
1 Einstein’s vision I: Classicalunified field equationsfor gravity and elec-
tr omagnetismusingRiemannianquaternions

Abstract

Theequationsgoverninggravity andelectromagnetismshow bothprofoundsimilaritiesandunambiguousdifferences.
Albert Einsteinworked to unify gravity andelectromagnetism,mainly by trying to generalizeRiemanniangeome-
try. Hamilton’s quaternionsarea 4-dimensionaltopologicalalgebraicfield relatedto the realandcomplex numbers
equippedwith a static Euclidean4-basis. Riemannianquaternionsas definedhereinexplicitly allow for dynamic
changesin thebasisvectors.Theequivalenceprincipleof generalrelativity whichappliesonly to massis generalized
becausefor any Riemannianquaterniondifferentialequation,the chainrule meansa changecouldbecausedby the
potentialand/orthe basisvectors.The Maxwell equationsaregeneratedusinga quaternionpotentialandoperators.
Unfortunately, thealgebrais complicated.Theunifiedforcefield proposedis modeledon a simplificationof theelec-
tromagneticfield strengthtensor, beingformedby a quaterniondifferentialoperatoractingon a potential,Box* A*.
This generatesaneven,antisymmetric-matrixforcefield for electricityandanodd,antisymmetric-matrixforcefield
for magnetism,wherethe even field conservesits sign if the orderof the differentialandthe potentialarereversed
unlike theoddfield. Gaugesymmetryis brokenfor massive particlesby theeven,symmetric-matrixterm,which is
interpretedasbeingdueto gravity. In tensoranalysis,adifferentialoperatoractingon thefield strengthtensorcreates
theMaxwell equations.Theunifiedfield equationsfor anisolatedsourcearegeneratedby actingon theunifiedforce
field with an additionaldifferentialoperator, Box* Box* A* � 4 pi J. This containsa quaternionrepresentationof
theMaxwell equations,a classicallink to thequantumAharonov-Bohmeffect,anddynamicfield equationsfor grav-
ity. Vacuumandzeronetcurrentsolutionsto theunifiedfield equationsarediscussed.Thefield equationsconserve
bothelectricchargedensityandmassdensity. Undera Lorentztransformation,thegravitationalandelectromagnetic
fieldsareLorentzinvariantandLorentzcovariantrespectively, but thereareresidualtermswhosemeaningis notclear
presently. An additionalconstraintis requiredfor gaugetransformationsof a massivefield. (PACS:12.10.-g)

Einstein’s vision usingquaternions

Threeof the four known forcesin physicshave beenunified via the standardmodel:theelectromagnetic,the weak,
andthestrongforces.Theholdoutremainsgravity, thefirst forcecharacterizedmathematicallyby IsaacNewton. The
parallelsbetweengravity andelectromagnetismareevident. Newton’s law of gravity andCoulomb’s law areinverse
squarelaws. Both forcescanbeattractive, but Coulomb’s law canalsobea repulsive force. A longstandinggoalof
modernphysicsis to explain thesimilaritiesanddifferencesbetweengravity andelectromagnetism.

Albert Einsteinhada specificideafor how to formulatean acceptableunified field theory(seeFig. 1, taken from
A. Pais, ”Subtle is the Lord...” the scienceandlife of Albert Einstein”, ClaredonPres,1982). Oneunusualaspect
of Einstein’s view wasthathebelievedtheunifiedfield would leadto a new foundationfor quantummechanics,an
ideawhich is not sharedby someof today’s thinkers(S.Weinberg, ”Dreamsof a final theory,” PantheonBooks,New
York, 1992). Most of Einstein’s efforts over 40 yearsweredirectedin a searchto generalizeRiemanniandifferential
geometryin four dimensions.

To adegreewhichhaspleasantlysurprisedtheauthor, Einstein’svisionto unify gravity andelectromagnetismhasbeen
followed.Theconstructionof a new 4-dimensionalgeometryis dictatedby insightsgarneredfrom physics.Eventsin
spacetimearecomposedof ascalarfor timeanda3-vectorfor space.Thefour-dimensionaltopologicalalgebraicfield
of quaternionshasthesamestructure,soquaternionswill bethestartingpointof this effort.

Laws of physicsareexpressedin a coordinate-independentway. Thesumor differenceof two quaternionscanonly
be definedif the two quaternionsin questionsharethe same4-basis. Riemannianquaternionsmake coordinate-
independenceexplicit. In specialrelativity, regionsin spacetimearedelimitedby thelight cone,wherethenetchange
in 3-spaceis equalto thenetchangein time. Theparity betweenchangesin 3-spaceandtime is constructedinto the
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definitionof a Riemannianquaternion.In generalrelativity, thefield equationsmake themetrica dynamicvariable.
Thebasisvectorsof Riemannianquaternionscanbedynamic,sothemetriccanbedynamic.Thedynamicnatureof
thebasisvectorsleadsto thegeneralequivalenceprinciple,wherebyany law, eventhosein electromagnetism,canbe
theresultof a changein referenceframe.

