:

(m*Vector (m*A*) - mVector (mA))* _
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= (o, 4761‘).
Thisis Amperes law andthe no monopolessectoridentity (assuminga simply-connectedopology). Any choiceof

gaugewill not make a contributiondueto thevectoroperator If the vectoroperatomwasnot usedthenthe gradientof
the symmetric-matriXorcefield would belinkedto the electromagnetisourceequation Amperes law.

Generatehe othertwo Maxwell equations:
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Thisis GaussandFaradayslaw. Again,if thevectoroperatothadnotbeenused thetime derivative of thesymmetric-

matrix force field would be associateavith the electromagnetisourceequationGauss'law. To specifythe Maxwell
equationcompletelytwo quaterniorequationsarerequired justlik e the 4-vectorapproach.

Although successfulthe quaternionexpressionis unappealingor reasonf simplicity, consisteng and complete-
ness.A complicatedcollectionof sumsor differencesof differentialoperatorsactingon potentials- alongwith their
conjugates is required.Thereis no obviousreasorthis combinationof termsshouldbe centralto the natureof light.

Onemotivationfor the searchor aunified potentialfield involvessimplifying the above expressions.

Whena quaterniondifferentialactson a function, the divergencealways hasa sign oppositethe curl. The opposite
situationappliesto theMaxwell equationsOf coursehesignsof the Maxwell equation€annotbechangedHowever,
it may be worth the effort to explore equationswith sign corventionsconsistenwith the quaternionalgebra,where
the operatorgor divergenceandcurl wereconceved.

Informationaboutthe changein the potentialis explicitly discardedy the vectoroperator Justificationcomesfrom
thepleafor gaugesymmetry essentiafor the Maxwell equationsThe Maxwell equationsapplyto masslesgparticles.
Gaugesymmetryis brokenfor massve fields. More informationaboutthe potentialmight be usedin unification of
electromagnetisnwith gravity. A gaugeis alsomatrix symmetric,soit could provide a completepictureconcerning
symmetry

One unified forcefield fr om one potential field

For masslesparticles the Maxwell equationsresufficientto explain classicaindquantumelectrodynami@henom-
enain a gauge-ivariantway. To unify electromagnetisrwith gravity, the gaugesymmetrymustbe broken, opening
the door to massve particles. Becauseof the constraintamposedby quaternionalgebra,thereis little freedomto
choosehe gaugewith a simplequaterniorexpressionIn the standardapproacho the electromagnetiéield, a differ-
ential4-vectoractson a4-vectorpotentialin suchaway asto createanantisymmetricsecond-rankensor Theunified
field hypothesigproposednvolvesa quaterniordifferentialoperatoractingon a quaterniorpotential:
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Thisis a naturalsuggestiorwith this algebra.The antisymmetric-matrixcomponenof the unifiedfield hasthe same
elementsasthe standarcelectromagnetidield tensor Definethe electricfield E asthe eventerms,the onesthatwill
not changesignsif the orderof the differentialoperatorandthe potentialarereversed. The magneticfield B is the
curl of A, theoddterm. Thejustificationfor proposingthe unifiedforcefield hypothesigestson the presencef the
electricandmagnetidields.



In someways,theaboreequatiorooksjustlik etheold ideaof combiningascalargaugdield with theelectromagnetic
field strengthtensor as Guptadid in 1950in orderto quantizethe Maxwell equations.He concludedhatalthough
usefulbecausét is written in manifestlyrelatistic form, no new resultsbeyondthe Maxwell equationareobtained.
Examinejustthe gaugecontribution to the Lagrangiarfor this unifiedfield:
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Take thederivative of the Lagrangiarwith respecto thegaugevariables:
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By Noethers theorem,this consered currentindicatesa symmetryof the Lagrangian. This is why the proposal
involvesnew physics.The gauges a dynamicvariableconstrainedy the Lagrangian.
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A guaternionpotentialfunction hasfour degreesof freedomrepresentetby the scalarfunction phi andthe 3-vector
function A. Acting on this with one[ormore] differentialoperatorsioesnot changethe degreesof freedom.Instead,
thetangenispace®f thepotentialwill offer moresubtleviews on therulesfor how potentialschange.