Physicallawsaretheresultof simpleRiemannianquaterniondifferentialequations.First-orderRiemannianquaternion
differentialequationscreateforce fields for gravity, electricity, andmagnetism.Second-orderdifferentialequations
createdynamicfield equationsfor gravity, the Maxwell equationsfor electromagnetism,anda classicalcounterpart
to the Aharanov-Bohm effect of quantummechanics.Third-orderdifferentialequationscreateconservation laws.
Homogeneoussolutionsto thesecondorderdifferentialequationsarerelatedto gaugesymmetry.

The secondpaperin this seriesof threeinvestigatesa unified force law, with a focuson a particularsolutionwhich
mayeliminatethe needfor darkmatterto explain the massdistribution andvelocity profile for spiral galaxies.The
third paperdevelopsa new approachto quaternionanalysis.Theequationsof thefirst two papersarerecastwith the
new definitionof a quaternionderivative,resultingin a quantumunifiedfield andforcetheory.

Eventsin spacetimeand quaternions

An event in spacetimeis consideredby the authorasthe fundamentalform of informationin physics. Eventshave
structure.Therearefour degreesof freedomdividedinto two dissimilarparts:timeis a scalar, andspaceis a 3-vector.
Thisstructureshouldbereflectedin all themathematicsusedto describepatternsof events.For this reason,thispaper
focusesexclusively on quaternions,the4-dimensionalnumberwherethetermsscalarandvectorwherefirst used.

Hamilton’squaternions,alongwith thefarbetterknow realandcomplex numbers,canbeadded,subtracted,multiplied
and divided. Technically, thesethreenumbersare the only finite-dimensional,associative, topological,algebraic
fields,up to an isomorphism(L. S. Pontryagin,”Topologicalgroups,translatedfrom theRussianby EmmaLehmer,
PrincetonUniversityPress,1939). Propertiesof thesenumbersaresummarizedin the tablebelow by dimension,if
totally ordered,andif multiplicationcommutes:

Number Dimensions Totally Ordered Commutative
Real 1 Yes Yes

Complex 2 No Yes
Quaternions 4 No No

Hamilton’squaternionshave a Euclidean4-basiscomposedof 1, i, j, andk. Therulesof multiplicationwereinspired
by thosefor complex numbers:1ˆ2� 1, iˆ2 � jˆ2 � kˆ2 � ijk � -1. Quaternionsalsohaveareal4x4 matrix representation:

q
�
t , x, y, z ���

��������
t � x � y � z
x t � z y
y z t � x
z � y x t

	 





�

Although written in Cartesiancoordinates,quaternionscanbe written in any linearly-independent4-basisbecause
matrixalgebraprovidesthenecessarytechniquesfor changingthebasis.Therefore,liketensors,aquaternionequation
is independentof thechosenbasis.Onecouldview quaternionsastensorsrestrictedto a4-dimensionalalgebraicfield.
For thesakeof consistency, all transformationsarealsoconstrainedto thesamedivisionalgebra.Thisconstraintmight
first appeartoo restrictivesincefor exampleit eliminatessimplematricesfor row permutations.Sincequaternionsare
analgebraicfield, therenecessarilyexistsacombinationof quaternionsthatachievestheactionof apermutation.The
needfor consistency will overruleconvenience.

Laws in physicsareindependentof coordinatesystems.To make the coordinateindependenceexplicit, amplitudes
andbasisvectorswill beseparatedusinga new notation.Considera quaternion4-function,A n� (a 0, a 1, a 2, a 3),
andanarbitrary4-basis,Ihat n� (ihat 0, ihat 1, ihat 2, ihat 3). In spacetime,the line thatdividescausalityis define
by the light cone. On the light cone,the total changein 3-spaceover the changein time is equalto one. Physics
thereforeindicatesparitybetweenthetotal3-vectorandthescalar, insteadof weighingall four equally. A coordinate-
independentRiemannianquaternionis definedto beA 0 Ihat n� (a 0 ihat 0/3,a 1 ihat 1/3,a 2 ihat 2/3,a 3 ihat 3/3).
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Thescalingfactorof a third for the3-vectorplaysa vital role in thedefinitionof a regularfunctionin thethird paper
of this series.

The equivalenceprinciple of generalrelativity asserts,with experimentsto backit up, that the inertial massequals
the gravitational mass. An acceleratedreferenceframecanbe indistinguishablefrom the effect of a massdensity.
No correspondingprincipleappliesto electromagnetism,whichdependsonly ontheelectromagneticfield tensorbuilt
from thepotential.With Riemannianquaternions,the4-unit vectordoesnot have to bestatic,asillustratedby taking
thetime derivativeof thefirst termandusingthechainrule:

�
a0

ˆ
i

0�
i 0

� ˆ
i

0

�
a0�
i 0


 a0

� ˆ
i

0�
i 0

Theunit vectorfor time, ihat 0, canchangeover aninfinitely smallamountof time, i 0. Any changein a quaternion
potentialfunctioncouldbedueto contributionsfrom a changein potential,theihat 0 da 0/di 0 term,and/ora change
in thebasis,thea 0 dihat 0/di 0 term. Is this mathematicalpropertyrelatedto physics?ConsiderGauss’law written
with Riemannianquaternions:
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Thedivergenceof theelectricfield might equalthe source,or equivalently, thedivergenceof thebasisvectors.The
”generalequivalenceprinciple” asdefinedheremeansthatany measurementcanbedueto a changein thepotential
and/ora changein thebasisvectors.Thegeneralequivalenceprinciple is applicableto bothgravity andelectromag-
netism.

Metrics and quaternion products

Thetheoriesof specialandgeneralrelativity dictatethedistancebetweeneventsin spacetime.Althoughfundamentally
differentin theirmathematicalstructure,inertiais a link betweenthetwo. Specialrelativity dictatesthetransformation
rulesfor observerswho changetheir inertia,assumingthesystemobserveddoesnot change.Thefield equationsof
generalrelativity detail the changesin distancedueto a systemchangingits inertia from the vacuumto a non-zero
energy density. A quaternionproductnecessarilycontainsinformationaboutthemetric,but alsohasinformationin
the3-vector. This additionalinformationaboutquaternionproductswill suggesta provocative link betweenmetrics
andinertiaconsistentwith bothspecialandgeneralrelativity.

Most structuresin Naturedo not transformlike a scalaranda 3-vector. Quaternionproductsmultiply two 4-basis
vectors,andthoseproductswill transformdifferently. Therulesof quaternionmultiplicationmirror thoseof complex
numbers.Insteadof the imaginarynumberi, thereis a unit 3-vectorfor eachquaternionplayingananalogousrole.
Thedifferenceis thatunit 3-vectorsdo not all have to point in thesamedirection.Basedon theanglebetweenthem,
two differentunit 3-vectorshavebothadotandcrossproduct.Thedotandcrossproductscompletelycharacterizethe
relationshipbetweenthe two unit vectors.Comparetheproductof multiplying two complex numbers(a, bi) and(c,
di):
�
a, bi � � c, di ��� � ac � bd, ad 
 bc � ,

with two quaternions,(a,B
�
i ) and(c, D

�
i ),

a,B
ˆ
I c,D

ˆ
I � � ac � BD

ˆ
I � ˆ

I � , aD
ˆ
I � 
 Bc

ˆ
I 
 BD

ˆ
I � ˆ

I �
Complex numberscommutebecausethey do not have a crossproductin theresult. If theorderof quaternionmulti-
plicationis reversed,thenonly thecrossproductwould changeits sign. Quaternionmultiplicationdoesnot commute
dueto thebehavior of thecrossproduct.If thecrossproductis zero,thenquaternionmultiplicationhasall of theprop-
ertiesof complex numbers.If, on theotherhand,theonly valueof a quaternionproductis equalto thecrossproduct,
thenmultiplicationis anti-commutative. Individually, themathematicalpropertiesof commutingandanti-commuting
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algebrasarewell known. A quaternionproductis thesuperpositionof thesetwo typesof algebrasthatformsadivision
algebra.

Severalstepsarerequiredto squareof thedifferenceof two Riemannianquaternionsto form a measureof distance.
First, thebasisof thetwo quaternionsmustbeshared.It makesnosenseto subtractsomethingin sphericalcoordinates
from somethingin Cartesiancoordinates.The basisdoesnot have to be constant,only shared. Every quaternion
commuteswith itself, sothecrossproductis zero.Therearesevenuniquepairsof basisvectorsin a square:
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The signswerechosento be consistentwith Hamilton’s quaternionalgebra. The four squarebasisvectorsi muˆ2
definethemetric. If thebasisvectorsarenot constant,thenthemetric is dynamic.Definea ”3-rope” to bethethree
otherterms,which have theform i 0 I n. Noticethatthe3-ropestartsin onetime-spacelocationandwill havea non-
zerolengthif it endsup at a differentlocationandtime. With quaternionproducts,the3-ropeis a naturalcompanion
to a metricfor informationaboutdistance.

In specialrelativity, if theinertiaof theobserverbut not thesystemis changed,themetric is invariant.The3-ropeis
covariant,becauseit is known how it changes.Giventheutility of duality, acomplementaryhypothesisto theinvariant
metricof specialrelativity wouldproposetheif theinertiaof thesystembut not theobserver is changed,thereexistsa
choiceof basisvectorssuchthatthe3-ropeis invariantbut themetricchangesin a known way. This couldbewritten
in algebraicallyusingthefollowing rule:
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If themagnitudeof thetime and3-spacebasisvectorsareinverselyrelated,themagnitudeof theproductof thetime
basisvectorwith each3-spacebasisvectorwill be constanteven if the basisvectorsthemselvesaredynamic. This
hypothesisassertstheexistenceof sucha basis,but thatparticularbasisdoesnot have to beused.

Hamiltonhadthefreedomto usetherule found in theabove equation,but madethemoreobviouschoiceof i 0ˆ2 �
-I nˆ2. Theexistenceof a basiswherethe3-ropeis constantdespitea changein theinertiaof thesystemwill have to
betreatedasprovisionalin this paper. In thesecondpaperof this series,ametricwith this propertywill befoundand
discussed.