Thethreeclassicalforce fields, g, E, andB, dependon the samequaterniornpotential,so thereare only four degrees
of freedom. With seven componentgo the threeclassicalforce fields, theremustbe threeconstraintshetweenthe
fields. Two constraintsarealreadyfamiliar. The electricandmagneticfield form a vectoridentity via Faradays law.

Assumingspacetiméds simply connectedthe no monopolesequationis anotheridentity. A new constraintarises
becauséoththe force fields for gravity andelectricity areeven. It will be shavn subsequentlyrow the evenforce
fieldscanpartially constructvely or destructvely interferewith eachother

Unified Field equations

In the standardapproactio generatinghe Maxwell equationsa differentialoperatoractson theelectromagnetiéield
strengthtensor A unifiedfield hypothesidor anisolatedsourceis proposedvhich involvesa differentialquaternion
operatoractingon the unifiedfield:
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Thissecondrdersetof four partialdifferentialequation$iasfour unknonvnssothisis acompletesetof field equations.
Rewrite the equationsbove in termsof the classicaforcefields:

Theunifiedfield equationgontainthreeof thefour Maxwell equationgxplicitly:Gauss’law, thenomagnetianonopoles
law, andAmpereslaw. Faradayslaw is avectoridentity, soit is still trueimplicitly. Therefore asubsebdf the unified
field equationscontainsa quaterniorrepresentationf the Maxwell equations.Thejustificationfor investigatingthe
unifiedfield equatiorhypothesiss dueto the presencef the Maxwell equations.



Thereis a very simplerelationshipbetweenFaradays law andthe equationabove. All that needsto be doneis to
subtracttwice the time derivative of the magneticfield from both sides. What doesthis do to the 4-vectorcurrent
densityJ?Now thereis a currentthattransformdik e a pseudo-currendensity makingthe proposalmore complete.
Thevolumeintegral of this pseudo-currendensityis the total magnetidlux:

Theunifiedfield equatiorpostulates pseudd-vectorcurrentcomposedf the differencebetweerthetime derivative

of themagnetidield andthecurl of theelectricfield. The Aharonos-Bohmeffectdepend®nthetotal magnetidlux to

createchangeseenn theenegy spectrum.[aharond 959] Thevolumeintegral of thetime derivative of the magnetic
field is a measureof the total magneticflux. The pseudo-currentlensityis quite unusual transformingdifferently
underspacenversionthanthe electriccurrentdensity Onemightimaginethata Lorentztransformatiorwould shift

this pseudo-currendensityinto a pseudo-chayedensity This doesnot happerhowever, becausehe vectoridentity

involving the divergenceof a curl still applies. The Aharono/-Bohm phenomenoriiirst viewed asa purely quantum
effect, may have aclassicaknalogueén the unifiedfield equations.
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The constantausedherewere chosento suggesia connectionto the Aharono/-Bohm (Y Aharonos and D. Bohm,
"Significanceof electromagnetipotentialsin the quantumtheory’ Phys. Rev, 115:485-4911959). The Aharonor-
Bohm effect dependon the total magneticflux to createchangesseenin the enegy spectrum. A pseudo-current
densityis unusualtransformingdifferentlyunderspaceanversionthantheelectriccurrentdensity Onemightimagine
that a Lorentz transformatiorwould shift this pseudo-currentiensityinto a pseudo-chaye density This doesnot
happenhowever, becausehe vectoridentity involving the divergenceof a curl still applies. The Aharono/-Bohm
phenomenorfjrst viewedasa purely quantumeffect, may have a classicalnaloguéan theunifiedfield equations.

Thefield equationgnvolving the gravitational force field are dynamicand dependon four dimensions.This makes
themlik ely to be consistentvith specialrelativity. Sincethey aregeneratedlongsideghe Maxwell equationspnecan
reasonablhexpectthedifferentialequationswill sharemary propertieswith the onesinvolving the symmetric-matrix
gravitationalforcefield beingmoresymmetricthanthoseof the electromagneticounterpart.

The unified sourcecan be definedin termsof more familiar chaige and currentdensitiesby separatelysettingthe
gravity or electromagnetidield equalto zero.In thesecasesthe sourceis dueonly to electricityor massespectiely.
This leadsto connectiondetweerthe unifiedsourcemassandchage:

J=J, if E=B=0

m
J=Je+(j)AB iff g=0.

It would be incorrect- but almosttrue - to saythatthe unified chaige and currentare simply the sumof the three:
mass gelectricchage,andthe Aharanw-Bohmpseudo-currenfor total magneticflux over thevolume). Theseterms
constructvely interferewith eachother sothey maynotbeviewedasbeinglinearly independent.

Up to four linearly independentinified field equationscanbe formulated. A differentsetcould be createdby using
thedifferentialoperatowithout takingits conjugate:
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This is anelliptic equation.Sincethe goal of this work is a completesystemof field equationsthis mayturn outto
be an advantage.An elliptic equationcombinedwith a hyperbolicone might morefully describegravitational and



electromagnetisvavesfrom sourcesUnlike thefirst setof field equationsthe crosstermsdestructvely interferewith
eachother

The elliptic field equationagaincontainsthree of four Maxwell equationsexplicitly:Gauss’ law, the no magnetic
monopoleyectoridentity andFaradayslaw. Thistime, AmpereSlaw looksdifferent. To beconsistentvith Amperes
law, againa pseudo-currennustbeincluded.This maybethedifferentialform of a classicalAharonos-Bohmeffect.

The only term that doesnot changebetweenthe two field equationds the one involving the dynamicgravitational
force. This might bea cluefor why thisforceis only attractie.

Solutionsto the unified field equations

All the solutionsthat have beenworked out for the Maxwell equationswill work with the unified field equations.
For example,if the potentialis static,the scalarequationfor hyperbolicfield equationis the Poissonequation. The
unifiedequationsaremoreinformative, sinceary potentialwhichis a solutionto the scalarPoissorequatiorwill also
characterizeéhe correspondingurrent.

Thefield equationsof generalrelativity andthe Maxwell equationdoth have vacuumsolutions,suctas planewave
solutions. The unified field equationsdo not have sucha solution, otherthana constant.Given historicaltradition,
this may seemlike a deadlyflaw. However, it may be somethingthat is requiredfor a final and completetheory
In a unifiedfield theory, the gravitational part may be zerowhile the electricalpartis not, andvisaversa. Non-zero
solutionsareworth exploring

.An inversesquarepotentialplaysanimportantrole in both gravity andelectromagnetismExaminethe scalarfield
involving theinverseinterval squared:

1 = (4(3t2+x2+y2+22) =)
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This potentialsolvesthe Maxwell equationsn the Lorentzgauge:
1 N
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Thenon-zergpartmay have everythingto dowith gravity.

A planewave solutiondoesexist,but notfor apurevacuum.Instead jalanewave solutionexistswith the constrairthat
thenetcurrentis zerofor theelliptical field equations

Thefield equationf generalrelativity andthe Maxwell equationsboth have vacuumsolutions. A vacuumsolution
for the unifiedfield equationis apparentor theelliptical field equations:

A= (¢OeK. R-ut , ('_&)OeKA R-wt )

Theunifiedfield equatiorwill evaluateto zeroif
w =)\2

Scalar ((E K) ) =0
Thedispersiorrelationis aninverteddistance soit will dependon the metric. The samepotentialcanalsosolve the
hyperbolicfield equationsunderdifferentconstraintsandresultingdispersionequation(not shovn). Thereweretwo
reasondor notincluding the customaryimaginarynumber”i” in the exponentialof the potential. First, it wasnot
necessarySecond,t would have createda complex-valuedquaternionandthereforeis outsidethe domainof this
paper The importantthing to realizeis that vacuumsolutionsto the unified field equationsexist whosedispersion

equationgdependon the metric. This is anindicationthat unifying gravity and electromagnetisnis an appropriate
goal.