Physically relevant differential equations

Is therea rationalway to constructphysicallyrelevantquaternionequations?Themethodusedherewill beto mimic
thetensorequationsof electromagnetism.Theelectromagneticfield strengthtensoris formedby adifferentialoperator
actingon apotential.TheMaxwell equationsareformedby actingon thefield with anotherdifferentialoperator. The
Lorentz 4-force is createdby the productof a electric charge, the electromagneticfield strengthtensor, and a 4-
velocity. This patternwill berepeatedstartingfrom anasymmetricfield to createthesamefield andforceequations
usingquaterniondifferentialsandpotentials.Thechallengein this exerciseis in the interpretation,to seehow every
termconnectsto establishedlawsof physics.

As afirst stepto constructingdifferentialequations,examinehow thedifferentialoperator(d/dt,Del) actsonapotential
function(phi, A):
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t
,
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,
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������
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t
� �� . �A,

� �
A�
t

 ���� 
 �� x

�
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�
For thesakeof clarity, thenotationintroducedfor Riemannquaternionshasbeensuppress,sothereaderis encouraged
to recognizethat therearealsoa parallelsetof termsfor changesin the basisvectors. The previous equationis a
completeassessmentof thechangein the4-dimensionalpotential/basis,involving two timederivatives,thedivergence,
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thegradientandthecurl all in one.A unifiedfield theoryshouldaccountfor all conceivableformsof changein a 4-
dimensionalpotential/basis,asis thecasehere.

Quaternionoperatorsandpotentialshavenotbeenusedto expresstheMaxwell equations.Thereasoncanbefoundin
thepreviousequation,wherethesignof thedivergenceof A is oppositeof thecurl of A. In theMaxwell equations,the
divergenceandthecurl involving theelectricandmagneticfield areall positive. Many others,evenin Maxwell’s time,
have usedcomplex-valuedquaternionsfor the taskbecausetheextra imaginarynumbercanbeusedto get thesigns
correct.However, complex-valuedquaternionsarenotanalgebraicfield. Thenorm,tˆ2� xˆ2� yˆ2� zˆ2,for a non-zero
quaternioncouldequalzeroif thevaluesof t, x, y, andz werecomplex. Thispaperinvolvestheconstraintof working
exclusively with 4-dimensionalalgebraicfields. Therefore,no matterhow salutarythe work with complex-valued
quaternions,it is not relevantto this paper.

The reasonto hopefor unificationusingquaternionscanbe found in an analysisof symmetryprovided by Albert
Einstein:

”The physicalworld is representedasa four-dimensionalcontinuum.If in this I adopta Riemannianmetric,andlook
for thesimplestlawswhich sucha metriccansatisfy, I arriveat therelativistic gravitation theoryof emptyspace.If I
adoptin this spacea vectorfield, or theantisymmetrictensorfield derivedfrom it, andif I look for thesimplestlaws
which suchafield cansatisfy, I arriveat theMaxwell equationsfor freespace.” [einstein1934]

The”four-dimensionalcontinuum”couldbeviewedasa technicalconstraintinvolving topology. Fortunately, quater-
nionsdo have a topologicalstructuresincethey have a norm. Natureis asymmetric,containingboth a symmetric
metric for gravity andan antisymmetrictensorfor electromagnetism.With this in mind, rewrite out the real 4x4
matrix representationof aquaternion:

q
�
t , x, y, z ���

��������
t 0 0 0
0 t 0 0
0 0 t 0
0 0 0 t
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��������
0 � x � y � z
x 0 � z y
y z 0 � x
z � y x 0

	 





�

The scalarcomponent(t in representationabove) can be representedby a symmetric4x4 matrix, invariant under
transpositionandconjugation(thesearethe sameoperationsfor quaternions).The 3-vectorcomponent(x, y andz
in the representationabove) is off-diagonalandcanbe representedby an antisymmetric4x4 matrix, becausetaking
thetransposewill flip thesignsof the3-vector. Quaternionsareasymmetricin their matrix representation,a property
which is critical to usingthemfor unifying gravity andelectromagnetism.

Recreating the Maxwell equations

Maxwell speculatedthathis setof equationsmight beexpressedwith quaternionssomeday(J.C. Maxwell, ”Treatise
on Electricity andMagnetism,” Dover reprint, third edition,1954). Thedivergence,gradient,andcurl wereinitially
developedby Hamiltonduringhis investigationof quaternions.For thesakeof logicalconsistency, any systemof dif-
ferentialequations,suchastheMaxwell equations,thatdependson thesetoolsmusthaveaquaternionrepresentation.

TheMaxwell equationsaregaugeinvariant. How canthis propertybe built into a quaternionexpression?Consider
a commongaugesuchasthe Lorenzgauge,dphi/dt � div A � 0. In quaternionparlance,this is a quaternion-scalar
formedfrom a differentialquaternionactingon a potential.To be invariantunderanarbitrarygaugetransformation,
thequaternion-scalarmustbesetto zero.Thiscanbedonewith thevectoroperator, (q-q*)/2. Searchfor acombination
of quaternionoperatorsandpotentialsthatgeneratetheMaxwell equations:�����
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This is Ampere’s law andtheno monopolesvectoridentity (assuminga simply-connectedtopology). Any choiceof
gaugewill not makeacontributiondueto thevectoroperator. If thevectoroperatorwasnot used,thenthegradientof
thesymmetric-matrixforcefield wouldbelinkedto theelectromagneticsourceequation,Ampere’s law.