Consermwation Laws

Consenrationof electricchageis implicit in the Maxwell equationsls therealsoa consered quantityfor the gravi-
tationalfield? Examinehow the differentialoperatoractson the unifiedfield equation:
o (020 2 o 2E 222 82B sy 2a)
A = l?+v-vg, 57 ¢ (v) E+ 57t (%) BJ

Notice thatthe gravitational force field only appearsn the quaternionscalar The electromagneti€ields only appear
in the 3-vector This generateswo typesof constrainton the sourcesNo changen theelectricsourceappliesto the
guaterniorscalar No changen the gravitational sourceappliesto the 3-vector

Scalar (mJ.*) = Z‘:e 4V - (j)e =0
Scalar (.(j)AB*) =V- (j)AB* =0

a(3) . . .

Do t,-3(3), -5
The first equationis known as the continuity equation,andis the reasonthat electric chage is consered. For a
differentinertial obsener, this will appearasa consenrationof electriccurrentdensity Thereis no sourceterm for
the Aharana-Bohmecurrent,andsubsequentlyo conserationlaw. The 3-vectorequations a constraintonthemass
currentdensity andis thereasormasscurrentdensityis consered. For a differentinertial obsenrer, the massdensity
is consered.

Vector (mJ.") = -

Transformations of the unified forcefield

Thetransformatiorpropertiesof the unifiedfield promiseto bemoreintricatethaneithergravity or electromagnetism
separatelyWhatmight be expectedto happerundera LorentztransformationGravity involvesmassthatis Lorentz
invariant, so the field that generatest shouldbe Lorentzinvariant. The electromagnetidield is Lorentz covariant.
However, a transformatiorcannotdo both perfectly Thereasonis thata Lorentztransformatiomrmixesa quaternion
scalarwith a 3-vector If atransformationleft the quaternionscalarinvariantand the 3-vector covariant, the two
would effectively notmix. Theeffectof unificationmustbe subtle,sincethetransformatiorpropertiesarewell known
experimentally

Considera boostalongthe x-axis. The gravitational forcefield is Lorentzinvariant. All the termsrequiredto make
the electromagnetifield covariantundera Lorentztransformatiorare presentput covarianceof the electromagnetic
fieldsrequiresthefollowing residualterms:

oA

- 09
(W *A™) Residual = (0, (72/52 ‘1)? + (72 —l)&,

oA, @ 8A, oA,
'2*’3(? * H)’ 2*’3(? - a))
At this time, the correctinterpretationof the residualtermis unclear Most importantly it was shovn earlier that
chageis consered. Thesetermscould be a velocity-dependenphasefactor If so, it might provide a testfor the
theory

The mechanicof the Lorentztransformatioritself might requirecarefulre-examinationwhenso strictly confinedto
guaternionalgebra. For a boostalongthe x-axis, if only the differentialtransformationis in the oppositedirection,
thenthe electromagnetidield is Lorentz covariantwith the residualterm residingwith the gravitational field. The
meaningof this obsenationis evenlessclear Only relatively recentlyhasDelLeobeenableto representhe Lorentz
groupusingrealquaterniongS. De Leo, "Quaternionsandspecialrelativity,” J. Math. Phys. 37(6):2955-29681996).
Thedelayappearoddsincetheinterval of specialrelativity is the scalarof the squareof the differencebetweerntwo
events.In thereal 4x4 matrix representatiortheinterval is a quarterof thetraceof the square . Therefore any matrix
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with atraceof onethatdoesnotdistortthelengthof thescalarand3-vectorcanmultiply aquaterniorwithouteffecting
theinterval. Onesuchclassis 3-dimensionalspatialrotations.An operatorthataddsnothingto the tracebut distorts
the lengthsof the scalarand 3-vectorwith the constraintthat the differencein lengthsis constantwill alsosuffice.
Theseareboostsn aninertial referencdrame.Boostsplusrotationsform the Lorentzgroup.

Threetypesof gaugetransformationsvill beinvestigateda scalar a 3-vector, anda quaterniorgaugefield. Consider
anarbitraryscalarfield transformatiorof the potential:

A->A =A-m2

The electromagnetidields are invariant underthis transformation. An additional constrainton the gaugefield is
requiredto leave the gravitational force field invariant, namelythat the scalargaugefield solves a homogeneous
elliptical equation.Fromthe perspectie of this proposalthe freedomto choosea scalargaugefield for the Maxwell
equationss dueto the omissionof the gravitationalforcefield.

Transformthe potentialwith anarbitrary3-vectorfield:
AsA =A-m*A.

This time the gravitationalforcefield is invariantundera 3-vectorgaugefield transformation Additional constraints
canbeplacedonthe3-vectorgaugsfield to presereachoserelectromagnetimvariant. For example,if thedifference
betweerthetwo electromagnetiéieldsis to remaininvariant,thenthe 3-vectorgaugefield mustbethe solutionto an

elliptical equation.Otherclasse®f invariantscould be examined.

The scalarand3-vectorgaugefields could be combinedto form a quaterniongaugefield. This gaugetransformation
would have the sameconstraintsas thoseabove to leave the fields invariant. Is thereary suchgaugefield? The
guaterniorgaugefield canberepresentethe following way:

Ao A = A-m*A.

If aforcefield is createdy hitting thisgaugeransformatiowith adifferentialoperatorthenthegaugefield becomes
unifiedfield equation.Sincevacuumsolutionshave beenfoundfor thoseequationsaquaterniorgaugetransformation
canleave thefield invariant.

Futuredir ections

Thefieldsof gravity andelectromagnetisrwereunifiedin a way consistentvith Einsteins vision, not his technique.
The guiding principleswere simple but unusual:generatexpressiongamiliar from electromagnetisnusing quater

nions,striving to interpretary extratermsasbeingdueto gravity. Thefirst hypothesisiboutthe unifiedfield involved

only a quaterniondifferential operatoracting on a potential,no extra termsaddedby hand. It containedthe typical

potentialrepresentationf theelectromagnetifield, alongwith asymmetric-matriXorcefield for gravity. Thesecond
hypothesisoncernea unifiedfield equatiorformedby actingon theunifiedfield with onemoredifferentialoperator
All the Maxwell equationsreincludedexplicitly orimplicitly. Additionaltermssuggestetheinclusionof aclassical
representationf the Aharanw-Bohmeffect. Four linearly independentinified field equationsexist, but only the hy-

perbolicandelliptic casesverediscussedA largefamily of vacuumsolutionsexists, andwill requirefuture analysis
to appreciateTo work within the guidelinesof this paper oneshouldavoid solutionsrepresentetty complex-valued
guaternions.

Why did thisapproactwork? Thehypothesighatinitiatedthisline of researchvasthatall eventsin spacetimeouldbe

representeddy quaternionsno matterhow the eventsweregeneratedThis is a broadhypothesisattemptingto reach
all areascoveredby physics. Basedon the equationgpresentedn this paper a logical structurecanbe constructed,
startingfrom events(seeFig. 2). A setof eventsformsa patternthatcanbe describedy a potential. Thechangen a

potentialcreatesfield. Thechangan field createsfield equation.Thetermsthatdo notchangeunderdifferentiation
of afield equationform consenrationlaws.
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