Generatetheothertwo Maxwell equations:

� ��� Vector
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Thisis Gauss’andFaraday’slaw. Again,if thevectoroperatorhadnotbeenused,thetimederivativeof thesymmetric-
matrix forcefield would beassociatedwith theelectromagneticsourceequation,Gauss’law. To specifytheMaxwell
equationscompletely, two quaternionequationsarerequired,just like the4-vectorapproach.

Although successful,the quaternionexpressionis unappealingfor reasonsof simplicity, consistency andcomplete-
ness.A complicatedcollectionof sumsor differencesof differentialoperatorsactingon potentials- alongwith their
conjugates- is required.Thereis no obviousreasonthis combinationof termsshouldbecentralto thenatureof light.
Onemotivationfor thesearchfor aunifiedpotentialfield involvessimplifying theaboveexpressions.

Whena quaterniondifferentialactson a function, the divergencealwayshasa sign oppositethe curl. The opposite
situationappliesto theMaxwell equations.Of coursethesignsof theMaxwell equationscannotbechanged.However,
it may be worth the effort to exploreequationswith sign conventionsconsistentwith the quaternionalgebra,where
theoperatorsfor divergenceandcurl wereconceived.

Informationaboutthechangein thepotentialis explicitly discardedby thevectoroperator. Justificationcomesfrom
thepleafor gaugesymmetry, essentialfor theMaxwell equations.TheMaxwell equationsapplyto masslessparticles.
Gaugesymmetryis brokenfor massive fields. More informationaboutthe potentialmight beusedin unificationof
electromagnetismwith gravity. A gaugeis alsomatrix symmetric,so it couldprovide a completepictureconcerning
symmetry.

Oneunified forcefield fr om onepotential field

For masslessparticles,theMaxwell equationsaresufficient to explainclassicalandquantumelectrodynamicphenom-
enain a gauge-invariantway. To unify electromagnetismwith gravity, thegaugesymmetrymustbebroken,opening
the door to massive particles. Becauseof the constraintsimposedby quaternionalgebra,thereis little freedomto
choosethegaugewith a simplequaternionexpression.In thestandardapproachto theelectromagneticfield, a differ-
ential4-vectoractsona4-vectorpotentialin suchawayasto createanantisymmetricsecond-ranktensor. Theunified
field hypothesisproposedinvolvesaquaterniondifferentialoperatoractingon aquaternionpotential:
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A

	 



�
This is a naturalsuggestionwith this algebra.Theantisymmetric-matrixcomponentof theunifiedfield hasthesame
elementsasthestandardelectromagneticfield tensor. Definetheelectricfield E astheeventerms,theonesthatwill
not changesignsif the orderof the differentialoperatorandthe potentialarereversed.The magneticfield B is the
curl of A, theoddterm. Thejustificationfor proposingtheunifiedforcefield hypothesisrestson thepresenceof the
electricandmagneticfields.
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In someways,theaboveequationlooksjust liketheold ideaof combiningascalargaugefield with theelectromagnetic
field strengthtensor, asGuptadid in 1950in orderto quantizethe Maxwell equations.He concludedthatalthough
usefulbecauseit is written in manifestlyrelativistic form, no new resultsbeyondtheMaxwell equationareobtained.
Examinejust thegaugecontribution to theLagrangianfor this unifiedfield:
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2
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t
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2

Take thederivativeof theLagrangianwith respectto thegaugevariables:�
L��& A'& x '
� 0

By Noether’s theorem,this conserved current indicatesa symmetryof the Lagrangian. This is why the proposal
involvesnew physics.Thegaugeis adynamicvariableconstrainedby theLagrangian.

A quaternionpotentialfunctionhasfour degreesof freedomrepresentedby thescalarfunctionphi andthe 3-vector
functionA. Acting on this with one[ormore]differentialoperatorsdoesnot changethedegreesof freedom.Instead,
thetangentspacesof thepotentialwill offer moresubtleviewson therulesfor how potentialschange.

Thethreeclassicalforcefields,g, E, andB, dependon thesamequaternionpotential,so thereareonly four degrees
of freedom. With seven componentsto the threeclassicalforce fields, theremustbe threeconstraintsbetweenthe
fields. Two constraintsarealreadyfamiliar. Theelectricandmagneticfield form a vectoridentity via Faraday’s law.
Assumingspacetimeis simply connected,the no monopolesequationis anotheridentity. A new constraintarises
becauseboth the force fields for gravity andelectricityareeven. It will be shown subsequentlyhow the even force
fieldscanpartiallyconstructively or destructively interferewith eachother.

Unified Field equations

In thestandardapproachto generatingtheMaxwell equations,adifferentialoperatoractson theelectromagneticfield
strengthtensor. A unifiedfield hypothesisfor anisolatedsourceis proposedwhich involvesa differentialquaternion
operatoractingon theunifiedfield:
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Thissecondordersetof fourpartialdifferentialequationshasfour unknownssothisis acompletesetof field equations.
Rewrite theequationsabovein termsof theclassicalforcefields:
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Theunifiedfield equationscontainthreeof thefourMaxwell equationsexplicitly:Gauss’law, thenomagneticmonopoles
law, andAmpere’s law. Faraday’slaw is avectoridentity, soit is still trueimplicitly. Therefore,asubsetof theunified
field equationscontainsa quaternionrepresentationof theMaxwell equations.The justificationfor investigatingthe
unifiedfield equationhypothesisis dueto thepresenceof theMaxwell equations.
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Thereis a very simplerelationshipbetweenFaraday’s law andthe equationabove. All that needsto be doneis to
subtracttwice the time derivative of the magneticfield from both sides. What doesthis do to the 4-vectorcurrent
densityJ?Now thereis a currentthat transformslike a pseudo-currentdensity, makingtheproposalmorecomplete.
Thevolumeintegralof this pseudo-currentdensityis thetotal magneticflux:

Theunifiedfield equationpostulatesapseudo3-vectorcurrentcomposedof thedifferencebetweenthetimederivative
of themagneticfield andthecurl of theelectricfield. TheAharonov-Bohmeffectdependsonthetotalmagneticflux to
createchangesseenin theenergyspectrum.[aharonov1959] Thevolumeintegralof thetimederivativeof themagnetic
field is a measureof the total magneticflux. The pseudo-currentdensityis quite unusual,transformingdifferently
underspaceinversionthantheelectriccurrentdensity. Onemight imaginethata Lorentztransformationwould shift
this pseudo-currentdensityinto a pseudo-chargedensity. This doesnot happenhowever, becausethevectoridentity
involving thedivergenceof a curl still applies.TheAharonov-Bohmphenomenon,first viewedasa purelyquantum
effect,mayhaveaclassicalanaloguein theunifiedfield equations.

k
�
B�
t

dV � e(
c
)

B

The constantsusedherewerechosento suggesta connectionto the Aharonov-Bohm (Y Aharonov andD. Bohm,
”Significanceof electromagneticpotentialsin thequantumtheory,” Phys.Rev, 115:485-491,1959). TheAharonov-
Bohm effect dependson the total magneticflux to createchangesseenin the energy spectrum. A pseudo-current
densityis unusual,transformingdifferentlyunderspaceinversionthantheelectriccurrentdensity. Onemight imagine
that a Lorentz transformationwould shift this pseudo-currentdensityinto a pseudo-charge density. This doesnot
happenhowever, becausethe vector identity involving the divergenceof a curl still applies. The Aharonov-Bohm
phenomenon,first viewedasapurelyquantumeffect,mayhavea classicalanaloguein theunifiedfield equations.

The field equationsinvolving the gravitational forcefield aredynamicanddependon four dimensions.This makes
themlikely to beconsistentwith specialrelativity. Sincethey aregeneratedalongsidetheMaxwell equations,onecan
reasonablyexpectthedifferentialequationswill sharemany properties,with theonesinvolving thesymmetric-matrix
gravitationalforcefield beingmoresymmetricthanthoseof theelectromagneticcounterpart.

The unified sourcecanbe definedin termsof more familiar charge andcurrentdensitiesby separatelysettingthe
gravity or electromagneticfield equalto zero.In thesecases,thesourceis dueonly to electricityor massrespectively.
This leadsto connectionsbetweentheunifiedsource,mass,andcharge:

J � Jm iff
�
E � �B � �0

J � Je

 �

J
AB

iff g � 0.

It would be incorrect- but almosttrue - to saythat the unified charge andcurrentaresimply the sumof the three:
mass,electriccharge,andtheAharanov-Bohmpseudo-current(or total magneticflux over thevolume).Theseterms
constructively interferewith eachother, sothey maynotbeviewedasbeinglinearly independent.

Up to four linearly independentunifiedfield equationscanbe formulated.A differentsetcouldbecreatedby using
thedifferentialoperatorwithout takingits conjugate:

� 4 � J � � � � � A� �
�
�����
�
� 2 ��
t 2

 �� � ���� � �� � �� � �A , �

� 2
�
A�

t 2 �
�� 2 �

A � �� � ����
	 




�

�
�
g�
t
� �� . �E � �� . �B,

��
g 


� �
E�
t

 �� x

�
B 


� �
B�
t

 �� x

�
E

	 




� .

This is anelliptic equation.Sincethegoalof this work is a completesystemof field equations,this mayturn out to
be an advantage.An elliptic equationcombinedwith a hyperboliconemight morefully describegravitational and

8



electromagneticwavesfrom sources.Unlike thefirst setof field equations,thecrosstermsdestructively interferewith
eachother.

The elliptic field equationagaincontainsthreeof four Maxwell equationsexplicitly:Gauss’ law, the no magnetic
monopolesvectoridentityandFaraday’slaw. Thistime,Ampere’slaw looksdifferent.To beconsistentwith Ampere’s
law, againapseudo-currentmustbeincluded.Thismaybethedifferentialform of aclassicalAharonov-Bohmeffect.

The only term that doesnot changebetweenthe two field equationsis the oneinvolving the dynamicgravitational
force.Thismight bea cluefor why this forceis only attractive.

Solutionsto the unified field equations

All the solutionsthat have beenworked out for the Maxwell equationswill work with the unified field equations.
For example,if the potentialis static,the scalarequationfor hyperbolicfield equationis the Poissonequation.The
unifiedequationsaremoreinformative,sinceany potentialwhich is asolutionto thescalarPoissonequationwill also
characterizethecorrespondingcurrent.

Thefield equationsof generalrelativity andtheMaxwell equationsbothhave vacuumsolutions,suchasplanewave
solutions.The unified field equationsdo not have sucha solution,otherthana constant.Given historicaltradition,
this may seemlike a deadlyflaw. However, it may be somethingthat is requiredfor a final andcompletetheory.
In a unifiedfield theory, thegravitationalpartmaybezerowhile theelectricalpart is not, andvisaversa.Non-zero
solutionsareworthexploring

.An inversesquarepotentialplaysan importantrole in bothgravity andelectromagnetism.Examinethe scalarfield
involving theinverseinterval squared:

��� � 1

t 2 � x2 � y2 � z2 ,
�
0 �

�����
� 4
�
3 t 2 
 x2 
 y2 
 z2 ��
t 2 � x2 � y2 � z2 � 3 ,

�
0

	 




�

ThispotentialsolvestheMaxwell equationsin theLorentzgauge:

� 2 1

t 2 � x2 � y2 � z2 ,
�
0 � 0

Thenon-zeropartmayhaveeverythingto dowith gravity.

A planewavesolutiondoesexist,but not for apurevacuum.Instead,aplanewavesolutionexistswith theconstrainthat
thenetcurrentis zerofor theelliptical field equations

Thefield equationsof generalrelativity andtheMaxwell equationsbothhave vacuumsolutions.A vacuumsolution
for theunifiedfield equationis apparentfor theelliptical field equations:

A � �
0e

�
K * �R +-, t ,

�
A

0
e

�
K * �R+-, t

Theunifiedfield equationwill evaluateto zeroif

Scalar
.
c
,
�
K

2 � 0

Thedispersionrelationis aninverteddistance,soit will dependon themetric. Thesamepotentialcanalsosolve the
hyperbolicfield equationsunderdifferentconstraintsandresultingdispersionequation(not shown). Thereweretwo
reasonsfor not including the customaryimaginarynumber”i” in the exponentialof the potential. First, it wasnot
necessary. Second,it would have createda complex-valuedquaternion,andthereforeis outsidethe domainof this
paper. The importantthing to realizeis that vacuumsolutionsto the unified field equationsexist whosedispersion
equationsdependon the metric. This is an indicationthat unifying gravity andelectromagnetismis an appropriate
goal.
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Conservation Laws

Conservationof electricchargeis implicit in theMaxwell equations.Is therealsoa conservedquantityfor thegravi-
tationalfield?Examinehow thedifferentialoperatoractson theunifiedfield equation:

��� � � �
A
� �

�����
�
� 2g�
t 2

 �� � �� g,

� 2
�
E�

t 2

 �� 2 �

E 

� 2
�
B�

t 2

 �� 2 �

B

	 




�

Noticethat thegravitational forcefield only appearsin thequaternionscalar. Theelectromagneticfieldsonly appear
in the3-vector. This generatestwo typesof constraintson thesources.No changein theelectricsourceappliesto the
quaternionscalar. No changein thegravitationalsourceappliesto the3-vector.

Scalar
���

Je
� ���

� � e�
t

 �� � �

J
e
� 0

Scalar
� �

J
AB

� � � � �
J

AB

� � 0

Vector
���

Jm
� �����

� �
J

m�
t


 �� � m �
�� � �

J
m
� �0

The first equationis known as the continuity equation,and is the reasonthat electric charge is conserved. For a
differentinertial observer, this will appearasa conservationof electriccurrentdensity. Thereis no sourceterm for
theAharanov-Bohmcurrent,andsubsequentlynoconservationlaw. The3-vectorequationis a constrainton themass
currentdensity, andis thereasonmasscurrentdensityis conserved.For a differentinertial observer, themassdensity
is conserved.

Transformations of the unified forcefield

Thetransformationpropertiesof theunifiedfield promiseto bemoreintricatethaneithergravity or electromagnetism
separately. Whatmight beexpectedto happenundera Lorentztransformation?Gravity involvesmassthatis Lorentz
invariant,so the field that generatesit shouldbe Lorentz invariant. The electromagneticfield is Lorentzcovariant.
However, a transformationcannotdo bothperfectly. Thereasonis thata Lorentztransformationmixesa quaternion
scalarwith a 3-vector. If a transformationleft the quaternionscalarinvariantand the 3-vectorcovariant, the two
wouldeffectively notmix. Theeffectof unificationmustbesubtle,sincethetransformationpropertiesarewell known
experimentally.

Considera boostalongthex-axis. Thegravitational forcefield is Lorentzinvariant. All the termsrequiredto make
theelectromagneticfield covariantundera Lorentztransformationarepresent,but covarianceof theelectromagnetic
fieldsrequiresthefollowing residualterms:

����/ �
A
/ � � Residual � 0,

�10 2 2 2 � 1 �
�
Ax�
t

 �10 2 � 1 �

� �
�
x
,

� 2 0 2
�
Az�
t

 � Ay�

x
, 2
0 2 �

Ay�
t
�
�
Az�
x

.

At this time, the correctinterpretationof the residualterm is unclear. Most importantly, it wasshown earlier that
charge is conserved. Thesetermscould be a velocity-dependentphasefactor. If so, it might provide a test for the
theory.

Themechanicsof theLorentztransformationitself might requirecarefulre-examinationwhensostrictly confinedto
quaternionalgebra.For a boostalongthe x-axis, if only the differentialtransformationis in the oppositedirection,
thenthe electromagneticfield is Lorentzcovariantwith the residualterm residingwith the gravitational field. The
meaningof this observationis evenlessclear. Only relatively recentlyhasDeLeobeenableto representtheLorentz
groupusingrealquaternions(S.DeLeo,”Quaternionsandspecialrelativity,” J.Math. Phys.,37(6):2955-2968,1996).
Thedelayappearsoddsincetheinterval of specialrelativity is thescalarof thesquareof thedifferencebetweentwo
events.In thereal4x4 matrix representation,theinterval is a quarterof thetraceof thesquare.Therefore,any matrix
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with atraceof onethatdoesnotdistortthelengthof thescalarand3-vectorcanmultiply aquaternionwithouteffecting
theinterval. Onesuchclassis 3-dimensional,spatialrotations.An operatorthataddsnothingto thetracebut distorts
the lengthsof the scalarand3-vectorwith the constraintthat the differencein lengthsis constantwill alsosuffice.
Theseareboostsin aninertial referenceframe.Boostsplusrotationsform theLorentzgroup.

Threetypesof gaugetransformationswill beinvestigated:ascalar, a 3-vector, andaquaterniongaugefield. Consider
anarbitraryscalarfield transformationof thepotential:

A 3 A
/ � A � � �54 .

The electromagneticfields are invariant underthis transformation. An additionalconstrainton the gaugefield is
requiredto leave the gravitational force field invariant, namely that the scalargaugefield solves a homogeneous
elliptical equation.Fromtheperspectiveof this proposal,thefreedomto choosea scalargaugefield for theMaxwell
equationsis dueto theomissionof thegravitationalforcefield.

Transformthepotentialwith anarbitrary3-vectorfield:

A 3 A
/ � A � � � �6 .

This time thegravitational forcefield is invariantundera 3-vectorgaugefield transformation.Additional constraints
canbeplacedonthe3-vectorgaugefield to preserveachosenelectromagneticinvariant.For example,if thedifference
betweenthetwo electromagneticfieldsis to remaininvariant,thenthe3-vectorgaugefield mustbethesolutionto an
elliptical equation.Otherclassesof invariantscouldbeexamined.

Thescalarand3-vectorgaugefieldscouldbecombinedto form a quaterniongaugefield. This gaugetransformation
would have the sameconstraintsas thoseabove to leave the fields invariant. Is thereany suchgaugefield? The
quaterniongaugefield canberepresentedthefollowing way:

A 3 A
/ � A � � � 6 .

If aforcefield is createdbyhitting thisgaugetransformationwith adifferentialoperator, thenthegaugefieldbecomesa
unifiedfield equation.Sincevacuumsolutionshavebeenfoundfor thoseequations,aquaterniongaugetransformation
canleave thefield invariant.

Future dir ections

Thefieldsof gravity andelectromagnetismwereunifiedin a way consistentwith Einstein’s vision,not his technique.
The guiding principlesweresimplebut unusual:generateexpressionsfamiliar from electromagnetismusingquater-
nions,striving to interpretany extra termsasbeingdueto gravity. Thefirst hypothesisabouttheunifiedfield involved
only a quaterniondifferentialoperatoractingon a potential,no extra termsaddedby hand. It containedthe typical
potentialrepresentationof theelectromagneticfield, alongwith asymmetric-matrixforcefield for gravity. Thesecond
hypothesisconcernedaunifiedfield equationformedby actingontheunifiedfield with onemoredifferentialoperator.
All theMaxwell equationsareincludedexplicitly or implicitly. Additional termssuggestedtheinclusionof aclassical
representationof theAharanov-Bohmeffect. Four linearly independentunifiedfield equationsexist, but only thehy-
perbolicandelliptic caseswerediscussed.A largefamily of vacuumsolutionsexists,andwill requirefutureanalysis
to appreciate.To work within theguidelinesof this paper, oneshouldavoid solutionsrepresentedby complex-valued
quaternions.

Whydid thisapproachwork?Thehypothesisthatinitiatedthisline of researchwasthatall eventsin spacetimecouldbe
representedby quaternions,no matterhow theeventsweregenerated.This is a broadhypothesis,attemptingto reach
all areascoveredby physics.Basedon the equationspresentedin this paper, a logical structurecanbe constructed,
startingfrom events(seeFig. 2). A setof eventsformsa patternthatcanbedescribedby a potential.Thechangein a
potentialcreatesafield. Thechangein field createsafield equation.Thetermsthatdonotchangeunderdifferentiation
of a field equationform conservationlaws.

11



Acknowledgements

Thanksfor many productivediscussionsProf.GuidoSandri.

12


